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t ! i⌧
Numerical first-principles approach to  

non-perturbative QCD

• QCD equations            integrals over the values of quark and 
gluon fields on each site/link (QCD path integral)


• ~1012 variables (for state-of-the-art)

• Evaluate by importance sampling


• Paths near classical action 
dominate


• Calculate physics on a set 
(ensemble) of samples of the quark 
and gluon fields
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• Euclidean space-time


• Non-zero lattice spacing


• Finite volume


• Some calculations use larger- 
than-physical quark masses (cheaper)
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Approximate the QCD path integral by Monte Carlo

with field configurations        distributed according toU i e�S[U ]

Numerical first-principles approach to  
non-perturbative QCD
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Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses, 


• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for


• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass
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Calculations of all other 
quantities are QCD 
predictions
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<latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit>

u, d, s, c, b
<latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit>
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<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

↵S
<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

2S-1S
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Numerical first-principles approach to  
non-perturbative QCD

• Many millions of CPU/GPU hours 


Lattice QCD

5 Phiala Shanahan, MIT

Calculations use world’s largest computers



Lattice QCD works

6 Phiala Shanahan, MIT

• Ground state hadron spectrum 
reproduced


• p-n mass splitting reproduced


• …

• Predictions for new states with 
controlled uncertainties
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FIG. 15. Our results for the masses of charmed and/or bottom baryons, compared to the experimental results where available
[8, 10, 12]. The masses of baryons containing nb bottom quarks have been o↵set by �nb · (3000 MeV) to fit them into this plot.
Note that the uncertainties of our results for nearby states are highly correlated, and hyperfine splittings such as M⌦⇤

b
� M⌦b

can in fact be resolved with much smaller uncertainties than apparent from this figure (see Table XIX).

[Z Brown et al. PRD 2014]

Determined post-facto
by LHCb experiment[Science 347:1452-1455,2015]
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Phiala Shanahan, MIT

Nuclei on the lattice are 
HARD


• Noise:  
Statistical uncertainty grows 
exponentially with number of 
nucleons


• Complexity: 
Number of contractions grows 
factorially time

COST

Calculations possible for A<5

Nuclear physics from lattice QCD

7



Double β-decay      
[Phys.Rev.Lett. 119, 062003 (2017),  
Phys.Rev.D 96, 054505 (2017)]

8

P

P

d

Phiala Shanahan, MIT

“Nuclear physics from LQCD Collaboration” 
NPLQCD

Proton-proton fusion 
and tritium β-decay  
[Phys.Rev.Lett. 119, 062002 (2017)]

Nuclei with A<5  
unphysical quark masses


Physical-mass  
calculations  
begun 2021

Scalar, axial, tensor 
matrix elements       
[Phys.Rev.Lett. 120 (2018), 
Phys.Rept. 900 (2021), 
Phys.Rev.D 103, 074511(2021)]

Baryon-baryon 
interactions,  
incl. QED       
[Phys.Rev.D 96, 114510 (2017), 
Phys.Rev.D 103, 054504 (2021), 
Phys.Rev.D 103, 054508 (2021), 
2108.10835 (2021)]

Nuclear parton 
distribution functions       
[Phys.Rev.D 96, 094512 (2017), 
Phys.Rev.Lett. 126, 202001 (2021)]

Nuclear physics from lattice QCD



Parton physics from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

PDF

Midterm Review, Part Part II: Theory - I. Stewart �6

Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
� = p

0 � p

• GTMD correlator: definition through traces (can appear in observables)

W
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– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)
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p
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p
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– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)
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Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse


+ impact parameter
GPD

fq/H(x)
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<latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit>

fq/H(x, bT )
<latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit>

Fourier 
transform

⇠ = 0
<latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit>

Hq/H(x, ⇠,�2
T
)

<latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit>

Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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Parton physics from Lattice QCD
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Understanding the quark and gluon 
structure of matter

PDF

Midterm Review, Part Part II: Theory - I. Stewart �6

Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
� = p

0 � p

• GTMD correlator: definition through traces (can appear in observables)

W
q [�] =

Z
dz

�
d
2
~z?

2 (2⇡)3
e
ik · z hp0 |  ̄q(�z

2)�WTMD[�z

2,
z

2] 
q(z2) | pi

���
z
+
=0

– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)

x =
k
+

P
+ ⇠ =

p
+ � p

0+

p
+ + p

0+ = �
�+

2P+
~k? ~�? = ~p

0
? � ~p?

– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton

quark

�
d2kT

�
d2kT

�
d2kT

�
d2b�

T

�
d2b�

T

f(x, kT )f(x, bT ) f(x, b�
T )

W (x, kT , b�
T )

H(x, kT , �,�T )H(x, kT , �, b�
T )

H(x, �, b�
T ) H(x, �, �2

T )

kT

�T

x =
k+

P+

� = � �+

2P+

Fn(b�
T ) Fn(�2

T )

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse


+ impact parameter
GPD

fq/H(x)
<latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit>

fq/H(x, kT )
<latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit>

fq/H(x, bT )
<latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit>

Fourier 
transform

⇠ = 0
<latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit>

Hq/H(x, ⇠,�2
T
)

<latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit>

Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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Phiala Shanahan, MIT

Decomposition of proton momentum
Example: Lowest moment defines 
contribution of each type of parton 
to the hadron momentum 


2020 Highlight:  
Proton momentum decomposition

[C. Alexandrou et al., PRD 101 (2020)]

20

functions with respect to the stout parameter, leads to a
convergence at a small number of stout steps. This has
been confirmed in other calculations with stout smear-
ing [33, 83]. Using the lattice spacing and coupling con-
stant of the ensemble under study we extract the mixing
coe�cients:

ZMS
qg1 = 0.232 , (65)

ZMS
qg2 = 0.083 , (66)

ZMS
gq1 = �0.027 . (67)

VI. RESULTS

In this section we give the renormalized matrix ele-
ments, by combining the bare matrix elements extracted
in Sec. IV and the renormalization factors in Sec. V yield-
ing our physical results. The renormalized results are
obtained from the expressions

Xq+

R = ZqqX
q+

B +
�Zqq

Nf

X

q=u,d,s,c

Xq+

B +
Zqg

Nf
Xg

B (68)

Xg
R = ZggX

g
B + Zgq

X

q=u,d,s,c

Xq+

B (69)

where X = hxi, J , and �Zqq the di↵erence between sin-
glet and non-singlet Zqq and Nf = 4 since we have four
flavors in the sea. In order to fully decompose the quark
flavors we use the corresponding isovector results from
Refs. [25, 51], which are also given in Table VI for com-
pleteness.

In Fig. 23 we show our results for the proton aver-
age momentum fraction for the up, down, strange and
charm quarks, for the gluons as well as their sum. The
up quark is the largest quark contribution, namely about
35%, twice bigger than the down quark. The strange
quark contributes significantly smaller, namely about 5%
and the charm is restricted to about 2%. The gluon
has a significant contribution of about 45%. Summing

all the contributions results to
P

q=u,d,s,chxi
q+

R + hxigR =
104.5(11.8)%, confirming the expected momentum sum.
Fig. 23 also demonstrates that disconnected contribu-
tions are crucial and if excluded would result to a sig-
nificant underestimation of the momentum sum.

The individual contributions to the proton spin are
presented in Fig. 24 as extracted from Eq. (11). The ma-
jor contribution comes from the up quark amounting to
about 40% of the proton spin. The down, strange and
charm quarks have relatively smaller contributions. All
quark flavors together constitute to about 60% of the pro-
ton spin. The gluon contribution is significant, namely
about 40% of the proton spin, providing the missing piece
to obtain in total 94.6(14.2)% of the proton spin.

FIG. 23: The decomposition of the proton average momen-
tum fraction hxi. We show the contribution of the up (red
bar), down (green bar), strange (blue bar), charm (orange
bar), quarks and their sum (purple bar), the gluon (cyan bar)
and the total sum (grey bar). Note that what is shown is the
contribution of both the quarks and antiquarks (q+ = q+ q̄).
Whenever two overlapping bars appear the inner bar denotes
the purely connected contribution while the outer one is the
total contribution which includes disconnected taking into ac-
count also the mixing. The error bars for the former are
omitted while for the latter are shown explicitly on the bars.
The percentages written in the figure are for the total con-
tribution. The dashed horizontal line is the momentum sum.
Results are given in MS scheme at 2 GeV.

