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Semi-inclusive DIS

• source of information on fragmentation fcts. 
(and thus hadronization)

• probe of nucleon / nuclear structure
(flavor separation, polarized PDFs, TMDs)

• testbed for QCD calculations

Today’s talk:   
QCD corrections for ”basic collinear” SIDIS
with Maurizio Abele and Daniel de Florian, PRD104 (2021) & 2203.07928
earlier work:  D. Anderle, F. Ringer, WV, PRD87 (2013)

with Ignacio Borsa, Daniel de Florian, Rodolfo Sassot, Marco Stratmann
2202.05060

implications for fragmentation functions
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• Basics of perturbation theory for SIDIS
• Threshold resummation and expansion 
• Phenomenology
• Fragmentation functions
• Conclusions

Outline:



Basics of perturbation theory 
for SIDIS
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NNLO: so far unknown (Daleo, Garcia Canal, Sassot;
Anderle, de Florian, Habarnau)

à can one obtain approximate results?

LO:
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NLO: Altarelli et al.; 
de Florian,
Stratmann, WV
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LO:
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NLO, as                     : 
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kth order of perturbation theory: 
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ln2k�2(1� x̂)

1� x̂

!

+

+ . . .

#



• real and virtual contributions “imbalanced”

V

• logs can be resummed to all orders: threshold resummation
Sterman; Catani,Trentadue; …

• use to determine dominant parts of NNLO, N3LO corrections 



Threshold resummation



Mellin moments:
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dẑ ẑM�1 !ab(x̂, ẑ,↵s)

<latexit sha1_base64="QOKhK377ykDoStY4/JpiFy+3vmM="></latexit>

=
X

a,b

f̃a(N,Q2) !̃ab(N,M,↵s) D̃
h
b (M,Q2)

<latexit sha1_base64="NFkSW18u9OmxV0d8lzJIu3/b0og="></latexit>

Fh
T (x, z,Q

2) =
X

a,b

Z 1

x

dx̂

x̂

Z 1

z

dẑ
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Note: similarity to Drell Yan with rapidity:   Owens, Westmark, … 
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Recall, NLO:

kth order:  corrections
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Large         large           :
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Sterman, WV;  Anderle, Ringer, WVto NLL:
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Full resummed formula becomes (to all log order!):
<latexit sha1_base64="fj0G5fYFE0khL/jZUgV6wuvTtl0="></latexit>

!̃
res
qq (N,M,↵s) = e

2
q Hqq(↵s) bCqq(↵s)

hard virtual corr.
<latexit sha1_base64="CsfI2vsSyQLqC6qawq5HVphSijo="></latexit>

Hqq(↵s) = 1 +
↵s

⇡
H

(1)
qq +

⇣
↵s

⇡

⌘2
H

(2)
qq + . . .

N,M-independent
corr. in resummation

Catani,de Florian,Grazzini,Nason
Hinderer,Ringer,Sterman,WV

<latexit sha1_base64="z3/BaAcsL0BcLTl1kpqocS81tbM="></latexit>

bCqq(↵s) = 1 +
↵s

⇡
bC(1)
qq +

⇣↵s

⇡

⌘2 bC(2)
qq + . . .

<latexit sha1_base64="qmCzvhaIV0sPHOcKQdSIp1FK7mQ="></latexit>

Aq(↵s) =
↵s

⇡
A(1)

q +
⇣↵s

⇡

⌘2
A(2)

q +
⇣↵s

⇡

⌘3
A(3)

q + . . .

<latexit sha1_base64="bspPHRKNiF5tkynixbbQau3yvxA="></latexit>

bDq(↵s) =
⇣↵s

⇡

⌘2 bD(2)
q + . . .

Kodaira, Trentadue; … 
Moch, Vermaseren, Vogt;
Catani, de Florian, Grazzini

<latexit sha1_base64="i4HJAOetaxnrN44MMwpS8IKe4NY="></latexit>

⇥ exp

(Z Q2

Q2/(N̄M̄)

dµ2

µ2


Aq

�
↵s(µ)

�
ln

✓
µ2N̄M̄

Q2

◆
� 1

2
bDq

�
↵s(µ)

��
)



Hard factor may be determined from spacelike 
quark form factor:
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quark form factor
2 loops: 3 loops: 

Gehrmann, Glover, Huber, 
Ikizlerli, Studerus
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Lee , von Manteuffel, 
Schabinger, Smirnov, 
Smirnov, Steinhauser )
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Finally, further expansion to NNLO and N3LO:

<latexit sha1_base64="KyHZT9hVD8CwD510nYaxYdNrj8I="></latexit>

1

e2q
!̃(2)
qq (N,M) = 2C2

FL4 +
4⇡b0CF

3
L3 + CFL2


CF

✓
�8 +

⇡2

3

◆
+

✓
67

18
� ⇡2

6

◆
CA � 5

9
Nf

�

<latexit sha1_base64="adMHB2gLeBQzaLX+gyfzHHRlG1g="></latexit>

+CFCA


�1535

192
� 5⇡2

16
+

7⇡4

720
+

151

36
⇣(3)

�
+ CFNf


127

96
+

⇡2

24
+

⇣(3)

18

�

<latexit sha1_base64="eT5vg7agYUD1CVzSJmWyyZTnCOA="></latexit>

+CFL
✓

101

27
� 7

2
⇣(3)

◆
CA � 14

27
Nf

�
+ C2

F


511

64
� ⇡2

16
� ⇡4

60
� 15

4
⇣(3)

�

<latexit sha1_base64="+HJ+AGxvVdSWGi00CI3YyFs0dtk="></latexit>

L ⌘ 1

2

�
ln(N̄) + ln(M̄)

�

<latexit sha1_base64="rEckodZqabx8cdIuACWeglqoodA="></latexit>

!̃(1)
qq (N,M) = e2qCF


2L2 +

⇡2

6
� 4

�

dominant 
subleading terms

<latexit sha1_base64="1HFtxBCAxylz+hDnxWBH6EEAPoc="></latexit>

+ e2qCFL
✓

1

N
+

1

M

◆

<latexit sha1_base64="RJPlnGnlg99wftxvtCn/wZVo0FM="></latexit>

+2C2
F L3

✓
1

N
+

1

M

◆

<latexit sha1_base64="9lduk0OdgYNxB5Jsu7GURcMnKtw="></latexit>

!̃qq(N,M,↵s) = 1 +
↵s

⇡
!̃(1)
qq +

⇣↵s

⇡

⌘2
!̃(2)
qq +

⇣↵s

⇡

⌘3
!̃(3)
qq +O(↵4

s)



<latexit sha1_base64="h1xIGfZPuyOpLrmfwxHbpAJtneo="></latexit>

+2C3
F L5

✓
1

N
+

1

M

◆



Phenomenology



EIC

(normalized to LO cross section)
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scale dependence:
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resummation “schemes”:
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Fragmentation functions



• global analysis of fragmentation functions at “nearly NNLO”

Borsa, De Florian, Sassot, Stratmann, WV

• NNLO for e+e-: Anderle, Ringer, Stratmann
Abdolmaleki et al.
Salajeghhej, Kniehl, et al.
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Conclusions:

• generally modest beyond-NLO effects, but non-negligible
towards high-z.  Mostly captured by NNLO.

• further extensions:  FL,  qg contribution,
interplay with power corrections 

• reduction in scale dependence

• may be used for early NNLO phenomenology of
PDFs and FFs

• benchmark for future NNLO calculations


