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This talk is based on

» [2103.12105] (JHEP 05 (2021) 086) V.Braun, Y. Ji, AV
“QCD factorization for twist-three axial-vector parton quasidistributions”

> [2108.03065] V.Braun, Y. Ji, AV
“QCD factorization for chiral-odd parton quasi- and pseudo-distributions”

I am going to present you the factorization theorem for twist-3 quasidistributions and
discuss how one can extract twist-3 distributions from them.

Outline
» What are twist-three distributions
» Quasi Ioffe-time distributions (qITDs) and factorization theorem for them
» From qITDs to pPDFs and qPDFs

» How to access twist-3 distribution

Disclaimer:
It is a purely theoretical talk = many formulas = easy to get lost
Ask questions!
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Everyone knows twist-2 distributions: {q, dq, Ag} or {f1, g1, h1}
What about twist-3 distributions?

» There is a terminological ambiguity.

[Jaffe,Ji,Nucl.Phys.B 92]
[E e esig sy inips)
=221 () (S-n) + gr(x)S1y + MPga(x)n-Sn,],  (3)

where we have written S, = S -np, + 5 - pny + Si,. These distribution
functions, g;(x), gr{x) = g1(x) + &(x), and g;(x), contribute to a hard
process at order g;(x),gr(x)/Q,g:1(x)/Q? and hence are twist-two, three
and four, respectively| Typically a distribution function of twist-t appears in
physical observables with coefficient powers of (1/Q)"2, (1/Q)""", etc. Thus
there appears to be some ambiguity in the definition of higher-twist (z > 2)
structure functions. For example, either g, (x) or gr(x) = g (x) + g;(x) can
be a useful measure of transverse spin in deep inelastic scattering depending on
the circumstances. A light-cone operator product expansion provides a formal
and powerful way of isolating “irreducibly” higher-twist parts of higher-iwist
structure functions. This method will be applied to cases of interest in subsect.
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Everyone knows twist-2 distributions: {q, dq, Ag} or {f1, g1, h1}
What about twist-3 distributions?

[Jaffe,Ji,Nucl.Phys.B 92]
f%e"‘" (PSIP ()7, (im)|PS) = 2 [fy(X)py + M i3I,
[E & s Omaswnps)
=2{g1 ()P, (S-n) + gr(x)S1u + M?g(x)n-Sny)
f g’:—[e‘“ (PS|@(0)w (An)|PS) = 2Me(x)
[ e P15 Q) uirsy Gm)IPS) = 2 (x)(Ssups ~ Suspa) /M

+h(x)M (pyn, = ponyg) (S n)
+hs ()M (Suny = Suona)], (5)
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Everyone knows twist-2 distributions: {q, dq, Ag} or {f1, g1, h1}
What about twist-3 distributions?

[Jaffe,Ji,Nucl.Phys.B 92]
f%e‘*" (PS¢ (O)yup (4n)|PS) =2 ,, + Mzﬁ(x)na] twist-2
[E & s @maswinies)
=2 ,,(s-m + 81(x)S1u + M2 g3(x)n - Sny)
f gf—[e‘“ (PS|@(0)w (An)|PS) = 2Me(x)

f%em (PS|w (0)ouiysy (An)|PS) = 2Sl,,p,, —Soipu) /M
hy X}

+ M{pun, = p,ny) (S n)
+hs ()M (Suny = Suona)], (5)
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Everyone knows twist-2 distributions: {q, dq, Ag} or {f1, g1, h1}
What about twist-3 distributions?

[Jaffe,Ji,Nucl.Phys.B 92]

f %e‘*" (PS4 (0)y,p (in)|PS) = 2 n + M7/ 00m) twist-2

[ % e (PS|y (0)yysw (in)|PS) twist-3

f »ij—[em (PSI# (0)w (An)|PS) = 2

/;ﬂem (PS|7(0)ouwiysw (in)|PS) = 2 @ Syupy — Suipu) M
T o,
(Putty = puny) (S n)
+RTOOM (Sun, — Suoma)], (5)

I am going to discuss “quasi”™analogs of twist-3 gr(z), e(z) and hr(z) in terms of
“formal” twist-3 distributions
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Formal definition of the twist = geometrical twist= dimension - spin
Defined for the local operators

oo

Zpq -
G(z)v*[z,0]q(0) = Z %O#Hl...#n

n=0

OM1-+Hn = Gyl DH2 _ Dhng A Lorentz tensor

Sort it over irr.rep.

