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A Brief History 
of a Big Idea

for a Small Thing
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In the beginning….
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Discovery of the atomic nucleus

by Ernest Rutherford

Marsden and GeigerGeiger counter
Geiger-Mueller counter

1911
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Discovery of the atomic nucleus

This is 1/r scattering 
off a tiny object!
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Discovery of the atomic nucleus 1911

What do you mean, 
“shell model”?
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Other nuclear milestones

1928: Gamow proposes 
liquid drop model
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Other nuclear milestones

1928: Gamow proposes 
liquid drop model

1932: Chadwick discovers neutron

1936: Bohr proposes compound nucleus
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Other nuclear milestones

1938: Hahn and Strassmann 
‘discover’ fission (but don’t realize it)
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The birth of the shell model

Our story so far: by the early 1940s, a lot of nuclear properties
seemed well described by the liquid drop model….

….especially fission…
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The birth of the shell model

Our story so far: by the early 1940s, a lot of nuclear properties
seemed well described by the liquid drop model….

….especially fission…

….which led to this…

….developed here.
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The birth of the shell model

As the movie Oppenheimer showed (kind of), many physicists 
were recruited for the Manhattan project
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The birth of the shell model

One of these was Maria Goeppert Mayer.
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The birth of the shell model

One of these was Maria Goeppert Mayer.

I’ll have more history to 
report in a little while

Michael Wiescher
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The birth of the shell model

One of these was Maria Goeppert Mayer.

Her Ph.D dissertation (1930, Gottingen) was on two-photon absorption.

In 1942 she worked on separation of fissile material at Columbia.
In 1945 she joined Teller at Los Alamos to work on opacities.
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The birth of the shell model

One of these was Maria Goeppert Mayer.

In 1946, Goeppert Mayer went to the newly formed Argonne National Lab,
protesting “I don’t know anything about nuclear physics.”

Through her work on fission, though, she noticed unusual patterns in 
binding energies.
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One of these was Maria Goeppert Mayer.

In 1946, Goeppert Mayer went to the newly formed Argonne National Lab,
protesting “I don’t know anything about nuclear physics.”

Through her work on fission, though, she noticed unusual patterns in 
binding energies.
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The birth of the shell model

Pairing!
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The birth of the shell model

Early configuration-interaction
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The birth of the shell model
Independent-particle model:

A single shell-model ‘configuration’

| ⟩Ψ = | %(0𝑠)!(0𝑝"/$	)$
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The birth of the shell model
Independent-particle model:

A single shell-model ‘configuration’

| ⟩Ψ = | %(0𝑠)!(0𝑝"/$	)$Configuration-interaction:

A superposition of different configurations

| ⟩Ψ = c1| %(0𝑠)!(0𝑝"/$	)$ + c2| %(0𝑠)!(0𝑝"/$	)%(0𝑝%/$	)%  + ….
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Model excited states as independent particles moving in mean-field, but 
one or more particles in a higher orbit = “particle-hole excitation” 

original configuration one-particle, one-hole
(1p1h) excitation

hole

particle

two-particle, two-hole
(2p2h) excitation

The birth of the shell model

Configuration-interaction:

A superposition of different configurations

| ⟩Ψ = c1| %(0𝑠)!(0𝑝"/$	)$ + c2| %(0𝑠)!(0𝑝"/$	)%(0𝑝%/$	)%  + ….
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ˆ H Ψ = E Ψ
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Ψ = cα α
α

∑
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Hαβ = α ˆ H β
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Hαβcβ
β

∑ = Ecα

Configuration-interaction method
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The birth of the shell model

Edith Halbert

J. Bruce French

1950’s
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The birth of the shell model

1960s
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J. Bruce French
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configuration-interaction 

calculation:
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The birth of the shell model

Edith Halbert

J. Bruce French

1950’s

Two challenges for any 
configuration-interaction 

calculation:

Computing matrix elements 
between configurations….

…and finding the eigenvalues 
and eigenvectors of the matrix
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Configuration-interaction method

Computing this!
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Ψ = cα α
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Hαβcβ
β

∑ = Ecα

Configuration-interaction method

Computing this!

