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(I) OLS transformation of No-Core Shell Model solution
(II) Many-body perturbation theory (in Brillouin-Wigner form)



No-core shell model - (full) configuration-interaction approach

Ab-initio No-Core Shell Model : sufficiently large model space so that the results for A nucleons
do not depend on the  basis parameters (hw and Nmax)

Basis dimension grows fast ! Heavier nuclei ? 
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Review by Barrett, Navratil, Vary,  PPNP 69, 131 (2013)



Valence-space shell model  for heavier nuclei
Restricted model space
• (P-space)

•

• Current status : 
❑ Excellent description with experimentally constrained interactions (Cohen-Kurath, Wildenthal-Brown,..)
❑ Microscopic interactions -> recent progress and challenges

Effective operators

𝐻𝑒𝑓𝑓 = σ𝛼 𝜀𝛼𝑎𝛼
†𝑎𝛼 +

1

4
σ𝛼𝛽𝛾𝛿 𝛼𝛽 𝑉𝑒𝑓𝑓 𝛿𝛾 𝑎𝛼

†𝑎𝛽
† 𝑎𝛾 𝑎𝛿

Full model space P-space

Microscopic Empirical / Constrained 
by data
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𝑃 = 𝐸𝑛 ۧ|Ψ𝑛
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Projectors :

Removing the core, we get the Hamiltonian for valence nucleons :

𝑃 ≡ σ𝑘∈𝑃 ۧ|Φ𝑘 |Φ𝑘ۦ , Q = 1 − P= σ𝑘∈𝑄 ۧ|Φ𝑘 |Φ𝑘ۦ



Effective Interactions : multipole decomposition

Particle-particle form :

Multipole form :

𝐻 = σ𝜀𝑖𝑎𝑖
†𝑎𝑖 +
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4
σ𝑖𝑗𝑘𝑙,𝜆𝑤𝑖𝑗𝑘𝑙,𝜆 𝑎𝑖

† 𝑎𝑗
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† 𝑎𝑙

(𝜆)
+⋯

𝐻 = σ𝑖 𝜀𝑖𝑛𝑖 + σ𝑖<𝑗
ത𝑉𝑖𝑗

𝑛𝑖 𝑛𝑗−𝛿𝑖𝑗

1+𝛿𝑖𝑗
+ 𝑉𝑝𝑎𝑖𝑟 + 𝑉𝑞𝑢𝑎𝑑 +⋯

Monopole part 
(spherical mean-field)

Higher Multipole part 
(correlations)

➢ Only a physically meaningful combination of these 
ingredients will results in a successful description !

➢ Important to understand the nature of nuclear excitations 
(competition between sphericity and deformation)

Caurier, Martinez-Pinedo, Nowacki, Poves, Zuker, RMP77,427 (2005)

Neutron ESPEs in O-isotopes
(from monopole part)

22O
16O

USDB – universal sd interaction: 
Richter, Brown, PRC74 (2006)

24O

N=14

N=16



Microscopic approaches to valence-space interactions

Many-body perturbation theory (in Rayleigh-Schrödinger formalism up to 3rd order)

𝐻 ۧ|Ψ𝑛 = 𝐸𝑛 ۧ|Ψ𝑛 𝐻𝑒𝑓𝑓 ۧ|Ψ𝑛
𝑃 = 𝐸𝑛 ۧ|Ψ𝑛

𝑃

ൻΨ𝑓|𝑂 ۧ|Ψ𝑖 = 𝑂𝑖𝑓

Effective operators

Poves, Zuker, 
PR70, 71 (1981), …

Poor description of the 
monopole term

(spherical mean-field)

22O
22O

Missing 3N forces

Veff = 

Bethe, Brueckner,  Goldstone (from 50’s ..) ; Bertsch, Kuo, Brown, Barrett, Kirson, …. (from 60’s)

Hjorth-Jensen, Kuo, Osnes, PR261, 126 (1995); Coraggio et al, Ann. Phys. (2009) PPNP(2012),…

Formal issue of the order-by-order convergence are not 
solved ! (Roth, Langhammer, PLB (2010, 2016) – iterative 
approach) => converging in HF basis, but not in HO one! 