The
P

q=u,d,s B
q+

20 (0)+Bg
20(0) is expected to vanish to

respect the momentum and spin sums, as pointed out by
Eq. (11). We find for the renormalized values that

X

q=u,d,s

Bq+

20,R(0) +Bg
20,R(0) = �0.099(91) (70)

which is indeed compatible with zero within its statistical
uncertainty.
Since the quark contribution to the proton spin is com-

puted, it is interesting to see how much comes from the
intrinsic quark spin. In Fig. 25 we show our results for
1
2�⌃q+ = 1

2g
q+

A . These are taken from Ref. [25] and in-
cluded in Table V, for easy reference. The up quark has a
large contribution, up to about 85% of the proton intrin-
sic spin. The down quark contributes about half com-
pared to the up and with opposite sign. The strange and
charm quarks also contribute negatively with the latter
being about five times smaller than the former giving a
1% contribution. The total 1

2�⌃q+ is in agreement with
the upper bound from COMPASS [84].
Having both the quark angular momentum and the

quark intrinsic spin allows us to extract the orbital an-
gular momentum using Eq. (12). For a direct calcula-
tion using TMDs see Ref. [85]. Our results are shown
in Fig. 26. The orbital angular momentum of the up

MS-scheme at 2 GeV

Moments of PDFs encode key aspects 
of hadron structure  
 

• Lattice QCD can cleanly access low  
moments of PDFs (n ≲ 3)


• Massive community efforts to study 
x-dependence from LQCD + 
perturbative matching and other 
approaches 
[Ji, PRL 110 (2013) 262002, Radyushkin, PRD 96 (2017) 034025, 
Ma & Qiu, PRL 120 (2018) 022003, Braun & Müller, EPJ C55 
(2008) 349; Chambers et al., PRL 118 (2017) 242001, Detmold 
& Lin, PRD 73 (2006) 014501, Liu & Dong, PRL 72 (1994) 
1790+many more]

Z 1

0
dx xnf(x, µ2) = hxnif (µ2)
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FIG. 1. Comparison of the full SIDIS+lattice fit with the
⇡
+ (filled circles) and ⇡

� (open circles) Collins asymmetries

A
sin(�h+�s)
UT from HERMES [47] and COMPASS [48, 49] (in

percent), as a function of x, z and Ph? (in GeV).

where ⇡(a) is the prior distribution for the vector param-
eters a, and

L(data|a) = exp


�
1

2
�
2(a)

�
(10)

is the likelihood function, with Z =
R
d
n
aL(data|a)⇡(a)

the Bayesian evidence parameter. Using a flat prior, the
nested sampling algorithm constructs a set of MC sam-
ples {ak} with weights {wk}, which are then used to
evaluate the integrals in Eqs. (8).

The results of the fit indicate good overall agreement
with the Collins ⇡

+ and ⇡
� asymmetries, as illustrated

in Fig. 1, for both HERMES [47] and COMPASS [48,
49] data, with marginally better fits for the latter. The
�
2
/datum values for the ⇡+ and ⇡

� data are 28.6/53 and
40.4/53, respectively, for a total of 68.9/106 ⇡ 0.65. The
larger �2 for ⇡� stems from the few outlier points in the
x and z spectra, as evident in Fig. 1. The SIDIS-only fit
is almost indistinguishable, with �

2
SIDIS = 69.2. Clearly,

our MC results do not indicate any tension between the
SIDIS data and lattice QCD calculations of gT , nor any
“transverse spin problem”.

The resulting transversity PDFs hu

1 and h
d

1 and Collins

favored and unfavored FFs, H?(1)
1(fav) and H

?(1)
1(unf), are plot-

ted in Fig. 2 for both the SIDIS-only and SIDIS+lattice
fits. The positive (negative) sign for the u (d) transversity
PDF is consistent with previous extractions, and corre-
lates with the same sign for the Collins FFs in the re-
gion of z directly constrained by data. The larger |h

d

1|

compared with |h
u

1 | reflects the larger magnitude of the
(negative) ⇡

� asymmetry than the (positive) ⇡
� asym-

metry. At lower z values, outside the measured region,
the uncertainties on the Collins FFs become extremely
large. Interestingly, inclusion of the lattice gT datum has
very little e↵ect on the central values of the distributions,

0 0.2 0.4 0.6 x
–3

–2

–1

0

1 hu
1

hd
1

0.2 0.4 0.6 z
–0.4

–0.2

0

0.2

0.4 zH�(1)
1(fav)

zH�(1)
1(unf)

FIG. 2. Transversity PDFs hu,d
1 and favored zH

?(1)
1(fav) and un-

favored zH
?(1)
1(unf) Collins FFs for the SIDIS+lattice fit (red and

blue bands) at Q
2 = 2 GeV2, compared with the SIDIS-only

fit uncertainties (yellow bands). The range of direct experi-
mental constraints is indicated by the horizontal dashed lines.

but reduces significantly the uncertainty bands. The fit-
ted antiquark transversity is consistent with zero, within
relatively large uncertainties, and is not shown in Fig. 2.
For the transverse momentum widths, our analysis of

the HERMES multiplicities [53] gives a total �2
/datum of

1079/978, with hk
2
?i

q

f1
= 0.59(1) GeV2 and 0.64(6) GeV2

for the unpolarized valence and sea quark PDF widths,

and hp
2
?i

⇡/q

D1
= 0.116(2) GeV2 and 0.140(2) GeV2 for the

unpolarized favored and unfavored FF widths. These
values are compatible with ones found in the analysis
by Anselmino et al. [54] of HERMES and COMPASS
charged hadron multiplicities. On the other hand, the
similar values found for the sea and valence PDF widths
disagree with the chiral soliton model [55], for which the
sea to valence ratio is ⇠ 5. Note also that while there ap-
pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡

± multi-
plicities, our analysis uses only Ph?-dependent HERMES
data that are given in bins of x, z, Q2 and Ph?.
The transverse momentum widths for the valence and

sea transversity PDFs are hk
2
?i

q

h1
= 0.5(2) GeV2 and

1.0(5) GeV2, respectively, and hp
2
?i

⇡/q

H
?
1

= 0.12(4) GeV2

and 0.06(3) GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertain-
ties on the h1 andH

?
1 widths compared with the unpolar-

ized widths reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
fit analysis of SIDIS data by Kang et al. [21] quotes
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Yellow:        SIDIS data only: direct constraints in region indicated by dashes 
Blue/Red:   SIDIS + lattice QCD for tensor charge (zeroth moment)

Phiala Shanahan, MIT

• Including lattice QCD results for moments in global PDF fits can yield 
significant improvements 


• Community white paper (LQCD + phenomenologists) assessed potential 
impacts [Lin et al., Prog. Part. Nucl. Phys 100 (2018), 107] 

Constraints on global PDF fits

[H-W. Lin et al., PRL 2018]

Collins fragmentation functionsTransversity PDFs
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Encoded in EMC-type effects 


Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

How is the partonic structure of 
nuclei different from that of 
nucleons?


Longitudinal momentum fraction

D
IS

 X
-s

ec
tio

n 
ra

tio

(EMC: Aubert et al., 1983)

The structure of matter
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Many aspects of EMC effects will be accessible 
at a future Electron-Ion Collider 


EMC-type effects from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

•Polarised EMC (polarised light ions)


• Isovector EMC (SIDIS)


•Gluon EMC (quarkonium production)


•LQCD will make predictions!

Motivation

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 2 / 15

Electron Ion Collider:
The Next QCD Frontier

Understanding the glue 
that binds us all

Cover image from EIC whitepaper arXiv::1212.1701
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Classic EMC effect is defined in F2: 
 
 

               x-integrals of numerator and     
               denominator

Phiala Shanahan, MIT

First investigation of EMC-type effects from LQCD: 
Nuclear effects in Mellin moments of PDFs


EMC effects in Mellin moments 

[Eskola et al., Eur. Phys. J. C 163 (2017)]

Nuclear momentum fractions

Fit

Global fits to available data constraining nuclear PDFs (charged lepton DIS, neutrino DIS, Drell-Yan, …) 
performed by multiple groups: EPPS, nCTEQ, DSSZ, …

gluon u quark d quark
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Fig. 13 Ratios of structure functions for various nuclei as measured
by the NMC [73,74] and EMC [78] collaborations, compared with the
EPPS16 fit. In the rightmost panel the labels “addendum” and “chariot”

refer to the two different experimental setups in Ref. [78]. For a better
visibility, some data sets have been offset by a factor of 0.92 as indicated

ing to Eq. (53). The error bars shown on the experimental
data correspond to the statistical and systematic errors added
in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
with EPPS16.

The pA vs. pD Drell–Yan data are shown in Figs. 16 and
17. In the calculation of the corresponding differential NLO
cross sections dσDY/dxdM we define x1,2 ≡ (M/

√
s)e±y

where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x ∼ 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x ≈ (MW,Z/

√
s)e−y

and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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Fig. 13 Ratios of structure functions for various nuclei as measured
by the NMC [73,74] and EMC [78] collaborations, compared with the
EPPS16 fit. In the rightmost panel the labels “addendum” and “chariot”

refer to the two different experimental setups in Ref. [78]. For a better
visibility, some data sets have been offset by a factor of 0.92 as indicated

ing to Eq. (53). The error bars shown on the experimental
data correspond to the statistical and systematic errors added
in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
with EPPS16.

