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Pseudo-PDFs

• Pseudo-PDF (pPDF) recognizing generalization 
of PDFs in terms of Ioffe Time. ⌫ = p · z

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun 
et al, PRD51, 6036 (1995)

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
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p = (p+, m2 /2p+,0T) z = (0,z−,0T)

M↵(z, p) = 2p↵M(⌫, z2) + 2z↵N (⌫, z2)
<latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit>

⟹
Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

z

�

Tf T0

⌦Wilson line

Lattice “building blocks” that of quasi-PDF approach.
X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.



Pseudo-PDFs
To deal with UV divergences, introduce reduced distribution 

𝔐 =
ℳ(ν, z2)
ℳ(0,z2)

≡ ( ℳ(ν, z2)
ℳ(ν,0) )/( ℳ(0,z2)

ℳ(0,0) )

M(⌫, z2) =

Z 1

0
duK(u, z2µ2,↵s)Q(u⌫, µ2)
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Perturbatively calculableComputed on lattice Ioffe-time Distribution

⟹

Q(⌫, µ) = M(⌫, z2)� ↵sCF

2⇡

Z 1

0
du


ln

✓
z2µ2 e

2�E+1

4

◆
B(u) + L(u)

�
M(u⌫, z2).
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Match data at different z

Q(⌫) =

Z 1

�1
dx q(x)ei⌫x

q(x) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xQ(⌫)
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Inverse problem

Need data for all ν, or 
additional physics input

K. Orginos et al., 
PRD96 (2017), 
094503



Ioffe-Time Distribution to PDF

a127m415L

To extract PDF requires additional information - use a phenomenologically 
motivated parametrization

f (x) = xa(1 − x)bP(x)

P(x) =
1 + c x + dx

B(a + a, b + 1) + cB(a + 1.5,b + 1) + dB(a + 2,b + 1)

MSTW, CJ

J.Karpie, K.Orginos, A.Radyushkin, S.Zafeiropoulos, Phys.Rev.D 96 (2017)

B.Joo et al., HEP 12 (2019) 081, J.Karpie et al., Phys.Rev.Lett. 125 (2020) 23, 232003



PDFs at Physical Quark Masses
3

ID a(fm) M⇡(MeV) � cSW aml ams L3 ⇥ T Ncfg

a094m360 0.094(1) 358(3) 6.3 1.20536588 -0.2350 -0.2050 323 ⇥ 64 417
a094m280 0.094(1) 278(3) 6.3 1.20536588 -0.2390 -0.2050 323 ⇥ 64 500
a091m170 0.091(1) 172(6) 6.3 1.20536588 -0.2416 -0.2050 643 ⇥ 128 175

TABLE I. Parameters for the lattices generated by the JLab/W&M collaboration using 2+1 flavors of stout-smeared clover Wilson

fermions and a tree-level tadpole-improved Symanzik gauge action. More details about these ensembles can be found in [53].
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FIG. 1. The reduced pseudo-ITD calculated on ensembles
with 358 MeV, 278 MeV, and 172 MeV pion masses. The up-
per and lower plots are the real and imaginary component re-
spectively. There appears to be very small mass e↵ects within
this range of ⌫ and z2.

are the moments of the Altarelli-Parisi kernel, and

ln =

Z 1

0
duL(u)un =2

2

4
 

nX

k=1

1

k

!2

+
nX

k=1

1

k2

+
1

2
�

1

(n+ 1)(n+ 2)

�
. (12)

The even and odd moments can be determined from the
coe�cients of polynomials which are fit to the real and
imaginary components respectively. The order of the
polynomial is chosen to minimize the �

2/d.o.f. for each
z
2 separately. As an example, the first and second mo-

ments calculated on the ensemble a091m170 are shown
in Fig. 2. The z

2 dependence of the resulting PDF mo-
ments can be used to check for the size of higher twist
e↵ects, which do not seem significant.

Matching to MS.— Similarly to Ref. [46], the reduced
pseudo-ITD from each ensemble is matched to the light-
cone MS ITD at a given scale µ by inverting Eq. (4).
As a result, we obtain a set of z2-independent curves for
Q(⌫, µ2) at µ = 2 GeV, shown in Fig. 3a.
As seen in the moments, the matching procedure has

a small O(↵s/⇡) ⇠ 0.1 e↵ect on the distribution. The
contributions from the convolution of B and L with the
reduced pseudo-ITD appear with opposite signs. The
convolution with L is slightly larger in magnitude, but
by a factor which is approximately the same as the log-
arithmic coe�cient of B. This feature may just be a
coincidence at NLO, but it hints that higher order correc-
tions may also be small. An NNLO or non-perturbative
matching is required to check the e↵ects of the perturba-
tive truncation on the matching.