@
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Formal definition of the twist = geometrical twist= dimension - spin
Defined for the local operators

oo

Zpq -
G(z)v*[z,0]q(0) = Z %Ouul...un

n=0

OM1-+Hn = Gyl DH2 _ Dhng A Lorentz tensor

Sort it over irr.rep.

O o [

spin=2 spin=1 spin=0

oW — [ OPP -— 2-index

example
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Formal definition of the twist = geometrical twist= dimension - spin
Defined for the local operators

oo

Zpq -
G(z)v*[z,0]q(0) = Z %O#Hl...ﬂn

n=0

OM1-+Hn = Gyl DH2 _ Dhng A Lorentz tensor

Sort it over irr.rep.

H1p2.--p H2 01 - nip2 P --Hn
OBt — O n 4+ O "t g (O
+ ...

n! 4(n —2)!

totally simmetric traceless
spin=n
twist=2

- o H1M2.Hn _ OQH2M1--1
Twist-decomposition + [O n—-0 "t + ] i
is purely algebraic operation n!

1-pair-anti-symmetric 4+ simmetric traceless

spin=n-1
!

twist=3
Universitit Regensburg
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|
Non-local OPE

2 —2
non-local local

operators . operators
@(2)[z, 0]v"q(0) - Taylor series Z p1 ' Hn qu ...E“"’y“q(O)
indefinite twist n=0 "™ definite twist

Twist dec¢mposition Twist dec¢mposition

oo oo
tw—k o Generating func. Ry -Run 1
D ck ® [O()]F «EmEEEAnGS § | S B Tk O (0)
B2 definite twist =t 2 deﬁggite twist
= dim.-spin
» c is an integro-differential operator

» There are methods to make twist-decomposition directly in the non-local form

1
» Famous example:  [§(2)[z, 07" q(0)]*" 2 = /0 da%é(az)[az, 0]#4(0) + O(z?)
i

[B, y,Braun,89]
:
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Lorentz symmetry is preserved by renormalization
The geometrical twist (as a quantum number) is preserved by renormalization
Thus, operators of different geometrical twist do not mix with each other, and result
into independent physical observables

Collinear (naive) twist

» No formal definition Geometrical twist

» Usually, counted by dimension » Formal definition

» Examples: gr(z), hr(z), e(x) » Closed evolution equation

» Do not have definite evolution » Do not have a simple “parton
properties interpretation”

» Some of them have “parton » Almost unknown phenomenologically
interpretation” )

Factorization theorem is formulate in terms of geometrical twist distribution

@
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There are four quark-PDFs of twist-three

invariant definition; 22 = 0

(plig G(az)y* #v"~° F,- (b2)q(cz)|p) = 482 MS* (ag, ¢, cC),
(plig G(az)v" #v°° Fp2 (b2)q(cz)|p) =482 M5~ (a¢, b, cC),
(plg a(az)o"*~° Fuz (b2)q(c2)|p) = 4X\.¢*MH(ag, b¢, <¢),
(plg @(az)o"* Fuz (b2)q(c2)|p) = 4¢* ME(ag, b¢, <€)

‘ ¢ = (pz) = p- = Ioffe time ‘

q
. . N U L T
There is no standard notation!
ST =_TFAT U q o7
H =T,
E =T, L Agq 0Ty
T T AT dq

tegensburg
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There are four quark-PDFs of twist-three

light-cone definition, z# = ntz~

(plig @(az)y?y T y* > Fpy (b2)q(cz)|p) = 4sk.p? MS™(ag, b¢, cC), (1)
(plig a(az)v* v +° Fyt (b2)q(c2) |p) = 4slfpi MS™ (ag, b¢, <€), (2)
(plg a(az)o"*7° Fuy (b2)a(c2)Ip) = 45" py M? H(ag, b, <¢), (3)
(plg a(az)a"™ Fyup (b2)q(c2)Ip) = 4p? ME(a¢, b¢, C). (4)
‘ ¢ = (pz) = p. = loffe time ‘
» There is no standard notation!
» S* are chiral even, H, E are chiral-odd
> Alike twist-2 but with additional F,, (due to anti-symmetrized [D,, D,])
» Depend on 3 position = 3-variable PDFs (vs. 2 at twist-2)
» 3 positions - 1 common position = 2 d.o.f. (for PDF!)
Notation comment: Widehat = position space, e.g. gr(¢) = fil dze®S g (z).
v
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§i(¢1,g2,g3) = /[dw]e*i((lZ1+C2€E2+€313)Si(Il,xz’xg)