The pA vs. pD Drell–Yan data are shown in Figs. 16 and
17. In the calculation of the corresponding differential NLO
cross sections dσDY/dxdM we define x1,2 ≡ (M/

√
s)e±y

where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x ∼ 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x ≈ (MW,Z/

√
s)e−y

and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
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17. In the calculation of the corresponding differential NLO
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where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x ∼ 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x ≈ (MW,Z/
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and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
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17. In the calculation of the corresponding differential NLO
cross sections dσDY/dxdM we define x1,2 ≡ (M/
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where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
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baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x ∼ 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x ≈ (MW,Z/

√
s)e−y

and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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1%-level EMC effects in PDF 
moments for light nuclei

[Eskola et al., Eur. Phys. J. C 163 (2017)]

Nuclear momentum fractions
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Global fits to available data constraining nuclear PDFs (charged lepton DIS, neutrino DIS, Drell-Yan, …) 
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Fig. 13 Ratios of structure functions for various nuclei as measured
by the NMC [73,74] and EMC [78] collaborations, compared with the
EPPS16 fit. In the rightmost panel the labels “addendum” and “chariot”

refer to the two different experimental setups in Ref. [78]. For a better
visibility, some data sets have been offset by a factor of 0.92 as indicated

ing to Eq. (53). The error bars shown on the experimental
data correspond to the statistical and systematic errors added
in quadrature. The charged-lepton DIS data are shown in
Figs. 12, 13, 14 and 15. We note that, for undoing the isoscalar
corrections as explained in Sect. 3.1, the data appear some-
what different from those e.g. in the EPS09 paper. On aver-
age, the data are well reproduced by the fit. In some cases the
uncertainty bands are rather asymmetric (see e.g. the NMC
data panel in Fig. 15) which was the case in the EPS09 fit as
well. This is likely to come from the fact that the A depen-
dence is parametrized only at few values of x (small-x limit,
xa , xe) and in between these points the A dependence appears
to be somewhat lopsided in some cases. The Q2 dependence
of the data visible in Figs. 12 and 14 is also nicely consistent
with EPPS16.

The pA vs. pD Drell–Yan data are shown in Figs. 16 and
17. In the calculation of the corresponding differential NLO
cross sections dσDY/dxdM we define x1,2 ≡ (M/

√
s)e±y

where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.

The collider data, i.e. new LHC pPb data as well as the
PHENIX DAu data, are shown in Fig. 19. To ease the inter-
pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
as well. The baseline deviates from unity for isospin effects
(unequal amount of protons and neutrons in Pb) as well as
for experimental acceptances. For the electroweak observ-
ables, the nuclear effects cause suppression in the computed
forward-to-backward ratios (with respect to the baseline with
no nuclear effects) as one is predominantly probing the region
below x ∼ 0.1 where the net nuclear effect of sea quarks has
a downward slope toward small x . Very roughly, the probed
nuclear x-regions can be estimated by x ≈ (MW,Z/

√
s)e−y

and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
gluon distributions; see Ref. [70] for more detailed discus-
sions. The PHENIX pion data [31] is also well consistent
with EPPS16, though, for the more precise CMS dijet data,
its role is no longer as essential as in the EPS09 analysis.

Finally, comparisons with the CHORUS neutrino and
antineutrino data are shown in Figs. 20 and 21. The data
exhibit a rather typical pattern of antishadowing followed by
an EMC effect at large x . The incident beam energies are not
high enough to reach the small-x region where a shadowing
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pression comes about as smaller-x quark distributions are
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In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
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sions. The PHENIX pion data [31] is also well consistent
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where M is the invariant mass and y the rapidity of the dilep-
ton. The scale choice in the PDFs is Q = M . While these data
are well reproduced, the scatter of the data from one nucleus
to another is the main reason we are unable to pin down any
systematic A dependence for the sea quarks at xa (some A
dependence develops via DGLAP evolution, however). For
example, as is well visible in Fig. 17, it is not clear from the
data whether there is a suppression or an enhancement for
x ! 0.1.

The pion–A DY data are presented in Fig. 18. As is evi-
dent from the figure, these data set into the EPPS16 fit without
causing a significant tension. Overall, however, the statisti-
cal weight of these data is not enough to set stringent addi-
tional constraints to nuclear PDFs. Similarly to the findings
of Ref. [67], the optimal data normalization of the lower-

energy NA10 data (the lower right panel) is rather large
( fN = 1.121), but the x2 dependence of the data is well
in line with the fit.
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pretation of the LHC data (forward-to-backward ratios), the
baseline with no nuclear effects in PDFs is always indicated
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(unequal amount of protons and neutrons in Pb) as well as
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ables, the nuclear effects cause suppression in the computed
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below x ∼ 0.1 where the net nuclear effect of sea quarks has
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and thus, toward more forward rapidities (y > 0) one probes
smaller x than in the backward direction (y < 0). The sup-
pression comes about as smaller-x quark distributions are
divided by larger-x (less-shadowed or antishadowed) quarks.
In the case of dijets, the nuclear PDFs are sampled at higher
x and, in contrast to the electroweak bosons, an enhancement
is observed. In our calculations, this follows essentially from
antishadowed gluons becoming divided by EMC-suppressed
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and nucleon 
PDFs
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Nuclear matrix elements of         and        probe   -integrated EMC effect. Phenomenological expectations?T q
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• BUT EMC effects in moments are very small

16



Phiala Shanahan, MIT

Matrix elements of the Energy-Momentum Tensor in light nuclei                              
               first QCD determination of momentum fraction of nuclei


• Bounds on EMC effect in moments at ~few percent level, consistent with 
phenomenology [2009.05522 [hep-lat] (2021)]   


Momentum fraction of nuclei

Ratio of quark momentum fraction in nucleus to nucleon

• No mixing


• No sum rule constraint
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4

was used to study nuclear e↵ects in PDF moments. In
particular, it was shown that the leading source of such
e↵ects is the two-nucleon correlations that couple to the
twist-two operators defining the PDF moments. In terms
of the parameters defined in that work, nuclear e↵ects
in the isovector momentum fraction are encapsulated in
the low energy constant (LEC) ↵3,2 and nuclear fac-
tor G3(3He); their product is bounded as ↵3,2G3(3He) =
0.0018(14) at µ = 2 GeV from the numerical calcula-
tions presented here (see the Supplementary Material for
details). While the quark momentum fractions them-
selves have nonanalytic dependence on the quark masses
[66–68], this two-body LEC is expected to be relatively
insensitive to variation of the quark masses, as seen for
the the analogous two-body contribution in the np ! d�

[39] and pp ! de
+
⌫e [42, 69] processes. This relative

mass-independence assumption allows an extrapolation
to the physical quark masses: a naive estimate is given
by taking the central value determined at m⇡ = 806
MeV and inflating the uncertainty by 50% to account
for possible quark-mass dependence as well as the e↵ects
of the nonzero lattice spacing and finite volume (this un-
certainty is estimated based on the mass dependence seen
for the analogous two-body LECs in Refs. [39, 42, 69]).
This extrapolated value can be combined with the physi-

cal value of the nucleon momentum fraction, hxi(p)u�d =
0.160(7) at µ = 2 GeV from the nNNPDF2.0 analy-
sis [31], to determine the isovector momentum fraction

ratio 3hxi(
3He)
u�d /hxi

(p)
u�d|LQCD = 1.035(26) at the physical

quark masses (see the Supplementary Material for more
details).

It is interesting to compare the LQCD results for the
momentum fractions and their ratios to phenomenology.
In particular, the isovector momentum fractions deter-
mined here provide valuable information that is com-
plementary to experimental constraints on the nuclear
modification of PDFs; almost all information on the nu-
clear modification of partonic structure has been ob-
tained for the ratio of isoscalar-corrected F2 structure
functions of nuclei to that of the deuteron [3, 5, 6]. Ad-
ditional constraints are especially valuable in the context
of the intriguing question as to whether there is flavor-
dependence to the EMC e↵ect. Such flavor dependence
has been conjectured in models of QCD [70–75] and in
EFT [63–65] and is included in recent data-driven analy-
ses of experimental results [76, 77] and provides a poten-
tial explanation of the NuTeV anomaly in sin2 ✓W [78].

Fig. 3 shows the constraint on the isovector momen-
tum fraction ratio for 3He obtained from the results
presented here, compared with the constraints on the
isovector and isoscalar momentum fraction ratios from
the recent nNNPDF2.0 [31] global nuclear PDF fits. The
nNNPDF2.0 ellipse is generated by combining the Monte
Carlo replica sets for the bound proton PDFs in 4He
appropriately to form the PDFs of 3He (under the as-
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FIG. 3. The ratio of the isovector momentum fractions of
3He and p determined in this work compared to constraints on
the isovector and isoscalar momentum fraction ratios from the
nNNPDF2.0 [31] global analysis before and after the LQCD
constraint is imposed. Both axes are normalized to unity in
the absence of nuclear e↵ects. The LQCD constraint on the
isovector ratio at m⇡ = 806 MeV is also displayed. In all
cases, 68% confidence intervals are shown.

sumption that the nuclear e↵ects vary slowly with A). In
this way, correlations between the 3He and proton PDFs
are accounted for. For the isovector combination, the

68% confidence interval is 3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0 =

1.007(63). In the nNNPDF approach, it is also straight-
forward to impose the LQCD constraint on the nuclear
PDFs by reweighting the Monte Carlo replicas as dis-
cussed in Ref. [79]; the combined confidence region is
shown in Fig. 3. The 68% confidence interval reduces to

3hxi(
3He)
u�d /hxi

(p)
u�d|nNNPDF2.0+LQCD = 1.028(25). Fig. 4

compares the ratio of the isovector PDF for 3He to that
of the constituent nucleons, with and without the impo-
sition of the LQCD constraint. As can be seen from the
reduced uncertainties in Figs. 3 and 4, LQCD calcula-
tions such as those presented here, as well as new experi-
mental constraints [80, 81], can significantly improve our
knowledge of the flavor dependence of nuclear PDFs.

