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Motivation
Evaluated nuclear data & resonance parametrization
Smooth (differentiable) representation of scattering/reaction data 
is important for a variety of applications
−Nuclear astrophysics & cosmology
−Neutrinos and fundamental symmetries
−Energy
−Nuclear criticality & safety
−Nuclear security

Resonance parameters are compact, concise representation of the 
data that are calculable
−Phenomenologically
−Ab initio
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Resonance parameters

•What do they parametrize?
−Analytic features of the T matrix
§Poles [& branch points]

•Model independent representations of 
reaction/scattering data
•Resolvent formalism unifies various 
parametrizations
−S or T matrix poles
−Brune alternative
−…
−NB: Breit-Wigner parameters are not 

on the list
§unconstrained by unitarity, causality, etc.

PABLO DUCRU et al. PHYSICAL REVIEW C 103, 064610 (2021)

which can be obtained by developing (65) and applying
Cauchy’s residues theorem to (66) with contour integrations
of | f |2(z)

zn+1 . In Eq. (66), one recognizes the remarkable property
that the continued square modulus can be expressed as a
continued conjugate real part

| f |2cont (z) =
W (z)

Recont

[
∑

j!1

r̃ j

z − p j
+

∑

n!0

cnzn

]

(68)

with

r̃ j ! 2 r j f (p∗
j )

∗. (69)

Therefore, by using Hwang’s conjugate continuation, one
can express all R-matrix cross sections as the continued conju-
gate real part of conjugate continued R-matrix operators: this
is the key to converting R-matrix cross sections to windowed
multipole representation.

E. Windowed multipole representation

The windowed multipole representation is the analytic con-
tinuation of the pole expansion of R-matrix cross sections.
For open channels (energies above thresholds E > ETc ), the
energy dependence of R-matrix cross sections—described by
Eqs. (5) and (10)—is expanded along the real energy axis E ∈
R, and the corresponding expressions are analytically contin-
ued to all complex energies E ∈ C. The windowed multipole
representation can thus be seen as a generalization of R-matrix
cross sections to the complex plane, for open channels, as
shown in Fig. 1. As such, windowed multipole cross sections
only match R-matrix cross sections for real energies above the
channel threshold: E > ETc .

1. Windowed pole representation: Transmission matrix approach

The most straightforward approach is to consider the trans-
mission matrix T (E ) Mittag-Leffler expansion (43), and apply
Hwang’s conjugate continuation in energy space, which yields

|T |2cont (E ) =
W (E )

Recont

[
∑

j!1

−iτ̃ j

E − E j
+ Hol|T |2 (E )

]

(70)

where we use the Hadamard product “◦” to express the
residues as

τ̃ j ! 2 τ jτ
T
j ◦ T (E∗

j )∗. (71)

Thus, for real energies with open channels, the partial and total
cross sections can be expressed, respectively, as

σcc′ (E ) =
W (E )

4πgJπ
c

|kc(E )|2
Recont

[
∑

j!1

−i[τ̃ j]cc′

E − E j
+ Hol|T |2 (E )

]

(72)
and

σc(E ) =
W (E )

4πgJπ
c

|kc(E )|2
Recont

[
∑

j!1

−i
[
τ jτ

T
j

]
cc

E − E j
+ HolT (E )

]

.

(73)
Expressions (72) and (73) are general; they apply to any cross
section described by R-matrix theory (be it massless photons
or massive charged or neutral particle channels). They are

FIG. 1. Windowed multipole representation of R-matrix cross
sections: 238U total cross-section (minus potential scattering) mero-
morphic continuation into the complex z plane, for z = ±