1
/[d:c] = / dz1 dzo dz3 §(z1 + z2 + x3)
-1

1+ x2+23=0

S* (21,22, 23) ety
<y

Qiu-Sterman function

1.0-1
o SE(—z,0,z)

Each region

z; S0 B i é
has its own > >

partonic X .
interpretation eR
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Not too much is known about twist-three distributions

From TMDs
From DIS (g2 structure function) | Eovo v
o 1 NN EKT20 77/ JAM2(
00 Proton g
0.02 2
— —
& 0.00 &
8 _pn <
B
L i (e, JAM =
—006; Accessible W +EIC
107 07 102 101 z
[JAM20]
xTr
[Bury,Prokudin,AV,21]

Lattice input will be essential!

Trvers et Regentourg
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Quasi-Toffe-time distributions (qITDs)
measurable on the lattice; 22 < 0

(p, s13(2)v*q(0)|p, s)
(p, sla(z)v*+*q(0)Ip, s)

(p, sla(z)ic"*~°q(0)|p, s)

(p, 514(2)q(0)[p, 5)

At leading power 22 — 0

® — twist-2
@ _ twist-2 + twist-3

¢ — pha?
C2

= 2pMspG1(C,2%) + 28 MG (¢, 2%) +

= 2pMFI((,27) +2 M2F3(¢, 2%)

= s
<2
2
= 2hCHI(C ) — (s2) (z“ —pﬂ%) MHL(C,2)

= 2ME((,2%)

s M?Gs(¢, 2?)

s’% transverse to (p, z)-plane

< that is what we are interested in

@ — twist-2 + twist-3 + twist-4

Notation comment: f; — Fi, gr — Gr, etc. Universitat Regensburg
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gITDs (and position space) are much simpler from the theory side
(there will be examples in the talk).
pPDFs and qPDF are Fourier transformation of qI'TDs

d )
pPDF(z, 22) /ie_wchTD(C,zz)

qPDF (z, p)

dz .
Do / iefmz“ qITD(2pw, 32)

Plan:
» Derive all formulas for qITDs (factorization at 22 — 0)
» Fourier transform to pPDF (factorization at 22 — 0)

» Fourier transform to qPDF (factorization at p2 — oo)

€=
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LO factorization, z2 — 0

Tree order is trivial

» Set 22 = 0 and compare parametrizations (e.g. with Jaffe,Ji)

Gr(¢,2%) = gr(Q)+0(z?)
HL((,2%) = hp(¢)+0(z?)
£(¢,2%) = @) +0(2?)

» But it is not enough, because:

» At NLO the expression is not expressed via g7, hr, or e
» gr, hr and e are not “true” distributions (no evolution)
» g7, hp have twist-2 part

» We must make twist-decomposition
v

€=
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LO factorization, z2 — 0 ]

Tree order is not so trivial

» Symmetrizing, anti-symmetrizing,...

Gr(¢,2%) = GO+ + O(z%)
HL(C,22) = K20 + a3 (¢) + O(z?)
£(¢2%) = Bg+em(()+0(z%)

» Twist-2 parts (here z > 0)

1 _ 1 d
32 (¢) = /O doRqe0), & @)= / Y aqty)
—~ 1 ~ 1 d
R () = 2 /O doaba(a), o K(x) =2 / Yaa)

A.Vladimirov Partons with lattice August 16, 2021 13 /31




[ LO factorization, z2 — 0 ]

Tree order is not so trivial

» Symmetrizing, anti-symmetrizing,...