Summary — In this work, the isovector momentum
fractions of the proton, diproton and 3He systems have
been determined using LQCD, complementing a previ-
ous study of the gluon momentum fraction on the same
ensemble [45]. These calculations were performed at a
single set of unphysical SU(3)-symmetric values for the
quark masses corresponding to m⇡ = 806 MeV, and in
a single lattice volume and at a single lattice spacing.
Bearing these caveats in mind, the isovector nuclear mo-
mentum fractions were calculated precisely and found to

• Match isovector (u-d quark 
combination) momentum fraction 
to low-energy constants of 
effective field theory, extrapolate 
to physical quark masses


• Include into nNNPDF global fits of 
experimental lepton-nucleus 
scattering data
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Matrix elements of the Energy-Momentum Tensor in light nuclei                              
               first QCD determination of momentum fraction of nuclei
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Momentum fraction of 3He

Blue → Purple: 
Improvement using theory constraints

Ratio of        to proton 
parton distributions

3
He
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FIG. 4. The ratio R(
3
He)(x) = 3q(

3
He)

3
(x)/q(p)

3
(x) of the

nNNPDF2.0 isovector PDF in 3He to that in the proton [31],
as well as the same distribution with the LQCD moment con-
straint imposed into the global analysis as described in the
text. 68% confidence intervals are shown.

be similar to that of the proton. In particular, the ra-

tios hxi
(pp)
u�d/hxi

(p)
u�d = 1.010(14) and 3hxi(

3He)
u�d /hxi

(p)
u�d =

1.029(15) were determined and nuclear EFT arguments
were used to connect the 3He result to global analyses
of nuclear PDFs, providing important constraints on the
flavor decomposition of nuclear PDFs that are comple-
mentary to those obtained from experiment.

While in its early stages, this work emphasizes the util-
ity of LQCD in constraining less well-measured aspects
of partonic structure in an analogous way to how LQCD
inputs have been used to constrain the proton transver-
sity PDFs [82]. Future calculations at the physical quark
masses will consider higher moments of nuclear PDFs
(or even directly study their x dependence) for a wider
range of nuclei and provide a complete flavor decompo-
sition. Calculations will also quantitatively address the
full set of systematic uncertainties.
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• Match isovector (u-d quark 
combination) momentum fraction 
to low-energy constants of 
effective field theory, extrapolate 
to physical quark masses


• Include into nNNPDF global fits of 
experimental lepton-nucleus 
scattering data

Matrix elements of the Energy-Momentum Tensor in light nuclei                              
               first QCD determination of momentum fraction of nuclei

[NPLQCD PRL 126, 202001 (2021) [2009.05522]]
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• Work in progress at close-to-physical values of the quark masses 
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First evidence of signals in 
physical-point data
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• Polarised PDFs also accessible from moments


Momentum fraction of 3He
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Exotic glue in the deuteron

Contributions to nuclear 
structure from gluons not 
associated with individual 
nucleons in nucleus 
 
Exotic glue operator:

‘Exotic’ Glue in the Nucleus

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 3 / 15

‘Exotic’ Glue in the Nucleus

‘Exotic’ Glue
Contributions to gluon

observables that are not from

nucleon degrees of freedom.

Exotic glue operator:

operator in nucleon = 0

operator in nucleus 6= 0

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 3 / 15

Jaffe and Manohar, “Nuclear Gluonometry”  
Phys. Lett. B223 (1989) 218

nucleon


nucleus

a “pure” EMC-type effect

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0
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Exotic glue in the deuteron

Double helicity flip structure function Δ(x,Q2): 
changes both photon and target helicity by 2 unitsDouble Helicity Flip Gluon Structure Function: �(x,Q2)

Double helicity flip amplitude:

3KRWRQ�KHOLFLW\
7DUJHW�KHOLFLW\

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 5 / 15

Unambiguously gluonic: no analogous quark 
PDF at twist-2

Non-vanishing in forward limit for targets with 
spin≥1

Experimentally measurable

Unpolarised electron DIS on polarised target: 
JLab LoI 2015, Polarised nuclei at EIC

Proton-deuteron Drell-Yan at FNAL

J/ψ production at NICA

Moments calculable in LQCD

a “pure” EMC-type effect
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Contributions to nuclear structure 
from gluons not associated with 
individual nucleons in nucleus

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

nucleon:


nucleus:

• First moment of gluon transversity 
distribution in the deuteron  
[Jaffe, Manohar PLB223 (1989) 218]


• First evidence for non-nucleonic gluon 
contributions to nuclear structure: LQCD 

with m𝞹 ~800 MeV [NPLQCD PRD96 (2017)] 


• Magnitude relative to momentum 
fraction as expected from large-Nc

Signal in LQCD data
*

*

*

*

*

t = 2t = 2

t = 3t = 3

t = 4t = 4

t = 5t = 5

t = 6t = 6

0 5 10 15

Exotic glue in the deuteron
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Parton physics from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

PDF

Midterm Review, Part Part II: Theory - I. Stewart �6

Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
� = p

0 � p

• GTMD correlator: definition through traces (can appear in observables)

W
q [�] =

Z
dz

�
d
2
~z?

2 (2⇡)3
e
ik · z hp0 |  ̄q(�z

2)�WTMD[�z

2,
z

2] 
q(z2) | pi

���
z
+
=0

– W
q [�] parameterized through GTMDs Xq(x, ⇠,~k?, ~�?)

x =
k
+

P
+ ⇠ =

p
+ � p

0+

p
+ + p

0+ = �
�+

2P+
~k? ~�? = ~p

0
? � ~p?

– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton

quark

�
d2kT

�
d2kT

�
d2kT

�
d2b�

T

�
d2b�

T

f(x, kT )f(x, bT ) f(x, b�
T )

W (x, kT , b�
T )

H(x, kT , �,�T )H(x, kT , �, b�
T )

H(x, �, b�
T ) H(x, �, �2

T )

kT

�T

x =
k+

P+

� = � �+

2P+

Fn(b�
T ) Fn(�2

T )

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse


+ impact parameter
GPD

fq/H(x)
<latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit><latexit sha1_base64="7/kSqIhPiBnkKPkgRxNURdg4xfM=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL3VXBD0WvfRYwX5gu5Rsmm1Ds9k1yYpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPz/FhwbRznG+VWVtfWN/Kbha3tnd294v5BU0eJoqxBIxGptk80E1yyhuFGsHasGAl9wVr+6Gbqtx6Z0jySd2YcMy8kA8kDTomx0n3QSx/OapPy02mvWHIqzgx4mbgZKUGGeq/41e1HNAmZNFQQrTuuExsvJcpwKtik0E00iwkdkQHrWCpJyLSXzi6e4BOr9HEQKVvS4Jn6eyIlodbj0LedITFDvehNxf+8TmKCKy/lMk4Mk3S+KEgENhGevo/7XDFqxNgSQhW3t2I6JIpQY0Mq2BDcxZeXSfO84joV9/aiVL3O4sjDERxDGVy4hCrUoA4NoCDhGV7hDWn0gt7Rx7w1h7KZQ/gD9PkDwJKQTA==</latexit>

fq/H(x, kT )
<latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit><latexit sha1_base64="TjYYP1KachRSZIc1Ujzuw+qW94g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJqIoMeilx4r9AvaGDbbTbt0s4m7G7WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDPPjzlT2ra/raXlldW19dxGfnNre2e3sLffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJn4rQcqFYtEXY9i6oa4L1jACNZGugu89P6sOi49nQ69+olXKNplewq0SJyMFCFDzSt8dXsRSUIqNOFYqY5jx9pNsdSMcDrOdxNFY0yGuE87hgocUuWm06vH6NgoPRRE0pTQaKr+nkhxqNQo9E1niPVAzXsT8T+vk+jgyk2ZiBNNBZktChKOdIQmEaAek5RoPjIEE8nMrYgMsMREm6DyJgRn/uVF0jwvO3bZub0oVq6zOHJwCEdQAgcuoQJVqEEDCEh4hld4sx6tF+vd+pi1LlnZzAH8gfX5A1jikb4=</latexit>

fq/H(x, bT )
<latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit><latexit sha1_base64="/pjQ9fY75bNKVS6l38dSacHtQbE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvfRYoV/QxrDZbtrFzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p23/7nritx+oVCwSDT2KqRvigWABI1gb6Tbw0vvT2rj8dOJ7jWOvWLIr9hRokTgZKUGGulf86vUjkoRUaMKxUl3HjrWbYqkZ4XRc6CWKxpjc4QHtGipwSJWbTq8eoyOj9FEQSVNCo6n6eyLFoVKj0DedIdZDNe9NxP+8bqKDSzdlIk40FWS2KEg40hGaRID6TFKi+cgQTCQztyIyxBITbYIqmBCc+ZcXSeus4tgV5+a8VL3K4sjDARxCGRy4gCrUoA5NICDhGV7hzXq0Xqx362PWmrOymX34A+vzB0sjkbU=</latexit>