√
E in

eV. This surface’s crest and thalweg line along the real axis is
the R-matrix cross section above the zero threshold. (a) 238U first
resonances (three s waves and four p waves). (b) 238U windowed
multipole cross-section surface. (c) 238U first s-wave resonance peak.
Negative z in (b) are on the shadow branch {E ,−} of mapping (2).
(c) shows the resonance peaks are the saddle points between the com-
plex conjugate poles. The black circle in (c) represents the contour
integrals around the poles of the complex cross section which enable
both conversion to windowed multipole covariances (Theorem 2) and
analytic Doppler broadening (Theorem 3).
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Nuclear cross sections are basic inputs to any nuclear computation. Campaigns of experiments are fitted
with the parametric R-matrix model of quantum nuclear interactions, and the resulting cross sections are
documented—both pointwise and as resonance parameters (with uncertainties)—in standard evaluated nuclear
data libraries (ENDF, JEFF, BROND, JENDL, CENDL, TENDL): these constitute our common knowledge of
fundamental low-energy nuclear cross sections. In the past decade, a collaborative effort has been deployed
to establish a new nuclear cross-section library format—the Windowed Multipole Library—with the goal of
considerably reducing the computational cost of cross-section calculations in nuclear transport simulations. This
paper lays the theoretical foundations underpinning these efforts. From general R-matrix scattering theory, we
derive the windowed multipole representation of nuclear cross sections. Though physically and mathematically
equivalent to R-matrix cross sections, the windowed multipole representation is particularly well suited for
subsequent temperature treatment of angle-integrated cross sections, in particular Doppler broadening, which
is the averaging of cross sections over the thermal motion of the target atoms. Doppler broadening is of critical
importance in neutron transport applications, as it ensures the stability of many nuclear reactors (negative thermal
reactivity). Yet, Doppler broadening of nuclear cross sections has been a considerable bottleneck for nuclear
transport computations, often requiring memory-costly pretabulations. We show that the windowed multipole
representation can perform accurate Doppler broadening analytically (up to the first reaction threshold), from
which we derive cross-section temperature derivatives to any order—all computable on the fly (without pre-
calculations stored in memory). Furthermore, we here establish a way of converting the R-matrix resonance
parameters uncertainty (covariance matrices) into windowed multipole parameters uncertainty. We show that
generating stochastic nuclear cross sections by sampling from the resulting windowed multipole covariance
matrix can reproduce the cross-section uncertainty in the original nuclear data file. The windowed multipole
representation is therefore a novel nuclear physics formalism able to generate Doppler broadened stochastic
nuclear cross sections on the fly, unlocking breakthrough computational gains for nuclear computations. Through
this foundational paper, we hope to make the windowed multipole representation accessible, reproducible,
and usable for the nuclear physics community, as well as provide the theoretical basis for future research on
expanding its capabilities.

DOI: 10.1103/PhysRevC.103.064610

*Also at École Polytechnique, France and Schwarzman
Scholars, Tsinghua University, China.; p_ducru@mit.edu,
pablo.ducru@polytechnique.org

†alhajri@mit.edu
‡icmeyer@mit.edu
§bforget@mit.edu

I. INTRODUCTION

Our knowledge of nuclear reactions is progressively built
up by undertaking experiments and analyzing their outcomes
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R-matrix method
Phenomenology

• Model-independent representation 
of the data
• Comprehensive & unified approach
− respects multichannel two-body 

unitarity & causality
− all data
§ total cross section, reactions, 

angular distributions, unpolarized 
and polarization information

• Compact
− # parameters linear with channel 

space dimension
• Meromorphic
− branch points factorize
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Uncertainty quantification

�2
EDA(p) =

X
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niMXiM (p)�RiM
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�SM/SM

�2

<latexit sha1_base64="Jb9u1QkmV437oEXrAmC8fLBrdbw="></latexit>

M : experimental setup
i : observable

RiM , �RiM : relative measurement, uncert.
XiM : calc’d observable
nM : normalization

<latexit sha1_base64="Tsxv9UbTfQpuVorhBOunwGNXGVY="></latexit>

Uncertainty determination comparison:
��2 = 1 =) Uncertainties too small; scaling: �pi = (C0

ii)
1/2

⇠ O(N�1/2
p )
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P (��2|k DOF) =
1

2k/2�(k/2)

Z ��2

0
dt tk/2�1e�t/2

= CL(68%: 1� �; 95%: 2� �; . . .)
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2)
1) previous:
improved:

Better scaling: �pi ⇠ (NpCii)
1/2
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region
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Nuclear data evaluation workflow
R-matrix example

Modern Structure-based Nuclear Data Evaluations for Basic Science, Nuclear Safety & Security P.I.: M. Paris

i for all the processes that couple to a given compound system N
Z . These features are demonstrated for

the case of the 13C compound system in Fig. 3. This flow chart demonstrates the evaluation procedure
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Figure 3: Evaluation pipeline for the ����90 code implementation of the phenomenological R-matrix ap-
proach.

for a given compound system (here, 13C). Single experiment observations are defined as experimentally
determined scattering and reaction data for unpolarized and polarized energy, angular, and coupled energy-
angle distributions. Examples of these single observables are the total cross section �tot(E), integrated cross
section �(E), double di�erential angle- and energy-dependent distributions d�/d⌦, and various energy
and angle dependent observables related to the polarization state of the projectile and target (denoted in
Fig. 3 by the symbols Ay, Cxx0 , Kx0

x , ⌃(�), . . . [72]). Once these single observables are compiled into the
compound-system data deck the evaluation is carried out by minimizing Eq. (11).