Gr(¢,2%) = Q)+ + 0(z%)
HL(C,22) = hE2(0) +h3(0) + 0(z?)
£(¢,2%) = Bg+eu(Q)+0(z%)

» Twist-3 parts (& =1 — a)

1 a
~tw3 2 a— 2, =
(s 2 /0 dor /0 dp A5 (¢, ¢, aC)

o) = ¢ /O "da /0 " dB.a(26 — a)H(ac, BC,0)

1 @ -
(@) = ¢ /0 dor /O dp B(ac, B¢, 0)
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[ LO factorization, z2 — 0 ]

Tree order is not so trivial

» Symmetrizing, anti-symmetrizing,...

Gr(¢,2%) = GO+ +0(=?)
HL(C, 2% = B2 + R (0) + O(2?)
£¢,2Y) = Zg+ea() +0(z%)

» Distribution £ has a local contribution (nuclear-sigma term)

2M%q = (plg(0)q(0)lp) = 6(2)%q

@
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Why position space is convenient

f© = / dee™ T f(z),  F(C1,¢2,C3) = / [da]ei(=1¢+22C223C) £ (g1, g, wg)

Twist-2 distributions — 1 term in 2 regions

I 1 1 z
/O doBiad) = [y /O dod(z — ya) Aq(y) = 6(x) / %Aq(m—e(—z) / 1 %Aq@;z

Twist-3 distributions — 3 terms in 6 regions
1 T
2% [do [ 48357(.BC00) =
@

2/[031]/0161& (5($+a5€1)+5(I+I1+a332)+5(I+$1)>5—(I1112713>

T1T3 Z2T3 T1T2

» Similar for ey

» For distribution h}"3 there are 6 terms in 6 regions!

A.Vladimirov Partons with lattice August 16, 2021 14 /31



[ Evolution ]

[ 1 1 2 N
tw-2 doq(¢) = as/ da ( ta ) 5q(a) +a2...
dln p? 0 l—a/,
d = ~

tw-3 : S7 (21, 22,23) = —as[H® S~](21, 22, 23) +a§...

dln p?
& ! 45 A5 o ag o
[H®S](21,22,28) = Ne | da(=5(z1, 22, 2) = S5(a8, 22, 28) = =521, 22, 255)
b, “\a a a
a5 a5 & s s
= 8,281, 20) — T8er,285,20) 2 [ dBBS(a1, B, 25))
a a o
1ot 25 ag ag
+ —/ (251,22, 20) — 28, 22,20) — 28,22 )
Nedo “\a a a

& ~ 1 N
+éS(zz,zf‘2,z3)7/ dﬂs(z;g,zz,zfl)m/ B 331, 2, 250) )
o &

—3CFS(z1,22,23).

» For all twist-3 LO evolution kernels see e.g.
[Braun, Manashov, Pirnay, 09]

» For relevant 1.O evolution kernels see appendices

umversitat negensourg
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Evolution for g}“’s ]

/Olda/aldBB[H®§](§,ﬁ§,a§ = /Oldafl Blna —2lna+1)

A

L /Old / a8 (5 p@ 5)) 8¢, 8¢,0¢) + 6252 8(a¢, 6¢,0)]

L (aﬂ % +B8(2Ina —1Ina) ) —3CF5 S(C B¢, o)
- [

€=
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Evolution for g}“’s ]

/Olda/aldBB[H®§](§,ﬁ§,a() - /Olda/:dﬁ N.B lna721na+1)‘

— Nie (a,B % +B8(2Ina —1Ina) )§(C,ﬁc,a<)
[

L ° —B) B4
5 e s (5 - P2 ) St a0+ 5% Stac A 0)
Large-N¢
At large-N. equation is diagonal!
dgr (¢) ! 1+a ~ )
dln 2 _asNC/O da <1_a)++5(a) QT(O‘C)-FE...-l-aS..,

Similar case for e and hj,

A.Vladimirov Partons with lattice August 16, 2021 16 / 31



LO
Gr(¢,2%) = GO + 330 + 0(z?)
HL(C,2%) = R0 +hE3(C) + 0(=?)
£(¢,2%) = Tg+em()+0(z?)
Beyond LO
Gr(¢,2%) = Cy®G(¢)+Cr®5=(¢) +0(z%)
HL(C,22) = Cr®hi(Q) + CLOH™3(() + O(2?)
£(¢,2%) = Cu®%Iq+Cs®E(C)+0(?)