Determination of the PDF.— The inversion of the
Fourier transform defining the ITD, given a finite amount
of data, constitutes an ill-posed problem which can only
be resolved by including additional information. As
was shown in [45], the direct inverse Fourier transform
can lead to numerical artifacts, such as artificial os-
cillations in the resulting PDF. Many techniques have
been proposed to accurately calculate PDFs from lattice
data [21, 28, 45, 60]. This issue also occurs in the deter-
mination of the PDF from experimental data.
As was done in Ref. [46], the approach which is used

here (and is common amongst phenomenological determi-
nations) is to include information in the form of a model-
dependent PDF parameterization. The parameterization

qv(x, μ2, mπ) = qv(x, μ2, m0) + aΔmπ + bΔm2
π

Physical pion

ln ¼
Z

1

0
duLðuÞun

¼ 2

!"Xn

k¼1

1

k

#2

þ
Xn

k¼1

1

k2
þ 1

2
−

1

ðnþ 1Þðnþ 2Þ

$
: ð12Þ

167168 The even and odd moments can be determined from the
169 coefficients of polynomials which are fit to the real and
170 imaginary components, respectively. The order of the
171 polynomial is chosen to minimize the χ2=DOF for each
172 z2 separately. As an example, the first and second moments
173 calculated on the ensemble a091m170 are shown in Fig. 2.
174 The z2 dependence of the resulting PDF moments can be
175 used to check for the size of higher-twist effects, which do
176 not seem significant.
177 Matching to MS.—As in Ref. [46], the reduced pseudo-
178 ITD from each ensemble is matched to the light-cone MS
179 ITD at a given scale μ by inverting Eq. (4). As a result, we
180 obtain a set of z2-independent curves for Qðν; μ2Þ at μ ¼
181 2 GeV [shown in Fig. 3(a)].
182 As seen in the moments, the matching procedure has a
183 small Oðαs=πÞ ∼ 0.1 effect on the distribution. The con-
184 tributions from the convolution of B and Lwith the reduced
185 pseudo-ITD appear with opposite signs. The convolution
186 with L is slightly larger in magnitude, but by a factor which
187 is approximately the same as the logarithmic coefficient of
188 B. This feature may just be a coincidence at NLO, but it
189 hints that higher-order corrections may also be small. An
190 NNLO or nonperturbative matching is required to check the
191 effects of the perturbative truncation on the matching.
192 Determination of the PDF.—The inversion of the Fourier
193 transform defining the ITD, given a finite amount of data,
194 constitutes an ill-posed problem which can be resolved
195 only by including additional information. As was shown in
196 Ref. [45], the direct inverse Fourier transform can lead to
197 numerical artifacts, such as artificial oscillations in the
198 resulting PDF. Many techniques have been proposed to
199 accurately calculate PDFs from lattice data [21,28,45,61].
200 This issue also occurs in the determination of the PDF from
201 experimental data.
202 As was done in Ref. [46], the approach which is used
203 here (and is common among phenomenological determi-
204 nations) is to include information in the form of a model-
205 dependent PDF parametrization. The parametrization used
206 here is

qvðxÞ ¼
1

N
xað1 − xÞbð1þ c

ffiffiffi
x

p
þ dxÞ; ð13Þ

207208 where N normalizes the PDF. The fits to this form, together
209 with the bands representing the statistical errors on the fit,
210 are shown in Fig. 3(b). In a future work, we will attempt to
211 study the dependence on the choice of functional forms.
212 The results of these fits are largely consistent with each
213 other. The heaviest pion mass PDF has a notably larger
214 statistical error than the others. This effect is due to a larger