Fourier 
transform

⇠ = 0
<latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit><latexit sha1_base64="Df9Jo3c7b7gF9wfL2tcXicbxUFE=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBA8LbMaMDkIQS8eI5gHJEuYnUySMbOzy8ysGJb8gxcPinj1f7z5N84mEXwWNBRV3XR3BbHg2mD87iwsLi2vrObW8usbm1vbhZ3dho4SRVmdRiJSrYBoJrhkdcONYK1YMRIGgjWD0UXmN2+Z0jyS12YcMz8kA8n7nBJjpUbnjp/hfLdQxG6pUsYnFfSbeC6eoghz1LqFt04voknIpKGCaN32cGz8lCjDqWCTfCfRLCZ0RAasbakkIdN+Or12gg6t0kP9SNmSBk3VrxMpCbUeh4HtDIkZ6p9eJv7ltRPTL/spl3FimKSzRf1EIBOh7HXU44pRI8aWEKq4vRXRIVGEGhtQFsLnp+h/0jh2Pex6V6Vi9XweRw724QCOwINTqMIl1KAOFG7gHh7hyYmcB+fZeZm1LjjzmT34Buf1AxLHjs0=</latexit>

Hq/H(x, ⇠,�2
T
)

<latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit><latexit sha1_base64="oJHL2i3ABrGqf4frTNnxx/3ZOSE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQodSkCLos6qLLCn1BE8NkOm2HTiZxZiItobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xI0alsqxvY2l5ZXVtPbOR3dza3tk19/YbMowFJnUcslC0fCQJo5zUFVWMtCJBUOAz0vQH1xO/+UCEpCGvqVFE3AD1OO1SjJSWPPOw4iX3Z5VxflhwhrTg3BCmkFe7K516Zs4qWlPARWKnJAdSVD3zy+mEOA4IV5ghKdu2FSk3QUJRzMg468SSRAgPUI+0NeUoINJNpi+M4YlWOrAbCl1cwan6eyJBgZSjwNedAVJ9Oe9NxP+8dqy6l25CeRQrwvFsUTdmUIVwkgfsUEGwYiNNEBZU3wpxHwmElU4tq0Ow519eJI1S0baK9u15rnyVxpEBR+AY5IENLkAZVEAV1AEGj+AZvII348l4Md6Nj1nrkpHOHIA/MD5/AFA4lhM=</latexit>

Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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Collins-Soper evolution kernel

Phiala Shanahan, MIT

Collins-Soper Evolution Kernel • Governs TMD evolution


• Needed to match quasi-TMD  
(lattice QCD) to physical TMD

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)

<latexit sha1_base64="XxPHJF98v9GQcE2FnusGSK4s5fI="></latexit><latexit sha1_base64="XxPHJF98v9GQcE2FnusGSK4s5fI="></latexit><latexit sha1_base64="XxPHJF98v9GQcE2FnusGSK4s5fI="></latexit><latexit sha1_base64="XxPHJF98v9GQcE2FnusGSK4s5fI="></latexit>

• More detailed picture of nucleon including transverse structure 
 
 
 
 
 
 

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
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• Perturbative at short distances


• Non-perturbative for                                      lattice QCD?


• Independent of hadron 

µ, b�1
T � ⇤QCD

<latexit sha1_base64="lbbWvmKrURhqNdM+W14m7+bg16g=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwoWWmCHZZqAsXLlroCzp1yKSZNjTzILkjlmH2bvwVNy4UcesPuPNvTB+CzwMhh3PuIbnHjQRXYJrvRmZpeWV1Lbue29jc2t7J7+61VRhLylo0FKHsukQxwQPWAg6CdSPJiO8K1nHHtanfuWZS8TBowiRifZ8MA+5xSkBLTr5g+/Gx6zSvkhMrtYdDbF/q8IA4NrAbSBq189TJF81S2ZwC/yZWaXabRbRA3cm/2YOQxj4LgAqiVM8yI+gnRAKngqU5O1YsInRMhqynaUB8pvrJbJcUH2plgL1Q6hMAnqlfEwnxlZr4rp70CYzUT28q/uX1YvAq/YQHUQwsoPOHvFhgCPG0GDzgklEQE00IlVz/FdMRkYSCri+nS/jcFP9P2uWSZZasxmmxWlnUkUUHqICOkIXOUBVdoDpqIYpu0T16RE/GnfFgPBsv89GMscjso28wXj8AD7SaZQ==</latexit><latexit sha1_base64="lbbWvmKrURhqNdM+W14m7+bg16g=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwoWWmCHZZqAsXLlroCzp1yKSZNjTzILkjlmH2bvwVNy4UcesPuPNvTB+CzwMhh3PuIbnHjQRXYJrvRmZpeWV1Lbue29jc2t7J7+61VRhLylo0FKHsukQxwQPWAg6CdSPJiO8K1nHHtanfuWZS8TBowiRifZ8MA+5xSkBLTr5g+/Gx6zSvkhMrtYdDbF/q8IA4NrAbSBq189TJF81S2ZwC/yZWaXabRbRA3cm/2YOQxj4LgAqiVM8yI+gnRAKngqU5O1YsInRMhqynaUB8pvrJbJcUH2plgL1Q6hMAnqlfEwnxlZr4rp70CYzUT28q/uX1YvAq/YQHUQwsoPOHvFhgCPG0GDzgklEQE00IlVz/FdMRkYSCri+nS/jcFP9P2uWSZZasxmmxWlnUkUUHqICOkIXOUBVdoDpqIYpu0T16RE/GnfFgPBsv89GMscjso28wXj8AD7SaZQ==</latexit><latexit sha1_base64="lbbWvmKrURhqNdM+W14m7+bg16g=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwoWWmCHZZqAsXLlroCzp1yKSZNjTzILkjlmH2bvwVNy4UcesPuPNvTB+CzwMhh3PuIbnHjQRXYJrvRmZpeWV1Lbue29jc2t7J7+61VRhLylo0FKHsukQxwQPWAg6CdSPJiO8K1nHHtanfuWZS8TBowiRifZ8MA+5xSkBLTr5g+/Gx6zSvkhMrtYdDbF/q8IA4NrAbSBq189TJF81S2ZwC/yZWaXabRbRA3cm/2YOQxj4LgAqiVM8yI+gnRAKngqU5O1YsInRMhqynaUB8pvrJbJcUH2plgL1Q6hMAnqlfEwnxlZr4rp70CYzUT28q/uX1YvAq/YQHUQwsoPOHvFhgCPG0GDzgklEQE00IlVz/FdMRkYSCri+nS/jcFP9P2uWSZZasxmmxWlnUkUUHqICOkIXOUBVdoDpqIYpu0T16RE/GnfFgPBsv89GMscjso28wXj8AD7SaZQ==</latexit><latexit sha1_base64="lbbWvmKrURhqNdM+W14m7+bg16g=">AAACC3icdVDLSgMxFM3UV62vqks3oUVwoWWmCHZZqAsXLlroCzp1yKSZNjTzILkjlmH2bvwVNy4UcesPuPNvTB+CzwMhh3PuIbnHjQRXYJrvRmZpeWV1Lbue29jc2t7J7+61VRhLylo0FKHsukQxwQPWAg6CdSPJiO8K1nHHtanfuWZS8TBowiRifZ8MA+5xSkBLTr5g+/Gx6zSvkhMrtYdDbF/q8IA4NrAbSBq189TJF81S2ZwC/yZWaXabRbRA3cm/2YOQxj4LgAqiVM8yI+gnRAKngqU5O1YsInRMhqynaUB8pvrJbJcUH2plgL1Q6hMAnqlfEwnxlZr4rp70CYzUT28q/uX1YvAq/YQHUQwsoPOHvFhgCPG0GDzgklEQE00IlVz/FdMRkYSCri+nS/jcFP9P2uWSZZasxmmxWlnUkUUHqICOkIXOUBVdoDpqIYpu0T16RE/GnfFgPBsv89GMscjso28wXj8AD7SaZQ==</latexit>