» Beyond LO the formulas involve more general terms then combinations g7, hy, and ey
» Factorization theorem is “automatically proven” due to the existence of OPE

» We have computed all coefficient functions at NLO using the background field method

@
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Structure of NLO computation

+mirror diagrams

@
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Structure of NLO computation

WL renorm.

(in proper gauge)

+mirror diagrams

@
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Structure of NLO computation

2-point 3-point diagrams WL renorm.
diagrams
""" S s | S aws

G

H

=0
(in proper gauge)

— twist-3 only
apply EOMs straightforward

up to 1 derivative

twist-2 and twist-3

+mirror diagrams

@
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|
NLO computation

» NLO Twist-3 computations are involved

» No “standard” techniques
» No dedicated numerical packages

» We made computation in 24 independent ways:

» V.Braun: background-field propagator + Schwinger gauge + position space
» AV: background-field vertices + axial-gauge + position space
» Yao Ji: background-field vertices 4 axial-gauge + momentum space

» Checks

» Cancellation of gauge dependent terms

» Final expressions for different computations coincides! (very strong check)
» Agreement with known twist-3 evolution (non-trivial check)

» Twist-2 parts coincides with literature

» We computed ITDs (it is simpler)

» Fourier transform ITDs to pPDFs (all known parts coincides!)
» Double-Fourier transform pPDFs to gPDFs (all known parts coincides!)

» The expressions for G [2103.12105|
» The expressions for £ and Hy, [2108.03065]

Results are lengthy. I am not presenting them explicitly here. See “ication

R
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Presentation of the result
3-point VS. 2-point

1 « - _
Q) = 2 /0 dor /0 dB A5~ (¢, B¢, a¢)
RS = ¢ /0 dar /O dB (28 — a)H(al, B¢, 0)

1 a .
Q) = ¢ /O do /O dp B(ac, B¢,0)

3pt distribution 2pt distribution
» “True” QFT functions » “Fake” QFT functions
» Complicated expressions » Just like usual PDFs
» Complicated numerics » 'Tree order

R
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In the final expression we rewrite 3pt distributions via 2pt distribution,
where it is possible

Use symmetry relations

St (21, 22,23) = +ST (—x3, —12, —1) S™ (w1, 22, ®3) = =S~ (—x3, —T2, —71)
H(x1,22,23) = —H(—x3, —x2, —*1) E(z1,x2,23) = +E(—x3, —x2, —*1)

Examples:

1 @ 1
2 ~ (93 _ N _ 27 tw3
¢ /0 doc/o dB aa(2p — a) H(ag, B¢, 0) /0 doa® h 7% ()

5 1 «@ PN B 1 1 N
¢ /0 da/o dﬁlnaE(ac,ﬁc,t))—/o da (m)+em(a4)

1 @ e
C2/0 doz/(; dBIn B E(ac¢, B¢,0) = cannot be rewritten as 2pt

R

Universitit Regensburg

1 1 ~
C2/ da/ dB Ina E(ag, 8¢, 0) = cannot be rewritten as QpQ
0 e
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The factorization theorem has the form

~ 1 _ 1 _
Gr(Q) =/O daC1(a)Aq(aC)+/0 daCr apt ()G (aC) + P CLzpt ® S~ +0(z7)

tw-3 3pt part

tw-2 part tw-3 2pt part

» Same form for Hp,
» Similar form for £ with tw-2 part — CxX,

» Coefficient functions depends on

22,2
Lz=1n (43_2’7E )

» 3-point part contains “irreducible” 3-point terms which cannot be presented via 2-pt

€=
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Example of expression

Twist-3 part
G, 22) = GG ) + a Cly, @ TR +2¢%a,CY), © 5~ (4.31)
with
1
Chn 3 = [ da [C (0. Luss) + Ne(L: (3(6) = o) + -+ 26(0)) | 3o
(4.32)
Ci ® 8™ = L. Py 5” +/ da{/ (2N Ing+ i—) ~(¢, B¢, o)
2 2 _
(P2 -2 me) 3 a0 |
(4.33)