ൻΨ𝑓
𝑃| 𝑂𝑒𝑓𝑓 ൿ|Ψ𝑖

𝑃 = 𝑂𝑖𝑓

NN+3N : Otsuka et al (2010), Holt et al (2013),Fukui et al,(2018); … 



Microscopic approaches to valence-space interactions

Non-perturbative approaches
❑ Valence-space In-Medium Similarity Renormalization Group – IMSRG (NN + 3N)

Stroberg et al, PRC93, 051301 (2016); PRL118, 032502 (2017), etc.

❑ OLS transformation applied to NCSM results

❑ Coupled-cluster theory (NN + 3N)
Jansen et al, PRC94, 011301 (2016); 
Sun, Morris, Hagen et al, PRC98, 054320 (2018)

𝐻 𝑠 = 𝑈(𝑠)𝐻 0 𝑈†(𝑠), 𝑑𝐻 𝑠 /𝑑𝑠 = 𝜂 𝑠 , 𝐻(𝑠)

Dikmen, Lisetskiy, Barrett, Maris, Shirokov, Vary, PRC91, 064301 (2015)
Vary, Basili, Weiji Du et al, PRC98, 065502 (2018)
Smirnova, Barrett, Shin, Kim, Shirokov, Dikmen, Maris, Vary, PRC100, 054329 (2019)
Shin, Smirnova, Shirokov, Yang, Barrett, Li, Kim, Maris, Vary, arXiv:2306.17289

For review see Stroberg, Heigert, Bogner, Holt,  Ann. Rev. Nucl. Part. Science 69, 307 (2019).



Ab-initio effective Hamiltonian from NCSM

FLOW

❑
18F from NCSM at Nmax

❑Heff for 18F at N=0

❑
16O from the NCSM at Nmax

Core energy

❑
17O, 17F from the NCSM at Nmax

One-body terms

❑Single-particle energies

two-body matrix elements

𝜺𝑖

𝑽𝒊𝒋𝒌𝒍
Okubo, Prog. Theor. Phys. 12 (1954); Suzuki, Lee, Prog. Theor. Phys. 68 (1980)
Dikmen, Lisetskiy, Barrett, Maris, Shirokov, Vary, PRC91, 064301 (2015)
Vary, Basili, Weiji Du et al, PRC98, 065502 (2018)
Smirnova, Barrett, Shin, Kim, Shirokov, Dikmen, Maris, Vary, PRC100 (2019)
Shin, Smirnova, Shirokov et al, arXiv:2306.17289



No-Core Shell Model

𝐻 = 

𝑖<𝑗

𝑝𝑖 − 𝑝𝑗
2

2𝑚𝐴
+

𝑖<𝑗

𝐴

𝑉𝑖𝑗 + 

𝑖<𝑗<𝑘

𝐴

𝑉𝑖𝑗𝑘

MFDn code: Vary, Maris et al, 
Iowa State University 

NCSM : Barrett, Navratil, Vary,  PPNP 69, 131 (2013).

Daejeon16 NN potential (EM-N3LO + SRG evolved + PETs) 

Daejeon16: Shirokov, Shin, Kim, Sosonkina, Maris, Vary, PLB761, 87 (2016)



Low-energy spectrum of 18O from the NCSM with Daejeon16

~30%

2+
2+

0+0+

0+
2+

➢ The states dominated by sd-
shell components are quickly 
converged!

➢ Intruder states (identified 
experimentally by large E2 
matrix elements) are not 
converged yet!

➢ Such general structure of the 
spectrum is also typical for 
heavier sd-shell nuclei

>50%



Ab-initio effective Hamiltonian from the NCSM : A>18 nuclei

23O
14 states : rms error  63 keV

➢ Theoretical valence-space TBMEs and 
s.p.e.’s (without any A-dependence) robustly 
reproduce the NCSM results !