b�1
T . ⇤QCD

<latexit sha1_base64="jv5B+gSGLBYgtEMijfABIOzCaqs=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4scwUwS4LdeHCRQt9QaeWTHrbhmYeJHfEMvQD3Pgrblwo4tYPcOffmD4EnxdCDudBco8XSaHRtt+t1NLyyupaej2zsbm1vZPd3WvoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNypP9eY1KC3CoIbjCDo+GwSiLzhDQ3WzOa9bu0pOnIkrQWstfOpemnSPdV2EG0yq5fOJcdn5gj0d+hs4+dlt58hiKt3sm9sLeexDgFwyrduOHWEnYQoFlzDJuLGGiPERG0DbwID5oDvJbJkJPTJMj/ZDZU6AdMZ+TSTM13rse8bpMxzqn9qU/Etrx9gvdhIRRDFCwOcP9WNJMaTTZmhPKOAoxwYwroT5K+VDphhH01/GlPC5Kf0fNAp5x8471dNcqbioI00OyCE5Jg45IyVyQSqkTji5JffkkTxZd9aD9Wy9zK0pa5HZJ9/Gev0AeVabNw==</latexit><latexit sha1_base64="jv5B+gSGLBYgtEMijfABIOzCaqs=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4scwUwS4LdeHCRQt9QaeWTHrbhmYeJHfEMvQD3Pgrblwo4tYPcOffmD4EnxdCDudBco8XSaHRtt+t1NLyyupaej2zsbm1vZPd3WvoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNypP9eY1KC3CoIbjCDo+GwSiLzhDQ3WzOa9bu0pOnIkrQWstfOpemnSPdV2EG0yq5fOJcdn5gj0d+hs4+dlt58hiKt3sm9sLeexDgFwyrduOHWEnYQoFlzDJuLGGiPERG0DbwID5oDvJbJkJPTJMj/ZDZU6AdMZ+TSTM13rse8bpMxzqn9qU/Etrx9gvdhIRRDFCwOcP9WNJMaTTZmhPKOAoxwYwroT5K+VDphhH01/GlPC5Kf0fNAp5x8471dNcqbioI00OyCE5Jg45IyVyQSqkTji5JffkkTxZd9aD9Wy9zK0pa5HZJ9/Gev0AeVabNw==</latexit><latexit sha1_base64="jv5B+gSGLBYgtEMijfABIOzCaqs=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4scwUwS4LdeHCRQt9QaeWTHrbhmYeJHfEMvQD3Pgrblwo4tYPcOffmD4EnxdCDudBco8XSaHRtt+t1NLyyupaej2zsbm1vZPd3WvoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNypP9eY1KC3CoIbjCDo+GwSiLzhDQ3WzOa9bu0pOnIkrQWstfOpemnSPdV2EG0yq5fOJcdn5gj0d+hs4+dlt58hiKt3sm9sLeexDgFwyrduOHWEnYQoFlzDJuLGGiPERG0DbwID5oDvJbJkJPTJMj/ZDZU6AdMZ+TSTM13rse8bpMxzqn9qU/Etrx9gvdhIRRDFCwOcP9WNJMaTTZmhPKOAoxwYwroT5K+VDphhH01/GlPC5Kf0fNAp5x8471dNcqbioI00OyCE5Jg45IyVyQSqkTji5JffkkTxZd9aD9Wy9zK0pa5HZJ9/Gev0AeVabNw==</latexit><latexit sha1_base64="jv5B+gSGLBYgtEMijfABIOzCaqs=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4scwUwS4LdeHCRQt9QaeWTHrbhmYeJHfEMvQD3Pgrblwo4tYPcOffmD4EnxdCDudBco8XSaHRtt+t1NLyyupaej2zsbm1vZPd3WvoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNypP9eY1KC3CoIbjCDo+GwSiLzhDQ3WzOa9bu0pOnIkrQWstfOpemnSPdV2EG0yq5fOJcdn5gj0d+hs4+dlt58hiKt3sm9sLeexDgFwyrduOHWEnYQoFlzDJuLGGiPERG0DbwID5oDvJbJkJPTJMj/ZDZU6AdMZ+TSTM13rse8bpMxzqn9qU/Etrx9gvdhIRRDFCwOcP9WNJMaTTZmhPKOAoxwYwroT5K+VDphhH01/GlPC5Kf0fNAp5x8471dNcqbioI00OyCE5Jg45IyVyQSqkTji5JffkkTxZd9aD9Wy9zK0pa5HZJ9/Gev0AeVabNw==</latexit>



Phiala Shanahan, MIT

Collins-Soper evolution kernel
3

2

FIG. 1: Comparison of extracted values of RAD. The lines
labeled as SV19, SV17, Pavia19 and Pavia17 corresponds to
[17],[15],[18], and [14].

an anomalous dimension, such as additive structure of

renormalization group equation (3).

The equation (2) essentially mixes the definitions of

two NP functions: a TMD distribution and RAD. For

that reason, the separation of these functions with the

data is a non-trivial phenomenological task. Nonethe-

less, it could be done observing that RAD governs the Q-

behavior of the cross-section, whereas F ’s the x-behavior.

Therefore, analyzing a global set of data with a large span

in x and Q, it is possible to decorrelate these functions.

Such global studies were made recently [14–18]. The val-

ues of RAD obtained in these works are shown in fig.1.

Clearly, there is no agreement between these extraction

for b > 2GeV�1. Another observation is that extrac-

tion based on the joined data of Drell-Yan and SIDIS

cross-sections [14, 17] provide a higher value of RAD at

b ⇠ 1GeV�1 in comparison to extraction based only on

the Drell-Yan data [15, 18]. These contradictions could

be resolved by adding more low-qT data in the analysis,

or by some alternative approaches to access RAD. One of

promising approaches is the recently proposed methods

to compute RAD with lattice QCD [19, 20].

Definition of RAD. To derive the self-contained ex-

pression for RAD, I take a step backward in the deriva-

tion of (1) and recall the origin of scale �. At an interme-

diate stage, the expression for cross-section has the form

d� ⇠ F̃1 ⇥ S ⇥ F̃2 [3, 5], where F̃ are unsubtracted TMD

distributions, and S is the TMD soft factor. Each of

these terms contains the rapidity divergence(s) that can-

cel in the product. To obtain (1), the soft factor is factor-

ized into parts with only rapidity divergences related to a

particular light-like direction. Afterwards, they are com-

bined with F̃ into physical TMD distributions [6, 21, 22].

The scale � in the definition of a physical TMD distribu-

tion (2) is the scale of rapidity divergence factorization.

Thus, the soft factor is the primary object to define RAD.

FIG. 2: Contours defining TMD soft factor (in the Drell-Yan
kinematics) and its derivatives. Axes n and n̄ are light-like
(n

2
= n̄

2
= 0), and the axis T is transverse. The black (blue)

solid line shows contour C (C�). The black dashed lines show
the contour C�. The blue dot shows the insertion of gluon
strength tensor.

The TMD soft factor is defined as

S(b, µ) =
Tr

Nc
�0|WC |0�Z

2
S(µ), (4)

where WC = P exp(ig
�

C dxµAµ(x)) is a gauge link along

the contour C (see fig.2), ZS is the renormalization factor

for light-like cusps. In ref.[6] it has been proven that the

TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-

eters of rapidity divergence regularization(� ! 0). The

function B is the finite part of the soft factor, and the

dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as

D(b, µ) =
1

2
lim
��0

d ln S(b, µ)

d ln �
. (6)

The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the

parameters ⇤± regularize rapidity divergences at both

infinities, and � = (⇤+⇤�)�1.

Next, I deform the contour C� further, by setting one

of ⇤’s finite (for definiteness, I choose ⇤� and replace it

2

FIG. 1: Comparison of extracted values of RAD. The lines
labeled as SV19, SV17, Pavia19 and Pavia17 corresponds to
[17],[15],[18], and [14].

an anomalous dimension, such as additive structure of

renormalization group equation (3).

The equation (2) essentially mixes the definitions of

two NP functions: a TMD distribution and RAD. For

that reason, the separation of these functions with the

data is a non-trivial phenomenological task. Nonethe-

less, it could be done observing that RAD governs the Q-

behavior of the cross-section, whereas F ’s the x-behavior.

Therefore, analyzing a global set of data with a large span

in x and Q, it is possible to decorrelate these functions.

Such global studies were made recently [14–18]. The val-

ues of RAD obtained in these works are shown in fig.1.

Clearly, there is no agreement between these extraction

for b > 2GeV
�1

. Another observation is that extrac-

tion based on the joined data of Drell-Yan and SIDIS

cross-sections [14, 17] provide a higher value of RAD at

b ⇠ 1GeV
�1

in comparison to extraction based only on

the Drell-Yan data [15, 18]. These contradictions could

be resolved by adding more low-qT data in the analysis,

or by some alternative approaches to access RAD. One of

promising approaches is the recently proposed methods

to compute RAD with lattice QCD [19, 20].

Definition of RAD. To derive the self-contained ex-

pression for RAD, I take a step backward in the deriva-

tion of (1) and recall the origin of scale �. At an interme-

diate stage, the expression for cross-section has the form

d� ⇠ F̃1 ⇥ S ⇥ F̃2 [3, 5], where F̃ are unsubtracted TMD

distributions, and S is the TMD soft factor. Each of

these terms contains the rapidity divergence(s) that can-

cel in the product. To obtain (1), the soft factor is factor-

ized into parts with only rapidity divergences related to a

particular light-like direction. Afterwards, they are com-

bined with F̃ into physical TMD distributions [6, 21, 22].

The scale � in the definition of a physical TMD distribu-

tion (2) is the scale of rapidity divergence factorization.

Thus, the soft factor is the primary object to define RAD.

FIG. 2: Contours defining TMD soft factor (in the Drell-Yan
kinematics) and its derivatives. Axes n and n̄ are light-like
(n2 = n̄2 = 0), and the axis T is transverse. The black (blue)
solid line shows contour C (C�). The black dashed lines show
the contour C�. The blue dot shows the insertion of gluon
strength tensor.

The TMD soft factor is defined as

S(b, µ) =
Tr

Nc
�0|WC |0�Z2

S(µ), (4)

where WC = P exp(ig
�

C dxµAµ(x)) is a gauge link along

the contour C (see fig.2), ZS is the renormalization factor

for light-like cusps. In ref.[6] it has been proven that the

TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-

eters of rapidity divergence regularization(� ! 0). The

function B is the finite part of the soft factor, and the

dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as

D(b, µ) =
1

2
lim
��0

d ln S(b, µ)

d ln �
. (6)

The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the

parameters ⇤± regularize rapidity divergences at both

infinities, and � = (⇤+⇤�)
�1

.