/dﬂ[ - (a¢, BC,0) -

where the logarithmic part is given by

PLW;;®§*:NLC/O {/ a8 =2 5-(¢, 5¢,ac)

+ [fas[ 0 )S*<ac,ﬂ<,0>+(@ 2)5 (@ scac] ). s

R
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Example of expression

Twist-3 part
G, 22) = GG ) + a Cly, @ TR +2¢%a,CY), © 5~ (4.31)
with

) @ g = /Olda[c;%,u; 1)+ Ne(Ls (5(@) — ) + 0 +20(8)) | 35 (aC: ).
(4.32)

R R 1 T 1 a2
Cé;)n@S’ :*Lthw3®57+/ da /dﬁ (QNclﬂﬁJrF?) (¢, B¢, aC)

(TN
2

o [fas[ 55 achco - 1+ )56 5600)| |,

(4.33)

where the logarithmic part is given by ’ non-2pt contribution at large Ne

le3®§*:Nic/0 {/ a8 =2 5-(¢, 5¢,ac)

+ [fas[ 0 )S*<ac,ﬂ<,0>+(@ 2)5 (@ scac] ). s
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From ITDs to pPDFs

d —ix
or(e,2%) = [ SreT0r ()
2w
1 da
_ W (1) W (1) _
chaz%-—gTu>+as/Lla (eT«xLAgtz( ) +eSh(a L >t3(a))-+mh¢ht®s
2pt pPDF coeff. functions = 2pt qPDF coeff. function

e ® 5™ = ~LPuua © S~

/[dj]/ dn{ —2N, ( T+{txl)+5(17.T37(17,2)+5(r+.r1)>
123 LTy 2R

2 S(x+om)  2(1+na)d(x+ o) — 6(x + 2 + axs)
Jr]\/_p[ (1-a);y a2 + 1-a a3
5(z —axs) 6z —axs) (@ +ars) S(z+azy) b+ axi)
- ( x1x2 r2x3 B Rats] B T1Te T3 )
(e e e b 0
Toxy T3 Ty

Universitit Regensburg
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From pPDFs to qPDFs

gi(zvp’v :/ / dy eZ(y m)Cg (yv

Long expressions! o

see (5.11)-(5.21) in '
[2103.12105]

see (4.42)-(4.50) in i
[2103.12105] o
30 domains!

12 singular points!

’@
dl\) N
~—

gPDF representation is just
inefficient terminology for higher-twists eR
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How to extract twist-3 distributions from lattice?
Problem: Given measurement of qITD, pPDF, gPDF extract (some information

about) twist-3 PDF

What is the problem?

» Lattice measurements, already some [S.Bhattachary, et al,2004.04130], [S.Bhattachary,

et al,2107.02574]

Re [Fi,]

» How to clean away “uninteresting” twist-2 part?
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» No such problem for distribution £ (but X-term)

» For distributions H;, and Gr situations are different

Let me start from hp,
v
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2
(p, s|@(2)ic"*~v°q(0)|p, s) = 2s4.CH1(C, 2%) — (s2) (z“ - pﬂ%) MHL(C,27)

not-interesting 'Ht‘LW2 + HtLW?’

interesting

In fact, there is only one twist-2 “structure function” ~ 2S*¢
It is decribed by (p|[g(z)ic*?~v5q(0)]"2|p)
Thus, 1 and HtL""2 are just different projections of it.
They are connected by exact relation

HYW2(¢ zz)—2/1do¢aH ( 2
L ) - 1 O(C,Z )
0

We called it Jaffe-Ji relation (JJ) since similar relation has been derived in [Jaffe,Ji,91]
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2
(p, s|@(2)ic"*~v°q(0)|p, s) = 2s4.CH1(C, 2%) — (s2) (z“ - pﬂ%) MHL(C,27)

not-interesting 'Hth + HtLW?’

interesting

In fact, there is only one twist-2 “structure function” ~ 2S*¢
It is decribed by (p|[g(z)ic*?~v5q(0)]"2|p)
Thus, 1 and HtL""2 are just different projections of it.
They are connected by exact relation
1

