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Motivation: TMD process and factorization

R. Angeles-Martinez et. al, arxiv 2507.05267 (2015)
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TMDPDFs as important inputs

f ±(x, ⃗k⊥) = ∫
dλ
2π

db2
⊥

(2π)2
e−iλx+i ⃗k⊥b⃗⊥

× ⟨P | q̄(λn + b⃗⊥)ΓW±(λn/2 + b⃗⊥)q(0) |P⟩

light cone TMDPDF



Motivation: TMD process and factorization 4

• TMD factorization

f̃ ± (x, b⊥, μ, ζz) S
1
2
I (b⊥, μ)

= H± (x, ζz, μ) e[ 1
2 K(b⊥, μ) ln ∓ζz + iϵ

ζ ]f ± (x, b⊥, μ, ζ)

rapidity dependent part e
1
2 K(b⊥,μ) ∓ζz + iϵ

ζ

rapidity independent part S
1
2
I (b⊥, μ)

Intrinsic soft function

• Soft gluon effects 

collinear collinear

hard

soft



Motivation: Collins-Soper kernel 5

CS kernel determination

K(b⊥, μ) =
1

ln(Pz
2/Pz

1)
ln [ H±(ζz

1, ζ̄z
1)Ψ̃

±(b⊥, x, ζz
2)

H±(ζz
2, ζ̄z

2)Ψ̃±(b⊥, x, ζz
1) ]

 from TMDWFs at tree levelK(b⊥, μ)

 from TMDWFs at 1-loopK(b⊥, μ)

Q. Zhang et al, arxiv 2005.14572 (2020) M. Chu et al, arxiv 2204.00200(2022)

 from TMDPDFs at 1-loopK(b⊥, μ)

P. Shanahan, M. Wangman, Y. Zhao, arxiv 2017.11903 (2021)



Motivation: Intrinsic soft function 6
TMDPDFs without soft function

B.U. Musch et al, arxiv 1111.4249 (2011)

appropriate ratio of amplitude to cancel the soft factor

Tree level intrinsic soft function results

Q. Zhang et al, arxiv 2005.14572 (2020)

Y. Li et al, arxiv 2106.13027 (2021)

quasi beam function

P. Shanahan et al, arxiv 1911.00800 (2011)
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Intrinsic soft function from lattice QCD in LaMET 8

F (b⊥, P1, P2, Γ, μ) = ∫ dx1dx2H (x1, x2, Γ) SI (b⊥, μ)
× Ψ̃±* (x2, b⊥, ζz) Ψ̃± (x1, b⊥, ζz)

Factorization of form factor

: four quark form factor, nonperturbative.


: Perturbative matching coefficient.

: quasi-TMDWF, nonperturbative.

F (b⊥, P, Γ, μ)
H (x1, x2, Γ)
Ψ̃±(x, b⊥, ζ)

Z.F. Deng et al, arxiv 2207.07280(2022)

Four quark form factor Hard mode

Colinear mode Colinear mode

Soft mode

Ψ̃± Ψ̃±

SI

H

the leading order reduced diagram

F (b⊥, P1, P2, Γ, μ) = ⟨P2 q̄(b⊥)Γq(b⊥)q̄(0)Γ′ q(0) P1⟩
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Normalization

Intrinsic soft function from lattice QCD in LaMET

F(b⊥, Γ, Pz) =
⟨π(P2) | (q̄Γq) |b⊥

(q̄Γq) |0 |π(P1)⟩

f 2
πP1 ⋅ P2

P2 = (Pz,0,0, − Pz), P1 = (Pz,0,0,Pz)

⟨π(P2) | (q̄γμγ5q) |0 |0⟩⟨0 | (q̄γμγ5q) |0 |π(P1)⟩

= f2
π(P1 ⋅ P2) = 2f2

π(Pz)2

= 2⟨π(P1) | (q̄γtγ5q) |0 |0⟩⟨0 | (q̄γtγ5q) |0 |π(P1)⟩
= 2⟨0 | (q̄γtγ5q) |0 |π(P1)⟩⟨π(P1) | (q̄γtγ5q) |0 |0⟩

Z.F. Deng et al, arxiv 2207.07280(2022)

for the denominator

F(b⊥, Pz) =
⟨π(P2) | (q̄Γq) |b⊥

(q̄Γq) |0 |π(P1)⟩

2⟨0 | (q̄γtγ5q) |0 |π(P1)⟩⟨π(P2) | (q̄γtγ5q) |0 |0⟩

lattice simulation

⟨0 | (q̄γμγ5q) |0 |P1⟩ = − ifπPμ
1 , ⟨P2 | (q̄γμγ5q) |0 |0⟩ = ifπP2μ

3pt

local 2pt local 2pt

Which  or combinations of  
should be used?