Next, I deform the contour C� further, by setting one

of ⇤’s finite (for definiteness, I choose ⇤� and replace it

�
q
,M

S
�

(
µ

=
4
G

e
V

)
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FIG. 1. Figure adapted from Ref. [1], showing the quark Collins-Soper kernel as determined

from recent phenomenological fits (in 2017 and 2019) by two independent analysis groups using

di↵erent models, which are represented by the green and orange bands respectively.

processes at low transverse momentum, from ⇠ 1–10 GeV, which are sensitive to the
nonperturbative Collins-Soper evolution. Experiments at the Thomas Je↵erson National
Accelerator Facility 12 GeV Upgrade and the future Electron-Ion Collider at Brookhaven
National Laboratory will provide enormous amount of data in this kinematic regime over
the next two decades, highlighting the timeliness of this research e↵ort.

II. LATTICE QCD

Lattice QCD is a first-principles method of calculating QCD observables numerically on
a discrete four-dimensional representation of spacetime. Monte-Carlo techniques are used
to create a representative set (named an ensemble) of configurations of the background
quark and gluon fields on the spacetime representation, which are then used to perform
calculations of physical observables of interest. As the only known direct method of
studying QCD at low energy, lattice QCD is an important source of information for tests
of the Standard Model and it provides results for various hadronic matrix elements that
are systematically improvable and model-independent. As such, it is the necessary tool
for the calculations we propose.

There are several major computational costs involved in lattice QCD calculations.
Firstly, the background configurations of quark and gluon fields are extremely expensive
to generate and are generally stored and reused. Large lattice QCD collaborations (such
as USQCD) make these available to the community; these resources will be exploited in
this proposal. Calculations of matrix elements such as those involved in the determination
of the Collins-Soper kernel as proposed here additionally involve computing various quark
propagators and the combination of these into the appropriate correlation functions. The
computation of light (up, down and strange) quark propagators involves the inversion
of very large, very sparse, but nearly singular matrices (O(108 ⇥ 108) in our calculation)
which is e�ciently done using iterative solvers similar to the conjugate gradient algorithm.
Multiple inversions are required for each field configuration in the ensemble, and this task
requires significant computational resources.

Figure adapted from Vladimirov [2003.02288] 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[see also e.g., Kang, Prokudin, Sun,Yuan Phys.Rev.D 
93 (2016), Collins, Rogers Phys.Rev.D 91 (2015), Sun, 
Yuan Phys.Rev.D 88 (2013)]
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f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z)exp


1

2
�⇣(µ, bT ) ln

(2xP z)2

⇣

�
fu-d(x,~bT , µ, ⇣)
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• TMDPDF defined by matrix element of non-local light-cone quark 
bilinear operator


• Calculate via quasi-TMD prescription 
[Ji, Sun, Xiong,Yuan ’14, Ji, Jin, Yuan, Zhang, Zhao, PRD99 (2019), Ebert, Stewart, Zhao, PRD99 (2019), JHEP09 (2019), 
Ji, Liu, Liu, [1911.03840] (2019),  Nucl.Phys.B (2020), Vladimirov, Schäfer, Phys.Rev.D 101 (2020)]


 

TMDPDFs from lattice QCD

Phiala Shanahan, MIT

PDF
longitudinal
fq/H(x)
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TMD
+ transverse

fq/H(x, kT )
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Large boost + 
perturbative matching

Midterm Review, Part Part II: Theory - I. Stewart �14

TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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� :  regulates UV divergences

� :  regulates rapidity divergences
� �

0

dk+

k+

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Wilson Lines
Bq = �p|OB |p�

OB :

staple shaped

Sq = �0|OS |0�

OS :

Midterm Review, Part Part II: Theory - I. Stewart �33

Quasi-TMDs

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)
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z�b
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�
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�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
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Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
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���q̄(bµ)W (0,~0T )
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�
3

2
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E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =
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Quasi beam function: (equal-time correlator)
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I Bare operators related by Lorentz boost
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[49] Ji, Jin, Yuan, Zhang, Zhao, 1801.05930
[38] Ebert, Stewart, Zhao, 1901.03685

f̃u-d(x,�bT , µ, P z) = CTMD
u-d (µ, xP z) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fu-d(x,�bT , µ, �)

from  
Lattice QCD

perturbation 
theory

Collins-Soper 
kernel

desired 
TMDPDF

Status:  construction found which is confirmed at 1-loop

f̃q = B̃q

�
S̃q fq = Bq

�
Sq

Bq :

Sq :S̃q :

B̃q :Spatial staple 
calculable in 

LQCD

quasi-TMD 
from LQCD

perturbative 
matching

desired 
TMDPDF

Collins-Soper 
evolution kernel

f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z) gSq (bT , µ) exp

"
1

2
�q
⇣ (µ, bT ) ln

(2xP z)2

⇣

#
fu-d(x,~bT , µ, ⇣)
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Collins-Soper Evolution Kernel • Governs TMD evolution


• Needed to match quasi-TMD  
(lattice QCD) to physical TMD

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)
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of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (15)
are renormalized to the MS scheme by Eq. (9), using

renormalization factors ZMS
O�4�

which were computed for

the same ensemble and operators as studied here in
Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (9)) is shown in Fig. 4. It is clear that the inclusion of

the factor R̃(~bT , bR
T , a, ⌘) (Eq. (10)) in the definition of the

renormalized quasi beam function suppresses dependence
on ⌘ and on bR

T , over choices of bR
T within the perturba-

tive region, to better than the statistical uncertainties
of this study. A weighted average of the renormalized
quasi beam function over these parameters, as well as
over di↵erent directions of ~bT , is thus taken as detailed
in Appendix C to define averaged quasi beam functions

B
MS
�4 (µ, bz, bT , a, P z). Examples of the P zbz-dependence

of the resulting quasi beam functions are shown in Fig. 5,
and additional examples are shown in Appendix C. These
are the key results used to extract the Collins-Soper ker-
nel, as discussed in the next subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (11) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (16-17)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these

• Can be accessed via ratio of non-local 
MEs in LQCD [Ebert, Stewart, Zhao, PRD99 (2019)]


• First (quenched) calculation in 2020 
[PES, Wagman, Zhao PRD102, 014511 (2020)]


• CS-kernel independent of state: study 
unphysically-heavy pion with no 
systematic bias


3

TMDPDFs which define the Collins-Soper evolution ker-
nel by Eq. (2), and will thus not be discussed further
here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences ⇠

1/a that are proportional to the total Wilson line lengths
in the non-local quark bilinear operators Oi

�, but bT de-
pendence and divergent ⌘ dependence cancels between
them [34]. The authors have previously calculated ZMS

O��0

in a quenched lattice QCD study [39], where the opera-
tor Ons

� was nonperturbatively renormalized in a regular-
ization independent momentum subtraction (RI0/MOM)
scheme, and then perturbatively matched to the MS
scheme [34, 38].

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of
introducing power-law divergences in the numerator and
denominator that are canceled by the quasi soft factor
and its renormalization in the original form. Moreover,
to ensure that the renormalization and matching between
RI0/MOM and MS is performed in the perturbative re-
gion, the scale bT must be taken to be much smaller than
⇤�1
QCD, a condition which does not permit an extraction

of the Collins-Soper kernel at bT values in the nonper-
turbative region. It was therefore suggested in Ref. [34]
to define a perturbative renormalization matching scale
bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) by exploiting the bT -

independence of ZMS
�4�(µ, bz, a), and to introduce an addi-

tional factor R̃, constructed to compensate for the power-
law divergences, into the MS-renormalized quasi beam
function. Under this prescription, the MS-renormalized
quasi beam function BMS

� may be defined as

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z) = ZMS
O�4�

(µ, bz,~bR
T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z), (9)

where~bR
T is chosen to be parallel to~bT .2 R̃ is independent

of bz and thus cancels in the ratio that gives the Collins-
Soper kernel3 in Eq. (2):

R̃(bT , bR
T , a, ⌘) =

Z
RI0/MOM
O�4�4

(bT , a, ⌘)

Z
RI0/MOM
O�4�4

(bR
T , a, ⌘)

. (10)

Here, Z
RI0/MOM
O�4�4

(bT , a, ⌘) is defined as a weighted

average of the RI0/MOM renormalization fac-

tors ZRI0/MOM
O�4�4

(pR, bz,~bT , a, ⌘) over orientations

~bT = bT {~ex,~ey} and over a set of choices of the
external quark momenta pR, as detailed in Ref. [39].
This average is taken analogously to the weighted
average over quasi beam function orientations described
in Appendix C. The dependence on bR

T in Eq. (9) should

cancel between R̃(bT , bR
T , a, ⌘) and ZMS

O�4�
(µ, bz, bR

T , a, ⌘).

