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Precondition
Lattice Setup

h̃0
Γ (z, b⊥, Pz, a, L) = ⟨Pz | Õ0

Γ,⊏(z, b⊥, Pz; L) |Pz⟩

Õ0
Γ,⊏(z, b⊥, L) ≡ ψ̄(b⊥ ̂n⊥)ΓU⊏,L (b⊥ ̂n⊥, z ̂nz) ψ(z ̂nz)

U⊏,L (b⊥ ̂n⊥, z ̂nz) ≡ U†
z ((L + z) ̂nz + b⊥ ̂n⊥, b⊥ ̂n⊥) × U⊥ ((L + z) ̂nz + b ̂n⊥, (L + z) ̂nz) Uz ((L + z) ̂nz, z ̂nz)

• 2+1+1 flavors of HISQ action by MILC (a=0.12 fm) 

• Valance pion mass: 310 MeV, 220 MeV 

• Gamma structure:  and  

• Hadron momentum: 1.72 GeV, 2.15 GeV, 2.58 GeV
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Precondition
Ready for the calculation of TMDPDFs

Light-cone distribution:  
Separated on the time axis; 
Cannot be calculated on the lattice

Quasi distribution:  
Equal time; 
Directly calculable on the lattice

f̃Γ (x, b⊥, ζz, μ) SI (b⊥, μ) = HΓ ( ζz

μ2 ) e
1
2 ln( ζz

ζ )K(b⊥, μ) × f (x, b⊥, μ, ζ) + 𝒪(
Λ2

QCD

ζz
,

M2

(Pz)2 ,
1

b2
⊥ζz

)

Intrinsic soft function:  
Latest LPC work, to be published 

Q. A. Zhang, et al. Phys. Rev. Lett. 125 (2020)

Hard kernel: 1 loop with RGR 
X. Ji, et al. Phys. Lett. B 811 (2020) 

Y. Su, et al. arXiv:2209.01236

Collins-Soper kernel:  
M. Chu, et al. Phys. Rev. D 106 (2022)
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Methodology
To get quasi distribution: ground state fit
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Methodology
To get quasi distribution: renormalization
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P z
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Divergence from Wilson link: 
  
• Linear divergence 

• Pinch-pole singularity 

Divergence from quark-gauge link vertices: 

• Logarithmic divergence
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Methodology
To get quasi distribution: renormalization
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K. Zhang, et al. Phys. Rev. Lett. 129 (2022)

h̃Γ (z, b⊥, Pz, a, μ) = lim
L→∞

h̃0
Γ (z, b⊥, Pz, a, L)

ZE (2L + z, b⊥, a)ZO(1/a, μ, Γ)

Divergence from Wilson link
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Methodology
To get quasi distribution: renormalization

ZO(1/a, μ, Γ) = lim
L→∞

h̃0
Γ (z, b⊥,0,a, L)

ZE (2L + z, b⊥, a)h̃MS
Γ (z, b⊥, μ)
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Divergence from quark-gauge link vertices
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K. Zhang, et al. Phys. Rev. Lett. 129 (2022)

Y. Su, et al. arXiv:2209.01236

h̃MS
Γ (z, b⊥, μ) = h̃Γ (z, b⊥,0,a, μ)

h̃Γ (z, b⊥, Pz, a, μ) = lim
L→∞

h̃0
Γ (z, b⊥, Pz, a, L)

ZE (2L + z, b⊥, a)ZO(1/a, μ, Γ)



Methodology
To get quasi distribution: extrapolation
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h̃Γ,extra(λ) = [ m1

(−iλ)n1
+ eiλ m2

(iλ)n2 ] e−λ/λ0

X. Ji, et al. Nucl. Phys. B 964, 115311 (2021)
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Methodology
To get light-cone distribution
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X. Ji, et al. Phys. Lett. B 811 (2020)  
Y. Su, et al. arXiv:2209.01236
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Methodology
To get light-cone distribution

f̃Γ (x, b⊥, ζz, μ) SI (b⊥, μ) = HΓ ( ζz

μ2 ) e
1
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fΓ(x, b⊥, μ, ζ; mπ, Pz) = fΓ(x, b⊥, μ, ζ)
mπ → mπ,phy