…and solving this!
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1960s

Many early calculations relied upon 
“coefficients of  fractional parentage”
à think  “generalized Clebsch-Gordan coefficients”

Configuration-interaction method:
the early days

| ⟩𝑗 !	 ; 𝐽 =(
"

𝑐" | ⟩𝑗 !#$	 ; 𝐾 ⊗ | ⟩𝑗 %
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1960s

Many early calculations relied upon 
“coefficients of  fractional parentage”
à think  “generalized Clebsch-Gordan coefficients”

Configuration-interaction method:
the early days

| ⟩𝑗 !	 ; 𝐽 =(
"

𝑐" | ⟩𝑗 !#$	 ; 𝐾 ⊗ | ⟩𝑗 %

CFP
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Hαβcβ
β

∑ = Ecα

Configuration-interaction method

Today we can find all eigenpairs of a real, symmetric matrix
using the Householder algorithm (1958).

But this scales as (dimension)3
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The birth of the shell model

Entering the 1970s, the shell-model faced 
two challenges
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The birth of the shell model

Entering the 1970s, the shell-model faced 
two challenges

Dimensionality    and     Intruders
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The challenge of dimensionality1d5/2 

0g9/2 10  [50]
1p1/2    2
0f5/2      6
1p3/2    4
0f7/2     8

0d3/2      4  [20]
1s1/2    2
0d5/2    6

0p1/2    2   [8]
0p3/2    4

0s1/2     2   [2]

Number of many-body states goes like

𝑁!
𝑁"

= #!!
#"! #!%#" !

# single-particle
states

# particles

This exhibits exponential scaling!

(In the fixed-Jz, or M-scheme, the actual dimensions are
less because of  the selection rule. But the scaling still holds)
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Number of many-body states goes like
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# single-particle
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This exhibits exponential scaling!
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Not everything scales 
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For example, the number of terms 
in a two-body Hamiltonian has
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configuration-interaction basis
motivates alternate methods,

such as coupled clusters,
which have polynomial scaling
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This exhibits exponential scaling!

(In the fixed-Jz, or M-scheme, the actual dimensions are
less because of  the selection rule. But the scaling still holds)

Not everything scales 
exponentially.

For example, the number of terms 
in a two-body Hamiltonian has

polynomial scaling
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% ,𝑎$ ,𝑎#

# terms ~ (Ns )4

The challenge of dimensionality

The exponential scaling of the 
configuration-interaction basis
motivates alternate methods,

such as coupled clusters,
which have polynomial scaling

But configuration-interaction still has 
many advantages, 

such as adaptability 
and ease in generating excited states
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seek to find only the extremal eigenvalues, 
even in huge dimensions
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The challenge of dimensionality

(Cornelius Lanczos)

There is another way!

The Lanczos algorithm (you’re welcome) 
and related power and Arnoldi methods 

seek to find only the extremal eigenvalues, 
even in huge dimensions

Anna McCoy

Today we can do 
dimensions of up to 35 

billion!
(arXiv:2402.12606) 

Frederic Nowacki

Or even more!
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The challenge of dimensionality

(Cornelius Lanczos)

Whitehead et al (Adv. Nucl. Phys 9, 123 
(1977)) introduced both the Lanczos 

algorithm and a simple bit 
representation of Slater 

determinants.
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Configuration-interaction method
…today

Can compute quickly using
bit manipulation

… and solve for low
eigenstates with
Lanczos
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The challenge of intruders
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“excluded” space
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P

Q
P+Q = 1 

The challenge of intruders

Intruders are states predominantly 
in Q, but low-lying in energy
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gy
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P

Q
P+Q = 1 

The challenge of intruders

Early calculations worked in the P-
space, but accounted for Q 

through perturbation theory

en
er
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 1970 Barrett and Kirson, 1972 Schucan and Weidenmuller:
intruder states can cause perturbative expansions 
to ultimately diverge.

This in particular applies to particle-hole states.

This makes expanding beyond the valence space problematic,
and almost kills the field (except for a stubborn few) for 
twenty years.
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Shell Model

1949-1972
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1991-1993: Vary and Barrett introduced the no-core 
shell model:
Without a core, there is no ”particle-hole” expansion.