Γ Γ
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Dirac structure

Intrinsic soft function from lattice QCD in LaMET

Fierz rearrangement indicates  and 

 extract leading twist  

F(I) − F(γ5)

∑ F(γμ) + F(γμγ5) γμγ5

F(Γ = I)−F(Γ = γ5)
= (ψ̄aψb)(ψ̄cψd) − (ψ̄aγ5ψb)(ψ̄cγ5ψd)

=
1
2

ψ̄cγμγ5ψbψ̄aγμγ5ψd −
1
2

ψ̄cγμψbψ̄aγμψd

∑ F(Γ = γμ) + F(Γ = γμγ5)

= (ψ̄aγx,yψb)(ψ̄cγx,yψd) + (ψ̄aγx,yγ5ψb)(ψ̄cγx,yγ5ψd)
= ψ̄cγμγ5ψbψ̄aγμγ5ψd + ψ̄cγμψbψ̄aγμψd

Z.F. Deng et al, arxiv 2207.07280(2022)

1. , ,  and  have no 

contribution in leading order.

2.  and  has UV divergence, while 

 and  have not.

F(γ0) F(γz) F(γ0γ5) F(γzγ5)

F(I) F(γ5)
F(γ⊥) F(γ⊥γ5)

UV divergence



11Intrinsic soft function from lattice QCD in LaMET

Determination on lattice

C3(b⊥, tseq, t, P)
= V⟨0 | q̄(0,tseq)γ5q(0,tseq) |π(P2)⟩⟨π(P1) | q̄(0,0)γ5q(0,0) |0⟩
× ⟨π(P2) | (q̄Γq) |b⊥

(q̄Γq) |0 |π(P1)⟩

= V (
AwAγ5

2E )
2

e−Etseq⟨π(P2) | (q̄Γq) |b⊥
(q̄Γq) |0 |π(P1)⟩

C2(tseq, P)

= V⟨0 | q̄(0,tseq)γtγ5q(0,tseq) |π(P1)⟩⟨π(P1) | q̄(0,0)γ5q(0,0) |0⟩

= V
AwAγ5

2E
e−Etseq⟨0 | (q̄γtγ5q) |0 |π(P1)⟩

VC3(b⊥, tseq, t, P)

2C2
2(t =

tseq

2 )
=

⟨π(P2) | (q̄Γq) |b⊥
(q̄Γq) |0 |π(P1)⟩

2⟨0 | (q̄γtγ5q) |0 |π(P1)⟩⟨π(P1) | (q̄γtγ5q) |0 |0⟩

= F(b⊥, Γ, Pz)

(b⊥, t)

(0,t)

(0,tseq)(0,0)

source

source

2

2 ×
(0,0)

source

(0,t)
sink

3pt

2pt
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Simulation on lattice: Lattice setup

MILC configurations

L3 × T a (fm) msea
π (MeV)

measurement

243 × 64 0.12 310

1053

mv
π (MeV)

670

13

• 2+1+1 flavors of HISQ action (MILC)


• Momenta: 1.72GeV, 2.15GeV, 2.58GeV, 3.01GeV


• Coulomb gauge fixed wall source propagators

L3 × T a (fm) msea
π (MeV)

Ncfg

483 × 48 0.098 333

952

mv
π (MeV)

662

• 2+1 flavors of Symanzik gauge action (CLS)


• Momenta: 1.58GeV, 2.11GeV, 2.64GeV, 3.16GeV


• Coulomb gauge fixed wall source propagators

CLS configurations



14Simulation on lattice: Renormalization

Ψ̃± (z, b⊥, μ, ζz) =
⟨0 q̄ (z ̂nz + b⊥ ̂n⊥) γtγ5Uc±q(0) π (Pz)⟩

ZE (2L ± z, b⊥, μ)ZO(1/a, μ, Γ)

quasi-TMDWF matrix element

MSbar factor: logarithm divergence 

Wilson loop: linear divergence, pinch pole singularity

Wilson line in 
matrix element

Wilson loop

ZE = c0e−EL(1 + c1e−ΔEL)