➢ Sometimes poor agreement with 
experiment -> wrong theo s.p. energies

9 states : rms error 225 keV



Ab-initio effective Hamiltonian from the NCSM : Theory & Experiment

Drawbacks (hw=14 MeV):

❑ Inversion of s1/2 and d5/2 

orbitals

❑ Too large d3/2 – d5/2 

spin-orbit splitting

We adopt USDB 
single-particle 
energies and 
impose an A-0.3 

mass dependence 
on TBMEs

N3LO : from chiral EFT by Entem, Machleidt, PRC68 (2003)
JISP16 : Shirokov et al, PRC70, 044005 (2004)
Daejeon16 : Shirokov et al, PLB761, 87 (2016) – based on N3LO 

+ SRG evolved + phase-equivalently transformed



Comparison of monopole properties valence-space interactions

Neutron ESPEs in O-isotopes

22O 22O 22O22O

From NN+3N  interactionFrom NN interaction From Daejeon16 
NN interaction

Empirical (=governed 
by experimental data)

IMSRG results : Stroberg et al, PRL118, 032502 (2017).

Some monopole modifications to DJ16 (change of centroids by ~100-300 keV) can be useful !



Two-body effective interaction from NCSM + empirical s.p. energies

DJ166 : rms = 3671 keV
DJ166A (DJ166 with monopole modifications):    

rms = 235 keV
USDB : rms =467 keV 

IMSRG: from Stroberg et al, PRL118, 032502 (2017)



II. Brillouin-Wigner Many-body Perturbation 
theory for closed-shell and open-shell nuclei

Zhen Li, Ph.D. thesis
University of Bordeaux (2020 – 2023)
*Present address : TU Darmstadt

- Brillouin-Wigner perturbation expansion & convergence
criterion
- Rayleigh-Schrödinger perturbation expansion – extension
of the diagrammatic approach (automatic generation and
evaluation of Feynman-Goldstone diagrams)

Advances in Many-body Perturbation theory for closed-
shell and open-shell nuclei



❑ P-space Schrödinger equation with an energy-dependent effective Hamiltonian

▪ Singularities at the 

eigenvalues of QHQ

Ek

Matrix Inversion

4He from DJ16

ℏ𝝎 = 𝟏𝟖 MeV, Nmax = 2

Bloch, Horowitz,  Nucl. 

Phys. 8, 91 (1958)

Feschbach, Ann. Phys. 

85, 357 (1958)

P-space Schrödinger equation: Exact Solution

dim(P) =1



❑ Constructing the effective Hamiltonian by perturbative expansion

➢ Ratio of geometric series (E-dependent)

➢ Hamiltonian partitioning parameter: ξ

❑ Convergence Criterion : the spectral radius of R should be smaller than 1

Universal conclusion, independent of the choice of basis (HO or HF) or the choice of the internucleon 
interaction (soft  or hard). 

Brillouin – Wigner  MBPT : Convergence Criterion

As long as                         the BW perturbation series can always be made convergent,
i.e. for the lowest states of each J𝜋 (in particular, ground state) due to the variational principle. 

𝐸 < 𝐸1
𝑄𝐻𝑄

Zhen Li, Smirnova, Phys. Lett. B854, 138749 (2024) 



MBPT in BW Formalism: K-Box Iterative Calculations

16

❑ High perturbative order calculations by direct QRQ matrix multiplication

Time complexity in each multiplication ~

❑ High perturbative order calculations by K-box iterations (Zhen Li, PhD thesis)

Time complexity in each iteration ~



MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 

DJ16, HO basis, ℏ𝝎 = 𝟏𝟖 MeV,  Nmax=2. 

NCSM:  E0 = -26.822 MeV

Møller-Plesset (MP) 

partitioning with a normal-

ordered Hamiltonian 

(cf. Roth, Langhammer, 

PLB683, 282 (2010))



MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 

DJ16, HO basis,ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2. 

NCSM: E0 = -26.822 MeV

Møller-Plesset (MP) 

partitioning with a normal-

ordered Hamiltonian 

(cf. R.Roth, J. Langhammer, 

PLB683, 282 (2010))
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MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 

DJ16, HO basis,ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2. 
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MBPT in BW Formalism: K-Box Iterative Calculations

Møller-Plesset (MP) 

partitioning with a 

normal-ordered 

Hamiltonian 

Ground state energy of 4He, 

DJ16, HO basis,ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2. 