Around this same time high-precision phase shift data from
NN scattering became available. 

Fitted to this data, the Argonne potential showed one could
reproduce nuclear many-body data.

Then chiral EFT gave a systematic way to characterize 
nuclear forces

The field lurches back to life!



96

1991-1993: Vary and Barrett introduced the no-core 
shell model:
Without a core, there is no ”particle-hole” expansion.

Around this same time high-precision phase shift data from
NN scattering became available. 

Fitted to this data, the Argonne potential showed one could
reproduce nuclear many-body data.

Then chiral EFT gave a systematic way to characterize 
nuclear forces

The field lurches back to life!



Shell Model 75 Symposium, July 19, 2024

The birth of the shell model

Configuration-interaction:

A superposition of different configurations

| ⟩Ψ = c1| %(0𝑠)!(0𝑝"/$	)$ + c2| %(0𝑠)!(0𝑝"/$	)%(0𝑝%/$	)%  + ….

Today bases can be a linear combination of simple Slater 
determinants with fixed total Jz/M (‘M-scheme’)
or configurations with good total J (‘J-scheme’)

or other group-theory label (‘symmetry-adapted’)
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A diversity of approaches
Phylogenetic tree of Shell-models

J-scheme

M-scheme
Symmetry-
adapted 

Auxiliary-field
path-integral
(SMMC)

MCSM

NCSM

NCSMC

GCM-SM

DNO-SM

Symmetry-
adapted
NCSM 

PANASh

Jerry Draayer
Y
o
r
a
m 
A

James Vary

Yoram Alhassid

Frederic Nowacki

Oliver Gorton

Petr Navratil

Yusuke Tsunoda
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Choice of wave function basis 

One chooses between a few, complicated states
or  many simple states 
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Choice of wave function basis 

One chooses between a few, complicated states
or  many simple states 

1

1010

108

10 6

M-scheme      J-scheme    SU(3)                MCSM

basis dimension

effort to compute 
matrix elements



105

It’s also important to know:

Computational burden is not primarily the dimension
but is the # of nonzero Hamiltonian matrix elements.

€ 

Hαβcβ
β

∑ = Ecα
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J-scheme matrices are smaller but much denser than
M-scheme, and “symmetry-adapted” (i.e. SU(3)) 

matrices are smaller (and denser) still.

example:  12C Nmax = 8

scheme basis dim      # of nonzero matrix elements

M    6 x 108   5 x 1011 4 Tb of memory!
J (J=4)    9 x 107   3 x 1013    240 Tb of memory!
SU(3)    9 x 106   2 x 1012    16 Tb of memory!

(truncated) 

From Dytrych, et al, Comp Phys Comm 207, 202 (2016)

but least amount of  work!
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J-scheme matrices are smaller but much denser than
M-scheme, and “symmetry-adapted” (i.e. SU(3)) 

matrices are smaller (and denser) still.

example:  12C Nmax = 8

scheme basis dim      # of nonzero matrix elements

M    6 x 108   5 x 1011 4 Tb of memory!
J (J=4)    9 x 107   3 x 1013    240 Tb of memory!
SU(3)    9 x 106   2 x 1012    16 Tb of memory!

(truncated) 

From Dytrych, et al, Comp Phys Comm 207, 202 (2016)

large dimension

but least amount of  work!



109

J-scheme matrices are smaller but much denser than
M-scheme, and “symmetry-adapted” (i.e. SU(3)) 

matrices are smaller (and denser) still.

example:  12C Nmax = 8

scheme basis dim      # of nonzero matrix elements

M    6 x 108   5 x 1011 4 Tb of memory!
J (J=4)    9 x 107   3 x 1013    240 Tb of memory!
SU(3)    9 x 106   2 x 1012    16 Tb of memory!

(truncated) 

From Dytrych, et al, Comp Phys Comm 207, 202 (2016)

large dimension

but least amount of  work!

