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UNDERSTANDING REGULARITIES
for both SPHERICAL and DEFORMED systems

New Magic Numbers: 24O, 48Ni, 54Ca, 78Ni, 100Sn

Vanishing of shell closures: 12Be, 32Mg, 42Si, 64Cr, 80Zr ...

Island of deformation around A∼ 32, A∼ 64

Low-lying dipole excitations in Ne, Ni isotopes

Variety of phenomena dictated by shell structure

Close connection between collective behaviour and underlying
shell structure

H = Hm +HM

Interplay between
• Monopole field (spherical mean field)
• Multipole correlations (pairing, Q.Q, ...)



Effective Hamiltonian
Monopole and multipole

Multipole expansion: H = Hmonopole +HMultipole

Hmonopole:

• Spherical mean-field

• Evolution of the spherical

single particle levels
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A. Poves and A. Zuker (Phys. Report 70, 235 (1981))

Hmultipole:
• Correlations

• Energy gains

• Pairing (SU2) semi-magic (n-n) (p-p)

• Quadrupole (SU3/pSU3/qSU3) p-n in H.O. or ∆j = 2

M. Dufour and A. Zuker (PRC 54 1996 1641)
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• Pairing regime: spherical nuclei

ground state = pairs of like-particles coupled at J=0 (seniority v=0)

2+ state (break of pair; v=2) at high energy

superfluid nucleus:

|j −m >

|j m’>

|j −m’>

|j m >

Typical example: semi-magic Tin isotopes

• Quadrupole regime: deformed nuclei

prolate nucleus:

Typical example: open shell N=Z nuclei



Effective Hamiltonian
Monopole and multipole

Multipole expansion: H = Hmonopole +HPP +HQQ

Hmonopole:

• Spherical mean-field

• Evolution of the spherical

single particle levels
-20

-10

 0

 10

8 14 16 20

E
S

P
E

 (
M

e
V

)

Proton number

d5/2
s1/2
d3/2
f7/2
p3/2
p1/2
f5/2

A. Poves and A. Zuker (Phys. Report 70, 235 (1981))

Hmultipole:
• Correlations

• Energy gains

• Pairing (SU2) semi-magic (n-n) (p-p)

• Quadrupole (SU3/pSU3/qSU3) p-n in H.O. or ∆j = 2

M. Dufour and A. Zuker (PRC 54 1996 1641)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments

S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments

S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments

S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments
S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments
S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments
S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

s. p. energy levels s. p. quadrupole moments
S
U
3

1d5/2

2s1/2

1d3/2

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

Q0 = 2q20 = (2nz − nx − n − y)



Nilsson-SU3 estimates

16

8
O8

0d5/2

1s1/2

0d3/2

s. p. quadrupole moments

K = 1/2

K = 3/2

K = 5/2

+4.0

+1.0

-2.0

+1.0

-2.0 -2.0

 0

 2

 4

 6

 8

 10

 12

 0  2  4  6  8  10  12

|Q
0
|

N

|Q0|

-140

-120

-100

-80

-60

-40

-20

 0

 0  2  4  6  8  10  12

E
Q

Q

N

EQQ

Q0 = 2q20 = (2nz − nx − n − y)



Landscape of medium mass nuclei

68 Ni

16 O

14 C

48 Ni 56 Ni

36 S
34 Si
32 Mg

48 Ca40 Ca

90 Zr80 Zr

74 Cr

60 Ca

52 Ca 54 Ca

96 Zr

28 O

24 O22 O

78 Ni 84 Ni

8 8

20

28

32

40Z

28

2820

N

8
2014

40

64

20
50

100Sn

50

Zr110

40

132

82

28

Sn

12

Mg

Si42

Cr

20

Be

C



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z :

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo

NSCL/GRETINA Experiment
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R.D.O. Llewellyn et al., PRL 124, 152501 (2020)

ZBM3 valence space:

extension of JUN45

to pseudo-SU3 + Quasi-SU3

New effective interactions:

- Realistic TBME + Monopole “3N” constraints”

- ab-initio N3LO (2N) interaction

- ongoing ab-initio N3LO (2N) + 3N (lnl)

interaction

SM + DNO-SM for most deformed cases



Discrete Non-Orthogonal Shell Model

Generator Coordinate Method: |Ψeff〉 =
∑

i fi |Φi〉

1) Deformed Hartree-Fock (HF) Slater determinants

2) Restoration of rotational symmetry

3) Mixing of shapes:
|Ψeff〉= + + . . .

Intrinsic/Laboratory Description

• Deformation structure of nuclear states: {Jπ
α}, q = (β, γ)

M(J)
α (q, K ) =
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• particle-hole interpretation:

M-scheme
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Recent developments of the DNO shell model

⋄ Variation-After-Projection DNO-SM approach

Heff|Ψ
JM
α 〉 = E

(J)
α |ΨJM

α 〉 =⇒ δ
〈ΨJM

α |Heff|Ψ
JM
α 〉

〈ΨJM
α |ΨJM

α 〉
= 0, |ΨJM

α 〉 =
∑

q,K

f
(J)
α (q,K ) PJ

MK |Φ(q)〉

Double variation AFTER Angular Momentum Projection: Mixing coefficient Slater state

⋄ DNO-SM(β, γ)
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(D.D. Dao and F. Nowacki, PRC 105, 054314 (2022))

⋄ DNO-SM(VAP)

q = 1, 2, 3, ...
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DNO-SM(VAP)
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First “SM” calculations for superheavies !!!



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo

NSCL/GRETINA Experiment
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3N forces in light nuclei



3N forces in light nuclei



Shell closures and 2N forces only

no Spin-orbite shell closures in 12C, 22O, 48Ca, 56Ni

too strong H. O. shell closures 16O, 40Ca, ... and 80Zr !!!
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Isospin Symmetric Island of Inversion
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Summary

Monopole drift develops in all regions but the Interplay
between correlations (pairing + quadrupole) and spherical
mean-field (monopole field) determines the physics.

New “island of inversion” or “island of deformation” present
for neutron-rich systems show up also at N=Z line with very
deformed rotors dominated by Many-particles-Many-holes
configurations.

New spectroscopy for 84Mo and 86Mo and first fingerprint of
3N forces in deformed systems

Around A∼ 80, an “island of enhanced collectivity” show very
deformed rotors dominated by Many-particles-Many-holes
configurations.

Ongoing NN + 3N(lnl) ab-initio calculations
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