NCSM: E0 = -26.822 MeV



MBPT in BW Formalism: K-Box Iterative Calculations
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MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 
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Møller-Plesset (MP) 

partitioning with a normal-

ordered Hamiltonian 

(cf. R.Roth, J. Langhammer, 

PLB683, 282 (2010))



MBPT in BW Formalism: K-Box Iterative Calculations

Møller-Plesset (MP) 

partitioning with a 

normal-ordered 

Hamiltonian 

Ground state energy of 
4He, 

DJ16, HO basis,

ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2 

NCSM: E0 = -26.822 MeV



MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 

DJ16, HO basis,ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2. 

NCSM: E0 = -26.822 MeV

Zhen Li, PhD Thesis, 

University of Bordeaux 

(2023)



MBPT in BW Formalism: K-Box Iterative Calculations

Ground state energy of 4He, 

bare (unsoftened, hard) N3LO, HO basis, ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2. 

NCSM: E0 = -0.653 MeV

Zhen Li, PhD Thesis, 

University of Bordeaux (2023)

Zhen Li, Smirnova, 

Phys. Lett. B854, 138749 (2024) 



6Li : exact solution by matrix inversion

Low-lying states 

of 6Li, 

DJ16, HO basis,

ℏ𝝎 = 𝟏𝟖 MeV, 

Nmax=2. 

Zhen Li, PhD Thesis, University of Bordeaux (2023)

Zhen Li, N. Smirnova, Phys. Rev. C109, 064318 (2024) 



MBPT in BW Formalism: K-Box Iterative Calculations

0+ states of 6Li,  DJ16, 

HO basis, ℏ𝝎 = 𝟏𝟖 MeV,  Nmax=2 

Zhen Li, PhD Thesis, University of Bordeaux (2023)

Zhen Li, Smirnova, Phys. Rev. C109, 064318 (2024) 



P-space Schrödinger equation for 7Li: Exact Solution

1/2- states in 7Li with Daejeon16, 

HO basis : ℏ𝝎 = 𝟏𝟖 MeV,  Nmax=2

1/2- states in 7Li with N3LO, 

HO basis : ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2 



NCSM calculation for 7Li : 1/2- states

Daejeon16, HO basis,

ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2 

N3LO, HO basis,

ℏ𝝎 = 𝟏𝟖 MeV, Nmax=2 



Conclusions and Perspectives

❑ Microscopic derivation of effective valence-space interaction for the nuclear shell 
model is still challenging, although it rapidly progresses (talk by S.R. Stroberg)

❑ OLS transformation of the NCSM solution gives encouraging results :  
further steps are foreseen towards larger NCSM spaces and/or larger valence-spaces       

(p-sd-pf). 

❑ MBPT  revisited – convergence criterion for BW MBPT  - always converging for the 
lowest Jπ (PhD thesis of Zhen LI ) => further implications for RS MBPT ?

❑ Importance of microscopic approaches to effective interactions and transition 
operators as first-principles derivation of the Nuclear Shell Model, started 75 years 
by M. Goeppert-Mayer et al, and towards precision nuclear theory for spectroscopy 
of exotic nuclei, fundamental interaction studies and astrophysical applications



BACKUP SLIDES



Hermitian Effective Hamiltonian

Zhen Li, PhD thesis (2023)

𝑈𝑃

OLS transformation!



BW MBPT: Practical Calculations for Closed-Shell Nuclei

4He, 16O

Daejeon16

HO basis

HF basis



BW MBPT: Practical Calculations for Closed-Shell Nuclei

4He

bare N3LO

HO basis

HF basis

16O

bare N3LO

HO basis

HF basis



BW MBPT: Convergence Behavior of Open-Shell Nuclei

0+ states of 6Li, Daejeon16, ℏ𝝎 = 𝟏𝟖 MeV



BW MBPT: Convergence Behavior of Open-Shell Nuclei

0+ states of 6Li, Bare N3LO, ℏ𝝎 = 𝟏𝟖 MeV



BW MBPT: Convergence Behavior of Open-Shell Nuclei

1/2－ states 7Li, Daejeon16, ℏ𝝎 = 𝟏𝟖 MeV



BW MBPT: Convergence Behavior of Open-Shell Nuclei

1/2－ states 7Li, Bare N3LO, ℏ𝝎 = 𝟏𝟖 MeV