But more ‘complicated’ basis 
states can give insight 
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One proton outside a 
filled shell 
+ filled neutron shell

One proton outside a 
filled shell 
+ neutron 2p-2h

“island of inversion”

CASE STUDY: 11LI

Frederic Nowacki
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CASE STUDY: 11LI

normal states
0hw

intruder states
2hw
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CASE STUDY: 11LI

€ 

ˆ H Ψ = E Ψ

€ 

Ψ = cα α
α

∑

millions or even billions
of components (in M-scheme)
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CASE STUDY: 11LI

€ 

ˆ H Ψ = E Ψ

€ 

Ψ = cα α
α

∑

millions or even billions
of components (in M-scheme)

We can ‘x-ray’ the wave function
using group theory

Jerry Draayer
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CASE STUDY: 11LI

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)

normal states
0hw

intruder states
2hw
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CASE STUDY: 29F
29F is an analog of 11Li

One proton outside a 
filled shell 
+ filled neutron shell

One proton outside a 
filled shell 
+ neutron 2p-2h

“island of inversion”
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CASE STUDY: 29F
29F is an analog of 11Li

“normal”

“intruder”
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CASE STUDY: 29F

Nmax = 4, natural orbitals

Group-
theoretical
Decomposition

Symplectic
Sp(3,R)
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The future (?) of the shell model
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The future (?) of the shell model



The quantum computing gold rush….

Jon Engel
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Qubits = superposition of bits

⟩|𝜒 = 𝑎 ⟩|0 + ⟩𝑏|1
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⟩|𝜒 = 𝑎 ⟩|0 + ⟩𝑏|1

⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 … = 𝑎 ⟩|0 + ⟩𝑏|1 𝑎 ⟩|0 + ⟩𝑏|1 …
= ⟩|0000… + ⟩|1000… + ⟩|0100… 	…

Qubits = superposition of bits
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⟩|𝜒 = 𝑎 ⟩|0 + ⟩𝑏|1

⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 …
1  35 qb  ‘word’   =  34.7  billion  elements  in a vector

Qubits = superposition of bits
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⟩|𝜒 = 𝑎 ⟩|0 + ⟩𝑏|1

⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 …
1  35 qb  ‘word’   =  34.7  billion  elements  in a vector

Yuri Manin

This solves the problem of 
exponential scaling!

Qubits = superposition of bits
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⟩|𝜒 = 𝑎 ⟩|0 + ⟩𝑏|1

⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 ⟩|𝜒 …
1  35 qb  ‘word’   =  34.7  billion  elements  in a vector

Richard Feynman

So build those quantum 
computers!

Qubits = superposition of bits
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Quantum computing & the shell model

So we’re good?
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Quantum computing & the shell model

So we’re good?
Not quite!
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Quantum computing & the shell model

So we’re good?
Not quite!

We still have to 
represent the 
Hamiltonian

!𝐻 = 	%
&'()

𝑉&'() '𝑎&
* '𝑎'

* '𝑎) '𝑎(
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Quantum Lanczos in real time
Parrish and McMahon, arXiv:1909.08925
“Quantum Filter Diagonalization”

Key idea of “Quantum Lanczos”: take states at different ‘times’
to form a non-orthogonal reduced basis

| ⟩𝜓& = 𝑒'!&() *+| ⟩𝜓,         𝑁-& = 𝜓- 𝜓&      𝐻-& = 𝜓- (𝐻 𝜓& In this reduced basis,
solve generalized
eigenvalue problem:

        (𝐻𝑣⃗ = 𝐸 (𝑁𝑣⃗
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Quantum Lanczos in real time
Parrish and McMahon, arXiv:1909.08925
“Quantum Filter Diagonalization”

Key idea of “Quantum Lanczos”: take states at different ‘times’
to form a non-orthogonal reduced basis

| ⟩𝜓& = 𝑒'!&() *+| ⟩𝜓,         𝑁-& = 𝜓- 𝜓&      𝐻-& = 𝜓- (𝐻 𝜓& In this reduced basis,
solve generalized
eigenvalue problem:

        (𝐻𝑣⃗ = 𝐸 (𝑁𝑣⃗
Amanda Bowman, SDSU M.S. student 
in Computational Science
MS thesis: “Nuclear Spectra from Quantum Lanczos Algorithm with 
Real-Time Evolution and Multiple Reference States”
arXiv:2309.00759

Ionel Stetcu, 
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Quantum Lanczos in real time

15

⇣
N

� 1
2

⌘

ij

=
X

r,v(r)>�

u
(r)

j

1p
v(r)

u
(r)

i
, (4.9)

where N~u = v~u, r labels the eigenpairs, and � is a cuto↵ for near singular eigenvalues.