Extrapolation of Wilson loop

PRELIMINARY



15Simulation on lattice: Renormalization

MSbar renormalization factor 

Ψ̃± (z, b⊥, μ, ζz) =
⟨0 q̄ (z ̂nz + b⊥ ̂n⊥) γtγ5Uc±q(0) π (Pz)⟩

ZE (2L ± z, b⊥, μ)ZO(1/a, μ, Γ)

quasi-TMDWF matrix element

Wilson loop: linear divergence, pinch pole singularity

Wilson line in 
matrix element

Wilson loop

ZO =
Ψ̃±0 (z0, b⊥0, μ, Pz = 0,L)

ZE (b⊥0,2L ± z0)ψ̃MS (b⊥0, z0, μ)
K. Zhang et al, arxiv 2205.13402(2022)

MSbar factor: logarithm divergence 

PRELIMINARY
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C̄2(L, b, z, t) =
Ψ̃(L, b, z)(1 + c1(L, b, z)e−ΔEt)

1 + c0(0)e−ΔEt

normalized 2pt

π

b⊥
L nz

nx

π

nz

nx

C̄2(L, b, z, t) =

two-state fit

1-state fit C̄2(L, b, z, t) = Ψ̃(L, b, z)

Simulation on lattice: 1- and 2-state fit for 2pt

1- and 2-state fit for 2pt

PRELIMINARY



17Simulation on lattice:  fit for 3pt/2pt

ratio of 3pt/2pt

C3(b⊥, Γ, tsep, t, Pz)
2C2

2(tsep/2,Pz)
= F(b⊥, Γ, Pz)

1 + c1(e−ΔEt + e−ΔE(tsep−t))
1 + c2e−ΔEtsep/2

Joint fit with tsep = {6,7,8,9,10}a

(b⊥, t)

(0,t)

(0,tseq)(0,0)
source

source

2
2 ×

(0,0)
source

(0,t)
sink

3pt

2pt

PRELIMINARY
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19Numerical Result: quasi-TMDWFs
extrapolation

Ψ̃(z, b⊥, μ, Pz) = f(b⊥)[ c1

(−iλ)d
+ eiλ c2

(iλ)d ] e− λ
λ0

Joint fit of sb⊥

quasi-TMDWF 

in momentum 

space

MILC

MILC

PRELIMINARY

PRELIMINARY



20Numerical Result: intrinsic soft function

SI (b⊥, μ) =
F (b⊥, Pz, Γ, μ)

∫ dx1dx2H (x1, x2) Ψ̃±* (x2, b⊥, ζz) Ψ̃± (x1, b⊥, ζz)

Intrinsic soft function matching

Infinite  limitPz SI(Pz) = SI(Pz = limit) +
C

(Pz)2

Sper,1 loop
I,MS

= [ αs(μ = 2GeV)
αs(μ0 = 1/b*⊥) ]

16
33 − 2Nf

Perturbative calculation

b*⊥ ∈ [1/ 2, 2] b⊥scale

MILC

CLS

PRELIMINARY

PRELIMINARY



21Numerical Result: intrinsic soft function

SI (b⊥, μ) =
F (b⊥, Pz, Γ, μ)

∫ dx1dx2H (x1, x2) Ψ̃±* (x2, b⊥, ζz) Ψ̃± (x1, b⊥, ζz)

Intrinsic soft function matching

with systematic uncertainties

σall = σ2
stt + σ2

zst+1 + σ2
zst−1 + σ2

Pz
max−Pz

limit

• : difference between extrapolation range 

 and 


• : difference between  and the 

largest used .

σzst±1

[zst, zmax] [zst ± 1,zmax]

σ2
Pz

max−Pz
limit

Pz = limit

Pz

• MILC and CLS perform similar results for 

intrinsic soft function.


• They are all close to the perturbative calculation.

PRELIMINARY



22Numerical Result: CS kernel

K(b⊥, μ, x, Pz
1, Pz

2) = K(b⊥, μ)

+A [ 1
x2(1 − x)2(Pz

1)2
−

1
x2(1 − x)2(Pz

2)2 ]

Fit for power corrections

Comparison with previous calculations

σsys = K(b⊥, μ)2 + ImK(b⊥, μ)2 − K(b⊥, μ)

Imaginary part to systematic uncertainties

M. Chu et al, arxiv 2204.00200(2022)

PRELIMINARY PRELIMINARY
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• Soft function describes the soft gluon radiation part in TMD 

factorization. 

• This is the first attempt for extracting soft function at 1-loop 

accuracy. 

• This has added evidences for TMD factorization in LaMET. 

Thanks for your attention!

Summary and outlook 24