215variance in the highly correlated c and d parameters. In the
216lighter two pion masses, the correlation between these
217parameters appears to be stronger, leading to a smaller
218statistical error in the resulting PDFs.
219Extrapolation to the physical pion mass.—In order to
220determine the valence PDF for the physical pion mass, our
221results must be extrapolated to 135 MeV. To do this, the
222central values of these curves are extrapolated and the
223errors are propagated. We have performed the extrapolation
224including and excluding the statistically noisy result from
225the heaviest pion ensemble. When using all three ensem-
226bles, we extrapolate the results using the form

qvðx; μ2; mπÞ ¼ qvðx; μ2; m0Þ þ aΔmπ þ bΔm2
π; ð14Þ

(a)

(b)

F3:1FIG. 3. (a) The MS ITD matched to 2 GeV from the reduced
F3:2pseudo-ITD results calculated at 358, 278, and 172. (b) The
F3:3nucleon valence distribution obtained from fitting the ITD to the
F3:4form in Eq. (13) from each of those ensembles.
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B.Joo et al.,Phys.Rev.Lett. 125 
(2020) 23, 232003



Pseudo-PDF in Precision Era

Lattice spacing

Higher twist

J.Karpie,K.Orginos,A.Radyushkin,S.Zafeiropoulos, 
arXiv:2105.13313

What do we need?



Challenges of Higher Momenta

9

Boosted interpolating operators
Bali et al., Phys. Rev. D 93, 094515 (2016)

Achieving high momenta in a lattice calculation presents several challenges 
– Discretization errors 
– “Compression” of energy spectrum as spatial momentum increased 
– Reduced symmetries for states in motion - parities are mixed, helicity 

defines the basis 
– Poor overlaps of e.g. Jacobi smearing on states in motion - poor signal-to-

noise ratio.
Neat solution

Now essentially ubiquitous

Can we combine momentum smearing with 
distillation to address some of the other issues?

N.B Bali et al does indeed suggest application to distillation. 

Look at 
– Nucleon energies and dispersion relation 
– Nucleon charges



Distillation
Low-rank approximation to (typically) Jacobi-smearing kernel

M. Peardon et al., PRD80,054506 
(2009)

�r2(t)⇠(k) (t) = �(k)(t)⇠(k) (t)

<latexit sha1_base64="VwaBRv5shI5hDEvrh62XoMQD9cw="></latexit>

⇤ (~x, ~y; t)ab =
RDX

k=1

⇠(k)a (~x, t) ⇠(k)†b (~y, t) ,

<latexit sha1_base64="nosP3iiObrEUj98gwt/hwJaZ5J8="></latexit>

Rank

Components of distillation:

⌧ (l,k)↵� (t0, t) = ⇠(l)† (t0)M�1
↵� (t0, t) ⇠(k) (t)

<latexit sha1_base64="6ZoCncx0dNGpqS6Mg4d6OkvtGPw="></latexit>

�(i,j,k)
↵�� (t) = ✏abc

⇣
D1⇠

(i)
⌘a ⇣

D2⇠
(j)

⌘b ⇣
D3⇠

(k)
⌘c

(t)S↵��

<latexit sha1_base64="g3HqVnWkik9bDlZXPGHetit8Qp4="></latexit>

Perambulators → quark propagation

Elementals → (baryon) operators

Projection to irrep

Matrix of correlators

Crs(t) =
X

~x,~y

h0 | Or(t, ~x)O
†
s(0, ~y) | 0i ⌘ Tr [�r(t)⌦ ⌧(t, 0)⌧(t, 0)⌧(t, 0)⌦ �s(0)]
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Extension to 3pt functions straightforward



Distillation and Hadron Structure

z

�

Tf T0

⌦

To control systematic uncertainties, need precise computations over a 
wide range of momentum. 

– Use a low-mode projector to capture states of interest 
“distillation” M.Peardon et al (Hadspec), Phys.Rev.D 80 (2009) 054506

Momentum projection

Variational basis

+ momentum 
smearing

G.Bali et al, Phys.Rev.D 
93 (2016) 9, 094515

C.Egerer et al (Hadstruc), Phys. 
Rev. D 103, 034502 (2021)



Isovector PDF using Distillation

C.Egerer et al. (hadstruc), JHEP 11 (2021) 148



Numerics

Used throughout rest of this talk

Matrix elements extracted using summation method - reduced 
excited-state contributions



�(↵,�)
n

�
⌫, z2µ2

�
= Re

Z 1

0
dx Kv

�
x⌫, z2µ2

�
x↵ (1� x)� ⌦(↵,�)

n (x)
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Expand the x-dependence in terms of (shifted) Jacobi Polynomials