M (¢ 2%) = 2/ daati(ag, %)
0

We called it Jaffe-Ji relation (JJ) since similar relation has been derived in [Jaffe,Ji,91]

’Chlckmg JJ relation at NLOi
H1(C,2%) = 6q(0) +as/ da Gl (@)bg(ac) + 0(z2) gth(o:Z/l dovafilad)
0

1
HL(C,22) = h2(C) + as / daC{P ()R52 (aC) + twist-3 + O(22)
0
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2
(p, s|@(2)ic"*~v°q(0)|p, s) = 2s4.CH1(C, 2%) — (s2) (z“ - pﬂ%) MHL(C,27)

not-interesting 'Ht‘LW2 + HtLW?’

interesting

In fact, there is only one twist-2 “structure function” ~ 2S*¢
It is decribed by (p|[g(z)ic*?~v5q(0)]"2|p)
Thus, 1 and HtL""2 are just different projections of it.
They are connected by exact relation

HYW2(¢ zz)—2/1do¢aH ( 2
L ) - 1 O(C,Z )
0

We called it Jaffe-Ji relation (JJ) since similar relation has been derived in [Jaffe,Ji,91]

1
HE3(C,2%) = Hp(¢,2%) — 2/ doat (o, z2)

0
twist-3 part can be extracted using the same lattice simulation!
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JJ-relation is exact (at all orders of PT) ]

It also exact for pPDFs

1
b3z, 2 )zhL(z,z2>—2x/ %nl(y,z%

x

JJ-relation is violated for qPDFs

1 x
hL(l‘,pU) - 2/ | dyhl(gvpv) = hiws(l‘ypv)
|z

+8ascp/‘:‘ dy(zlnylng In? y 4 2Lia (7 ))6q( )+O( 5)

» Fourier transformation for gPDF changes the factorization scale z2
» Terms Fourier of terms ~ In(22) violate JJ-relation

» In principle can be subtracted perturbatively
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What about axial case?

(. sla(2r (O], s) = 2pﬂ%ml (C,22) + MG (C, %) + ...

not-interesting g;&“ + g}‘”?’ interesting

There is only one twist-2 “structure function” ~ 2S*M
It is decribed by (p|[q(2)iv*q(0)]"** |p)

Thus, G1 and G2 are just different projections of it.
They are connected by exact relation

) 1
Gi7*(¢,2%) = [ dad(ac, )

It is called Wandzura-Wilczek relation (WW) since similar relation has
been derived for DIS structure functions in [WW,77|
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What about axial case?

(. sla(2r (O], s) = 2pﬂ%ml (¢,22) + st MGr (¢, %) +

g}w?)

not-interesting g;&“ + interesting

There is only one twist-2 “structure function” ~ 2S*M
It is decribed by (p|[q(2)iv*q(0)]"** |p)
Thus, G; and Q“Wz are just different projections of it.
They are connected by exact relation
1

Gi7*(¢,2%) = [ dad(ac, )

It is called Wandzura-Wilczek relation (WW) since similar relation has
been derived for DIS structure functions in [WW,77|

’ Chicking WW relation at NLOI‘
G162 = Ba(Q) +ax | daGit (@)Bg(al) +O(*) 3520 = [ daKata)
0

Gr(¢.2%) = 82(C) + as /0 daC(”(a)“WZ(ao+twist-s+o<22>
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What about axial case?

(s2)

(p, sl@(2)v"+°q(0)|p, s) = 2P“TM91 (¢, 2%) + s5MGr (¢, 2°) + ...

not-interesting g;&“ + g}‘”?’ interesting

Thus, there is no exact WW relation for G case

In the case of quasi-distribution there is an extra structure function ~

There is only one twist-2 “structure function” ~ 2S5 M I~
It is decribed by (p|[q(2)iv*q(0)]"*? |p)
Thus, G1 and G4? are just different proj ns of it.
They are connected by e relation
g%w2 2 — dagl(ac’z2)
0
It is called zura-Wilczek relation (WW) since similar relation has
been derived for DIS structure functions in [WW,77|
zHzY

It is zero at tree-order but appears at NLO (see e.g. [Radyushkin,17; Braun,et al,18; Izubuchi, et al,18])

A.Vladim! Partons with lattice
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No exact WW-relation