Nevertheless, bR
T is retained as an argument of BMS

�4 to

account for any uncanceled finite dependence on bR
T , and

an average over several bR
T values is implemented in the

numerical study. For the choice � = �4 in Eq. (3), the
Collins-Soper kernel can thus be obtained as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
1 )

R
dbze�ibzxP z

2P z
2 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
2 )

#
.

(11)

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (11). First,
since the kernel is independent of the external state, one
may calculate the quasi beam functions in the state with
the best signal-to-noise properties in a lattice QCD cal-
culation, e.g., for the pion. In a quenched calculation, a
heavier-than-physical valence quark mass can be chosen
for the same reason. Moreover, variation of the choice
of external state, and external state momenta, provides
a test of systematic e↵ects in a numerical calculation.
Second, the Collins-Soper kernel does not depend on the

2
In principle ZMS

O�4�
(µ, bz ,~bRT , a, ⌘) is independent of the orien-

tation of ~bRT , but in practice there is residual dependence re-

maining in lattice QCD results for this quantity after one-loop

matching between RI
0/MOM and MS. To account for this resid-

ual asymmetry, which a↵ects some bare operators with � 6= �4
,

BMS
�4 (µ, bz ,~bT , a, ⌘, bRT , P z

) is formed as shown in Eq. (9) and an

average over ~bT orientations is performed after renormalization

as described in Appendix C.

3
The definition of R̃ used here di↵ers from that in Ref. [34] by the

omission of the quasi soft factor.
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of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (15)
are renormalized to the MS scheme by Eq. (9), using

renormalization factors ZMS
O�4�

which were computed for

the same ensemble and operators as studied here in
Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (9)) is shown in Fig. 4. It is clear that the inclusion of

the factor R̃(~bT , bR
T , a, ⌘) (Eq. (10)) in the definition of the

renormalized quasi beam function suppresses dependence
on ⌘ and on bR

T , over choices of bR
T within the perturba-

tive region, to better than the statistical uncertainties
of this study. A weighted average of the renormalized
quasi beam function over these parameters, as well as
over di↵erent directions of ~bT , is thus taken as detailed
in Appendix C to define averaged quasi beam functions

B
MS
�4 (µ, bz, bT , a, P z). Examples of the P zbz-dependence

of the resulting quasi beam functions are shown in Fig. 5,
and additional examples are shown in Appendix C. These
are the key results used to extract the Collins-Soper ker-
nel, as discussed in the next subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (11) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (16-17)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these

TMDPDFs from lattice QCD
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FIG. 14. bT -dependence of the Collins-Soper kernel computed from the same quasi beam functions via the di↵erent approaches
defined in Sec. IIID. All points other than the primary results of this work (“NLO”) are o↵set on the horizontal axis for clarity.
For the “NLO” and “LO” approaches, results computed based on quasi beam functions with Dirac structures �4 and �3 are
combined as described in the text; the outer error bars include half the di↵erence between the results with �4 and �3 combined
in quadrature with the average uncertainty, shown by the inner error bars. For the other approaches the empty (filled) points
show results obtained with Dirac structure �4 (�3). “Hermite/Bernstein” points with Dirac structure �3 are not shown at
bT /a = 4 because the corresponding fits of the P zbz-dependence of the relevant quasi beam functions were of poor quality, as
described in the text.
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(a) Comparison with the SV19 [4] and Pavia19 [5]

phenomenological parameterizations and the

next-to-next-to-next-to-leading order (N
3
LO) perturbative

result [42, 43].

(b) Comparison with quenched results of Ref. [19] (SWZ), as

well as results from the LPC [20], Regensburg/NMSU [21],

and ETMC/PKU [22] collaborations. Di↵erent sets of points

with the same color show di↵erent sets of results from the

same collaboration.

FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
(a) phenomenological results, and (b) the results of other lattice QCD calculations of this quantity.

(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-

• First dynamical results 2021


• Currently: Significant spread in 
results from different LQCD 
studies from analysis systematics 
(e.g., NLO matching is important)

• Fully-controlled results at similar 
precision would already impact 
phenomenology


• Will require more robust treatment 
of power corrections
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FIG. 14. bT -dependence of the Collins-Soper kernel computed from the same quasi beam functions via the di↵erent approaches
defined in Sec. IIID. All points other than the primary results of this work (“NLO”) are o↵set on the horizontal axis for clarity.
For the “NLO” and “LO” approaches, results computed based on quasi beam functions with Dirac structures �4 and �3 are
combined as described in the text; the outer error bars include half the di↵erence between the results with �4 and �3 combined
in quadrature with the average uncertainty, shown by the inner error bars. For the other approaches the empty (filled) points
show results obtained with Dirac structure �4 (�3). “Hermite/Bernstein” points with Dirac structure �3 are not shown at
bT /a = 4 because the corresponding fits of the P zbz-dependence of the relevant quasi beam functions were of poor quality, as
described in the text.

(a) Comparison with the SV19 [4] and Pavia19 [5]

phenomenological parameterizations and the

next-to-next-to-next-to-leading order (N
3
LO) perturbative

result [42, 43].
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“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various

“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
use somewhat larger maximum P z values than that of
the present study, the e↵ects of power corrections and
higher-twist contamination can be expected to be smaller
than those found in Sec. III D, but these e↵ects, together
with the di↵erence between NLO and LO matching il-
lustrated in Appendix E, could nevertheless be respon-

Collins Soper kernel from lattice QCD

[LPC 2005.14572; Regensburg/NMSU 2103.16991;  
ETMC/PKU 2106.13027; SWZ 2003.06063, 2107.11930] 29

https://arxiv.org/abs/2107.11930


Parton physics from Lattice QCD

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

PDF

Midterm Review, Part Part II: Theory - I. Stewart �6

Beyond 3D Structure

Multidimensional Imaging  
of Confined Motion!

Generalized TMDs

• Graphical representation of GTMD correlator for quarks; kinematics in symmetric frame

P =
p + p

0

2
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0 � p

• GTMD correlator: definition through traces (can appear in observables)
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– two auxiliary scales (for which evolution equations exist) omitted

– issue of light-cone singularities in definition of GTMDs can be dealt with
(Echevarria, Idilbi, Kanazawa, Lorcé, Kanazawa, Metz, Pasquini, Schlegel, 1602.06953)

proton

quark

�
d2kT

�
d2kT

�
d2kT

�
d2b�

T

�
d2b�

T

f(x, kT )f(x, bT ) f(x, b�
T )

W (x, kT , b�
T )

H(x, kT , �,�T )H(x, kT , �, b�
T )

H(x, �, b�
T ) H(x, �, �2

T )

kT

�T

x =
k+

P+

� = � �+

2P+

Fn(b�
T ) Fn(�2

T )

Quark TMDs
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q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Three-dimensional partonic structure 
of the proton

longitudinal

TMD

+ transverse


+ impact parameter
GPD
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Hq/H(x, ⇠,�2
T
)
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Community overview: 
Constantinou et al., 
“2020 PDFLattice Report” 
arXiv:2006.08636
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• Moments of GPDs define generalised form factors which encode  
e.g., Energy-Momentum Tensor


• Matrix elements of traceless gluon EMT for spin-half nucleon:


• Sum rules of gluon and quark GFFs in forward limit

Phiala Shanahan, MIT

Moments of GPDs

• Momentum fraction


• Spin


• D-terms              unknown but equally fundamental!


• Da(t) GFFs encodes pressure and shear distributions

X

a=q,g

Aa(0) = 1
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Aa(0) = hxia
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where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
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The forward limit A(⇡)
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
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2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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and extraction of proton pressure distribution 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• Peak pressure near centre ~1035 Pascal, 
greater than pressure estimated for neutron stars


• Key assumptions: gluon D-term same as quark 
term, tripole form factor model,
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given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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Fig. 4 | Example of a fit to gravitational form factor d1(t). The error 
bars are from the fit to the cross-sections at a fixed value of −t. The 
light-shaded area at the bottom corresponds to the uncertainties from 
the extension of the fit into regions without data and coincides with the 
light-green shaded area in Fig. 1. The dark-shaded area corresponds to 
the projected uncertainties for a future experiment30 at 12 GeV, as shown 
by the red-shaded area in Fig. 1. Uncertainties represent one standard 
deviation.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r

2

d

dr

1

r

d

dr
eD(r), p(r) =

1

3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-

4

mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
first complete pressure determination 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Key assumptions in pressure extraction 
from DVCS 


• Gluon D-term same as quark term in 
magnitude and shape 
Factor of ~2 difference in magnitude, somewhat 
different t-dependence 


• Tripole form factor model 
LQCD results consistent with ansatz, but more 
general form is less well constrained


• Isovector quark D-term vanishes 
                 from other LQCD studiesDu�d(t) ⇠ 0
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peaks, extends region over 
which pressure is non-zero 

Proton pressure from LQCD
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• First comparisons of generalised gluon form factors (related to Fourier 
transforms of pressure distribution) for hadrons of different spin


• Qualitative differences between meson and baryon form factors


• Lattice QCD calculation with unphysically-heavy pion mass

Phiala Shanahan, MIT

Related to pressure

Momentum fraction in forward limit

35

Pressure distribution in other hadrons

[2107.10368 (2021)]



Future colliders will dramatically alter our knowledge of the gluonic structure 
of hadrons and nuclei


• Work towards a complete 3D picture of parton structure (moments,  
x-dependence of PDFs, GPDs, TMDs)


• First lattice QCD constraints on nuclear PDFs through their moments


• First lattice QCD calculations of the Collins-Soper kernel for TMD 
rapidity evolution


• First determination of gluon contributions to shear and pressure 
distributions in the proton and other hadrons


Lattice QCD calculations in hadrons and light nuclei will complement and 
extend understanding of fundamental structure of nature

Phiala Shanahan, MIT

Parton structure from LQCD
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