Matching kernel
<latexit sha1_base64="j7HNzN/rTeBhsm4sdvRmiF7kMng="></latexit>

ReMfit

�
⌫, z2

�
=

1X

n=0

�(↵,�)
n

�
⌫, z2µ2

�
Clt (↵,�)

v,n +
⇣a
z

⌘ 1X

n=1

�(↵,�)
0,n (⌫)Caz (↵,�)

v,n +z2⇤2
QCD

1X

n=1

�(↵,�)
0,n (⌫)Ct4 (↵,�)

v,n

Higher twistDiscretization

J.Karpie,K.Orginos,A.Radyushkin,S.Z
afeiropoulos, arXiv:2105.13313
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DGLAP Evolution
• Look at two-parameter, matched fit
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Transversity

Phys.Rev.D 105 (2022) 3, 034507, Hadstruc Collaboration, (C.Egerer et al).
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2P+S⇢?I(P+z�, µ) =
⌦
P, S⇢? | ̄(z�)�+�⇢?�5W+(z�, 0) (0)|P, S⇢?

↵
<latexit sha1_base64="rmfzKxHYE3L48nW88uNoUP/52/0="></latexit>

h(x, µ) =
R1
�1

d⌫
2⇡ e

�ix⌫I(⌫, µ)
In contrast to unpolarized PDF, there is no conserved current - so express in 
terms of the (renormalized) tensor charge.



Transversity Distribution

Isospin symmetric



Helicity Distribution

arXiv:2211.04434, HadStruc Collaboration, R.Edwards et al., Colin Egerer
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Mµ5 (p, z) = hN (p, S) (z) �µ�5W (f) (z, 0) (0)iN (p, S)

<latexit sha1_base64="NOOK/FdA5XGNvYRB/F7CSvxOlpg="></latexit>

Mµ5 (p, z) = �2mNSµM
�
⌫, z2

�
�2imNpµ (z · S)N

�
⌫, z2

�
+2m3

Nzµ (z · S)R
�
⌫, z2

�
Lorentz invariance

Formalism

Spin polarization
As before, we exploit Lorentz invariance and choose matrix element 
that can be calculated on a Euclidean lattice 

<latexit sha1_base64="RQUd+B78bPaHMqtKemaGOsRW8oo="></latexit>

M35 (p, z3) = �2mNS3 [pz ẑ]
�
M

�
⌫, z23

�
� ipzz3N

�
⌫, z23

� 
�2m3

Nz23S
3 [pz ẑ]R

�
⌫, z23

�
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M35 (p, z3) = �2mNS3 [pz ẑ]
�
Y
�
⌫, z23

�
+m2

Nz23R
�
⌫, z23

� 
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eY
�
⌫, z23

�

Reduced distribution:
<latexit sha1_base64="cy7iuV86+6APsdAyCTCDqbOBZ7k="></latexit>

Y
�
⌫, z23

�
=

✓
eY(⌫,z2

3)
eY(0,z2

3)|pz=0

◆�⇣ eY(⌫,0)|z3=0

eY(0,0)|pz=0,z3=0

⌘



Numerical Method
<latexit sha1_base64="krsKlcLgLGGhbfq40CsB9R4tXbY="></latexit>

Y
�
⌫, z23

�
= 1

gA(µ2)

R 1
0 du C

�
u, z23µ

2,↵s

�
µ2

��
I
�
u⌫, µ2

�
+O

�
z23⇤

2
QCD

�

Not conserved current - normalize to gA

where
<latexit sha1_base64="tEmX/y3lyq4rpQvedhaf4J55d0w="></latexit>

I
�
⌫, µ2

�
=

R 1
�1 dx ei⌫xgq/N

�
x, µ2

�

We use summation method to extract matrix elements:



Reduced ITD

Express as parametrization over Jacobi polynomials:



Results
Valence quark helicity distribution, together with contamination terms

CP-odd helicity distribution, together with contamination terms



Discretization Higher Twist



AICc Prescription



Summary
• Focus on understanding systematic contributions in 

pseudo-PDF framework 
• Distillation + boosting enables both far increased 

reach in momentum, and improved sampling of lattice 
– Essential in calculations of gluon contributions 

• Are able to isolate leading twist from higher-twist and 
discretization contamination 

• Framework admits calculation of GPDs and meson 
structure using many of the same components - 
Calculations in Progress!