No WW-relation for qITDs and pPDFs

Ld Ld
ar(z, 2?) _/I ‘ Zygl(y’ 22) = 4ast/‘ ‘ Zy(nglny)Aq(g) + twist-three + O(a?)
x x

v
No WW-relation for qITDs and pPDFs
1 T
g7 (T, pv) —2/ dygl(apv) =
|| Y
1 ~ In? Y L T R 2
8asCr dy(lny Iny — T + L12(y)> Aq(;) + twist-three + O(a3)
|z] )
» In principle can be subtracted perturbatively
» Numerical estimate shows that violation is large ~ 100% of the twist-3 part.
» No WW relation = no Burkhardt-Cottingham sum rules eR
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The factorization theorem for twist-3 quasi-distributions is derived!

Theory side
» All (simplest) twist-3 qITDs (pPDFs, qPDFs) are considered ~ gr(z), hr(z), e(z)
» LO and NLO expressions for qI'TDs, pPDFs, qPDFs are derived

» Nothing principally new = routine twist-3 computation

w
Practical side
» Distribution £ ~ e(x) is pure twist-3
» Distribution Hy, ~ hy(x) has twist-2 part
» It can be purified by means of exact JJ-relation for qITDs and pPDFs
» gPDF case violates JJ relation (but it could be improved perturbatively)
» Distribution Gy ~ gr(x) has twist-2 part
» WW-relation is violated by a “hidden” tensor structure ~ z"z"/z>
v
I believe, that lattice simulation will provide an important input in
tw3-physics. But it could be not that simple.
i eneburg
Rt i o B 0




Backup slides
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B
IMPORTANT NOTE: no light-cone
[a(2)[z, 017" q(0)]™ 2 =

1 7]
/ da—3q(az)az,0
0 Oz

it is only a part of expression

[#9(0) +O(=%)

see e.g. (5.10) [Balitsky & Braun,89]

1
(pl[a(=)[2, 07 q(0)] ™ ~2|p) = 2p* / dee®®?) £, (z)
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IMPORTANT NOTE: no light-cone

2 20 it is only a part of expression
see e.g. (5.10) [Balitsky & Braun,89]

— tw—2 ! 0 = 2
[7(2)[z, 0]7*q(0)] =/0 dagq(az)[az’oﬂqm)-f—o(z )

()12, OO 21p) = 2 [ " dwei ) g, (@

’ integration by parts ‘

22 =
O o) 0 a2 = rq(=) [z, Oy +a(0)

1 N a
(Pla() =0 a(O)|,_ e} =25 [ dae’?02)y(2) [same twist-2 PDE

Light-cone limit is very helpful! (but not necessary) e
R
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Important points

1 PV Pyl bt
B - asCFI‘(~e)Z€/ [dadsar)a(zg) { T 4 e
0
z
2

WY al
'U2
+22 [ - 067”751‘37“ - /3’7%1‘37“ +ay* (51“1/7“ + B 31“7?7“] }q(251)

+z2. .

ns with lattice
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Important points

1 P VD~V Ty
B = 0.0z [ ldadsanatea) g0 + LI
0

+% [ —ay ﬁf(gv“ - B"r“ﬂ‘gv“ +ay 51“7’7“ + By 31‘7’7“] }q(251)

2
—+z<...
Mixes structure Eunctlons'
g~ C ®@ay'g+ = C1L ®qng
Cy=0(1), CL=0(as)
_____ [ known for long time e.g. [Radyushkin,17; Braun,et al,18; Izubuchi, et al,18]

Leads to violation of WW.-relation for structure functions

1
WVW\A Giv2(¢, 2% — /dagl(ag,ﬁzz):

= SaSCp/ da (Lm(a) +haha-— 1—) Aq(al) + O(a?)

no such problem for Ay and ey
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Important points

1 HA VT AV " n
B = a,Cpl(—0)Z¢ / [dadﬁdy]q(zg){%ﬁ%
0

+% [ — YT 97 — By*§T B+ + Gy DTy + By* B Ty }q(erl)

2 point — 3 point
Jq — +igAq + EOM
This term is not gauge-invariant!
Gauge-dependance cancels once summed with 3-point diags.
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