Pz → ∞

× [1 + d0 (m2
π − m2

π,phy) +
d1

(Pz)2 ]

11b⊥ = 0.36 fm, Γ = γt

H. W. Lin, et al., arXiv:2011.14971 [hep-lat]



Result
Compared with phenomenological results

A. Bacchetta, et al. JHEP 10, 127 (2022)      M. Bury, et al. JHEP 10, 118 (2022) 
I. Scimemi, et al. JHEP 06, 137 (2020)          A. Bacchetta, et al. JHEP 06, 081 (2017)
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Result
Compared with phenomenological results

x=0.3

x=0.5

x=0.7
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Result
TMDPDFs in transverse direction

Our results: large x — long correlation length
More states

Wide distribution in

Narrow distribution in

k⊥

b⊥

FT

For small x



Result
Error estimation

!! = 1.72GeV
!

!! = 2.15GeV
!! = 2.58GeV

"

R ≡
fγt − fγz

fγt + fγz

fγz → fLP −
m2

(Pz)2 fNLP + ⋯

fγt → fLP +
m2

(Pz)2 fNLP + ⋯
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Result
Error estimation
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Central value
Stat. uncer.
Syst. uncer.: higher power corrections
Syst. uncer.: "!-#" extrapolation
Syst. uncer.: $ extrapolation
Syst. uncer.: intrinsic soft function
Syst. uncer.: Collins-Soper kernel
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Higher power correction: fγt − fγz

Combined extrapolation: reference point 

Coordinate extrapolation: different start points 



Prospect
What can we do next?

Directions Status Prospect

Lattice spacing a=0.12 fm Continuum limit

Hadron momentum Pz=2.58 GeV Larger gamma factor

Transverse behavior b=0.6 fm Better description / FT 
Confinement

More Threshold resummation 
Operator mixing
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Prospect
What we can do next?
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Back up

19



20

First lattice result of the soft function, PRL125(2020) Lattice calculations of Collins-Soper kernel, PRD106(2022)



 
 
 

 
 
 

 

 

x

y

z

: longitudinal momentum of the parton 
: transverse momentum of the parton 

: average position corresponding to the center of the nucleon 

x ⃗P
⃗kT⃗rT

Background
What are TMDPDFs?
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Methodology
LaMET: First-principles calculation of TMDPDFs is feasible

f̃Γ (x, b⊥, ζz, μ) SI (b⊥, μ) = HΓ ( ζz

μ2 ) e
1
2 ln( ζz

ζ )K(b⊥, μ) × f (x, b⊥, μ, ζ) + 𝒪(
Λ2

QCD

ζz
,

M2

(Pz)2 ,
1

b2
⊥ζz

)

X. Ji.  Parton Physics on a Euclidean Lattice, Phys.Rev.Lett. 110, 262002 (2013).

Light-cone distribution:  
Separated on the time axis; 
Cannot be calculated on the lattice

Quasi distribution:  
Equal time; 
Directly calculable on the lattice 

22



!(
# !
,%
)

!! / fm

"

"($!, &, ', ("#, ($#) #!"/##" = 10/8
#!"/##" = 12/8
#!"/##" = 12/10

23



CS kernel
NLOb=1

b=2

b=3

b=4

b=5
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L=6 L=8 L=10

26



L dependence check, N configs = 998, mom10, b3, =1.05, tseq=[4,9]ZO

L=6 L=8 L=10
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CS kernel
1 loop H from Yong Zhao, mom=12/8, fix x ~ 1/3, without sys err
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: longitudinal momentum of the parton 
: transverse momentum of the parton 

: average position corresponding to the center of the nucleon 

x ⃗P
⃗kT⃗rT

Background
What are TMDPDFs?
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