The resulting set of R-matrix parameters p = {E�, ��,c} a�ords a complete description of the evaluated
compound system and provides nuclear-data outputs for both the scattering and reaction data and for the
structure and decay data, as shown at the right-hand side of Fig. 3. The scattering and reaction data is encoded
in formats convenient for users; currentR-matrix code infrastructure provides for formatting of the scattering
and reaction data as functions of energy, angle and energy-angle in the ENDF-6 format[73]. (However, the
Generalized Nuclear Database Structure (GNDS)[74], is the preferred, modern format, whose encoding is
part of the proposed work and will be discussed below.) Further – and simultaneously with the generation of
the continuous scattering and reaction data – the R-matrix parameters p = {E�, ��,c} are used to compute
the resonance properties of the compound system. The structure and decay data includes parameters for
the properties of the j

th resonance – its resonance mass (or excitation energy) Ej , the total width �tot,j ,
the partial widths (proportional to branching fractions) to channel c, �j,c, and the asymptotic normalization
constants Cj,c[75]. These important parameters are represented in various formats for USNDP maintained
nuclear data repositories such as the Reference Input Parameter Library (RIPL)[76], the Evaluated Nuclear
Structure Data Format (ENSDF)[77], the Nuclear Data Evaluation Project (NDEP)[78], and the Atlas of
Neutron Resonances (ANR)[79].

The structure and decay nuclear data – also referred to as resonance parameters – can be represented in a
variety of complementary, yet equivalent, forms. These forms are referred to here and in the literature (see, for
example, Ref.[80]) as i) R-matrix parameters (described in the previous paragraph); ii) T -matrix poles; and
iii) Brune alternative parameters. (Breit-Wigner parameters, sometimes conflated with these representations,
are not equivalent resonance parameters.) As will be discussed below in the Project Objectives, FIII. Data
formatting, storage, and transmission we will employ the ��������� script, developed at LLNL[81] to
generate these important structure and decay parameters upon completion of the R-matrix evaluation.

In addition to the production of important data parameters for nuclear structure, decay and reactions,
the LANL ����90 R-matrix code generates parameter covariance information, upon reaching a solution.

9

•Four phases of Evaluation
−Assess single experiment observables
−Compile all process (total, elastic, inelastic, reaction, polarization)
−Model / parametrization fitting
− Production of Reaction Data and Structure & Decay Data
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R-matrix method
Ab initio

• Two approaches
− Solve many-body Schrodinger 

subject to Hermitian BC at 
finite radius

− Or solve for generalized Green 
function

• Compare resonance 
parameters from ab initio 
approaches against the 
phenomenology

EDA 48

8 Resonance parametrizations

Many equivalent resonance parametrizations follow directly from the scattering theory presented in the previous
section, Section 6. We discuss these, with particular attention to the issue of observability or model dependence,
here.

8.1 Level-matrix description

Considering Eq.(6.9) we define, alternatively, the level matrix

RL(E) =
h
H + L̂L � E

i�1
, (8.1)

RL,�0�(E) = h�0|RL(E)|�i, (8.2)

⌘ A�0�(E), (8.3)

where L̂L is the generalization16 of Eq.(6.7) to allow for the “scattering boundary condition” at the channel surface:

L̂L =
X

c

ia2
c

2µc
|acihac| (p̂r + iLc) , (8.4)

where the logarithmic derivative of the wave functions in the exterior region Lc, as in Eq.(6.10), is given as:

Lc =
ac

Oc(⇢)

@

@ac
Oc(⇢)

���
⇢=kcac

=
⇢c

Oc(⇢)

@

@⇢c
Oc(⇢)

���
⇢=kcac

⌘ Sc(⇢c) + iPc(⇢c), (8.5)

defining the shift function Sc(⇢c) and the penetrability factor Pc(⇢c).
We can evaluate RL(E) in a variety of ways. Since, for example, we have

h
H + L̂

i
|�i = E�|�i, (8.6)

which gives

R�1
L,�0� = (E� � E)��0� + h�0|

⇣
L̂L � L̂

⌘
|�i, (8.7)

and inserting a complete set of states

R�1
L,�0� = (E� � E)��0� �

X

c

a2
c

2µc
h�0|aci

�
Lc � Bc

�
hac|�i (8.8)

which, in matrix notation, gives:

R�1
L ⌘ E � E � �

�
L � B

�
�T , (8.9)

where we’ve written

��,c =
acp
2µc

h�|aci, (8.10)

E�0� = E���0�. (8.11)

16When no subscript appears on L̂ we mean L̂ ⌘ L̂B .
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Thanks in advance for your questions
& support