Then the e↵ective Hamiltonian is calculated,

Heff = N
� 1

2HN
� 1

2 . (4.10)

Figure 4.1 shows the results of numerical simulations comparing QLanczos with

exact real- and imaginary-time evolution. The simulations were carried out until the

computed energies were within 5% of the correlation energy, Ec. The time step size for

imaginary-time evolution was �⌧ = 0.1, and for real-time evolution was �t = 0.1. The

QLanczos algorithm using imaginary-time evolution converges in fewer iterations than

real-time evolution for all three cases. However, real-time evolution still converges to

the ground state within ten iterations, a fraction of the full space. This is because the

Lanczos algorithm alone works very well at finding eigenvalues. The advantage of

real-time evolution is that it is unitary and, therefore, more straightforward to

implement on a quantum computer.

(a)

Mer
pants

me her

16

(b)

(c)

Figure 4.1. Numerical simulation of the QLanczos algorithm with exact
imaginary-time evolution (QITE) and real-time evolution (RTE) in the eigen-
basis to find the ground state energy of (a) 20Ne, (b) 22Na, and (c) 29Na. The
initial reference states are the simulated Hartree-Fock energies. S is the total
number of time iterations with a time step sizes of �⌧ = �t = 0.1. Conver-
gence to 5% of Ec.

Real time

Imaginary time

= # iterations

= # iterations

20Ne

22Na

g.s. energy

g.s. energy

Initial state: We evolved in 
imaginary time a random state 
until < H > = EHF

Here Dt = Dt = 0.1 MeV-1 Higher density of  states (odd-odd)
= smaller separation of  g.s. 
= more work to extract g.s.
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Quantum Lanczos in real time

39

(a) (b)

Figure 8.1. Numerical simulations of the QLanczos algorithm with exact real-
time evolution to solve for the lowest five energy states of the valence particles
of 8Be (two protons and two neutrons in the full p-shell). The simulation was
run using a single reference state; (a) the lowest energy configuration in the
spherical basis and (b) the Hartree-Fock state. A fixed number of real-time
evolution iterations was used (S = 8) with a time step size of �t = 0.1.

E
exact

E
sph

RE
sph

E
HF

RE
HF

E
gs
(MeV ) -31.119404 -31.119353 1.64e-06 -31.119404 5.86e-09

E1 (MeV) -27.299726 -27.299363 1.33e-05 -27.299715 3.91e-07

E2 (MeV) -19.161827 -18.627811 2.79e-02 -19.159959 9.75e-05

E3 (MeV) -18.248746 -16.522363 9.46e-02 -17.30544 5.17e-02

E4 (MeV) -16.722200 -13.331682 2.03e-01 -13.384411 2.00e-01

Table 8.1. The lowest five energy states of two protons and two neutrons in
the full p-shell (nucleus of 8Be). The first column contains the exact energies
computed in the Hartree-Fock basis. In the second column are the energies
computed in the spherical basis from the simulations in Figure 8.1 at S = 8.
The third column are their relative errors. In the fourth column are the
energies computed in the Hartree-Fock basis from the simulations in Figure
8.1 at S = 8. The fifth column are their relative errors.

I carried out numerical simulations to find the five lowest energies in the

Hartree-Fock and spherical basis using di↵erent numbers of reference states, R. Stair et

al. [30] demonstrated that Trotter numbers of N = 4, 8 were su�cient to simulate exact

real-time evolution. Additionally, they discuss the computational trade-o↵ of using a

smaller Trotter number, N = 1, and more reference states. Based on these findings, I

carried out these simulations for di↵erent Trotter numbers, N = 1, 4, 8, and compared

