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The instant form and light front form: Dirac’s
proposition
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The interpolation coordinates between the IFD and
LFD

We define interpolating space-time coordinates
x+̂

x1̂

x2̂

x−̂

 =


cos δ 0 0 sin δ
0 1 0 0
0 0 1 0

sin δ 0 0 − cos δ




x0

x1

x2

x3

 .

With the short-hand notation S = sin 2δ and C = cos 2δ, we
have the metric written as

gµ̂ν̂ = gµ̂ν̂ =


C 0 0 S
0 −1 0 0
0 0 −1 0
S 0 0 −C

 .
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The Interpolation coordinates between the IFD and
LFD
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The interpolation coordinates between the IFD and
LFD

We also have

aµ̂bµ̂ =
(
a+̂b+̂ − a−̂b−̂

)
C+

(
a+̂b−̂ + a−̂b+̂

)
S− a1̂b1̂ − a2̂b2̂

So the four-momentum squared written explicitly in the
interpolation coordinates becomes

pµ̂pµ̂ = p2
+̂
C− p2−̂C+ 2p+̂p−̂S− p2

⊥

or it can be re-written as

pµ̂pµ̂ =
p+̂2

C
−

p2−̂
C

− p2
⊥ ≡ p

′+̂2 − p
′2
−̂ − p2

⊥
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The interpolation Hamiltonian dynamics between the
IFD and LFD
K. Hornbostel, Phys. Rev. D 45, 3781 (1992)

The Lagrangian for a free massive scalar theory in 1+1
dimensions

L =
1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2

in the interpolation coordinates becomes

L =
1

2
C
[(
∂+̂ϕ

)2 − (
∂−̂ϕ

)2]
+ S∂+̂ϕ∂−̂ϕ− 1

2
m2ϕ2,

with the corresponding equation of motion[
∂2 +m2

]
ϕ =

[
C
(
∂2
+̂
− ∂2

−̂

)
+ 2S∂+̂∂−̂ +m2

]
ϕ = 0.
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The interpolation Hamiltonian dynamics between the
IFD and LFD

Plane-wave expansion of this scalar field becomes

ϕ(x) =

∫
dp−̂

2π
√

2ωp

[
a(p−̂)e

−i(p+̂x+̂+p−̂x−̂) + a†(p−̂)e
i(p+̂x+̂+p−̂x−̂)

]
with the energy p+̂ given by

p+̂ =
ωp − Sp−̂

C
,

with
ωp =

√
p2−̂ + Cm2.

The equal-interpolation-time Hamiltonian dynamics is defined
by imposing the quantization condition[

a(p−̂), a
†(p′−̂)

]
x+̂=x′+̂

= δ(p−̂ − p′−̂).
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The interpolation Hamiltonian dynamics between the
IFD and LFD

The Hamiltonian, which is conjugate to the time x+̂, is

P+̂ =

∫
dp−̂

[
ωp − Sp−̂

C

]
a†(p−̂)a(p−̂),

while the momentum is

P−̂ =

∫
dp−̂

[
p−̂

]
a†(p−̂)a(p−̂).
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The interpolation scattering amplitudes
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The interpolation scattering amplitudes
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The interpolation scattering amplitudes
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The interpolation scattering amplitudes
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The interpolation scattering amplitudes
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’T Hooft model
BM and C.-R Ji, Phys. Rev. D 104, 036004 (2021)
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’T Hooft model
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’T Hooft model
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’T Hooft model
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Thank you for your attention!
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