them to exact real-time evolution in the spherical basis (Figure 8.2) and the

dont use game dis't g

00
o do

Hartree-Fock basisspherical (good j,m) basis
8Be in full 0p-shell



135

Quantum Lanczos in real time
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Figure 8.1. Numerical simulations of the QLanczos algorithm with exact real-
time evolution to solve for the lowest five energy states of the valence particles
of 8Be (two protons and two neutrons in the full p-shell). The simulation was
run using a single reference state; (a) the lowest energy configuration in the
spherical basis and (b) the Hartree-Fock state. A fixed number of real-time
evolution iterations was used (S = 8) with a time step size of �t = 0.1.
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Table 8.1. The lowest five energy states of two protons and two neutrons in
the full p-shell (nucleus of 8Be). The first column contains the exact energies
computed in the Hartree-Fock basis. In the second column are the energies
computed in the spherical basis from the simulations in Figure 8.1 at S = 8.
The third column are their relative errors. In the fourth column are the
energies computed in the Hartree-Fock basis from the simulations in Figure
8.1 at S = 8. The fifth column are their relative errors.

I carried out numerical simulations to find the five lowest energies in the

Hartree-Fock and spherical basis using di↵erent numbers of reference states, R. Stair et

al. [30] demonstrated that Trotter numbers of N = 4, 8 were su�cient to simulate exact

real-time evolution. Additionally, they discuss the computational trade-o↵ of using a

smaller Trotter number, N = 1, and more reference states. Based on these findings, I

carried out these simulations for di↵erent Trotter numbers, N = 1, 4, 8, and compared

them to exact real-time evolution in the spherical basis (Figure 8.2) and the

dont use game dis't g

00
o do

Hartree-Fock basisspherical (good j,m) basis
8Be in full 0p-shell

In just a few ‘iterations’ 
we obtain the g.s.

and excited states…
but…
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Quantum Lanczos in real time
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(a) (b)

Figure 8.1. Numerical simulations of the QLanczos algorithm with exact real-
time evolution to solve for the lowest five energy states of the valence particles
of 8Be (two protons and two neutrons in the full p-shell). The simulation was
run using a single reference state; (a) the lowest energy configuration in the
spherical basis and (b) the Hartree-Fock state. A fixed number of real-time
evolution iterations was used (S = 8) with a time step size of �t = 0.1.
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Table 8.1. The lowest five energy states of two protons and two neutrons in
the full p-shell (nucleus of 8Be). The first column contains the exact energies
computed in the Hartree-Fock basis. In the second column are the energies
computed in the spherical basis from the simulations in Figure 8.1 at S = 8.
The third column are their relative errors. In the fourth column are the
energies computed in the Hartree-Fock basis from the simulations in Figure
8.1 at S = 8. The fifth column are their relative errors.

I carried out numerical simulations to find the five lowest energies in the

Hartree-Fock and spherical basis using di↵erent numbers of reference states, R. Stair et

al. [30] demonstrated that Trotter numbers of N = 4, 8 were su�cient to simulate exact

real-time evolution. Additionally, they discuss the computational trade-o↵ of using a

smaller Trotter number, N = 1, and more reference states. Based on these findings, I

carried out these simulations for di↵erent Trotter numbers, N = 1, 4, 8, and compared

them to exact real-time evolution in the spherical basis (Figure 8.2) and the

dont use game dis't g

00
o do

Hartree-Fock basisspherical (good j,m) basis
8Be in full 0p-shell

In just a few ‘iterations’ 
we obtain the g.s.

and excited states…
but…

H requires 975  Pauli strings
and ~ 24,000 gates
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion

55 single-particle orbitals ( n l j)
440 single particle states (n l j m)   | 0 1 1 0 0 1 … >
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion

55 single-particle orbitals ( n l j)
440 single particle states (n l j m)   | 0 1 1 0 0 1 … >

= estimate # of qubits needed
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion by superposition

# uncoupled 2-body matrix elements  
~ 10 million! Vijkl a+

i a+
j al ak   = # ‘Pauli strings’

= # of terms to be evaluated in a quantum circuit
(or, # of separate quantum circuits to be evaluated!)

~ 250,000,000 gates
(but polynomial scaling)
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Quantum computing useful for the shell model 
is still a ways off!
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Summary
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Summary

The shell-model has come a long way in 75 years…

and the journey is not yet over!

Enjoy the Symposium!


