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Double Beta-Disintegration

VOLUM E 48

M. GOFPPERT-MAvER, The Johns Hopkins Um'versity

(Received May 20, 1935}

From the Fermi theory of P-disintegration the probability of simultaneous emission of two
electrons (and two neutrinos) has been calculated. The result is that this process occurs suffi-
ciently rarely to allow a half-life of over 10" years for a nucleus, even if its isobar of atomic
number different by 2 were more stable by 20 times the electron mass.

INTRODUCTION

N a table showing the existing atomic nuclei
- - it is observed that many groups of isobars
occur, the term isobar referring to nuclei of the
same atomic weight but different atomic number.
It is unreasonable to assume that all isobars have
exactly the same energy; one of them therefore
will have the lowest energy, the others are un-
stable. The question arises why the unstable
nuclei are in reality metastable, that is, why, io
geologic time, they have not all been transformed
into the most stable isobar by consecutive p-dis-
integrations.
The explanation has been given by Heisen-

berg' and lies in the fact that the energies of
nuclei of fixed atomic weight, plotted against
atomic number, do not lie on one smooth curve,
but, because of the peculiar stability of the
cx-particle are distributed alternately on two
smooth curves, displaced by an approximately
constant amount against each other (the mini-
mum of each curve is therefore at, roughly, the
same atomic number). For even atomic weight
the nuclei of even atomic number lie on the lower
curve, those with odd atomic number on the
higher one. One P-disintegration then brings a
nucleus from a point on the lower curve into
one of the upper curve, or vice versa. The nuclei
on the upper curve are all of them unstable.
But it may happen that a nucleus on the lower
curve, in the neighborhood of the minimum,
even though it is not the most stable one, cannot
emit a single p-particle, since the resuitant isobar,
whose energy lies on the upper curve, has higher
energy. This nucleus would then be metastable,
since it cannot go over into a more stable one by
consecutive emission of two electrons. This
explanation is borne out by the fact that almost

' W. Heisenberg, Zeits, f. Physik 78, 156 (1932}.
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only isobars of even difference in atomic number
occur.
A metastable isobar can, however, change into

a more stable one by simultaneous emission of
two electrons. It is generally assumed that the
frequency of such a process is very small. In
this paper the propability of a disintegration
of that kind has been calculated.
The only method to attack processes involving

the emission of electrons from nuclei is that of
Fermi' which associates with the emission of an
electron that of a neutrino, a chargeless particle
of negligible mass. Thereby it is possible to ex-
plain the continuous P-spectrum and yet to
have the energy conserved in each individual
process by adjusting the momentum of the
neutrino. In this theory the treatment of a
P-disintegration is very similar to that of the
emission of light by an excited. atom.
A disintegration with the simultaneous emis-

sion of two electrons and two neutrinos will then
be in strong analogy to the Raman effect, or,
even more closely, to the simultaneous emission
of two light quanta, ' and can be calculated in
essentially the same manner, namely, from the
second-order terms in the perturbation theory.
The process will appear as the simultaneous oc-
currence of two transitions, each of which does
not fulfill the law of conservation of energy
separately.
The following investigation is a calculation of

the second-order perturbation, due to the inter-
action potential introduced by Fermi between
neutrons, protons, electrons and neutrinos. As
far as possible the notation used is that of
Fermi. For a more detailed discussion and justi-
fication of this mathematical form and the as-
sumptions involved reference must be made to
Fermi's paper.

2 E. Fermi, Zeits'. f. Physik SS, 161 (1934}.' M. Goeppert-Mayer, Ann. d. Physik (V) 9, 2/3 (1931).

516 P. F. BARTUNEK AND E. F. BARKER
e is the difference of energy between the begin-
ning and end states of the nucleus in units mc'.
A& and A2 are given by (8); they contain the
dependence of the process on the energy levels
of the intermediate nucleus. It turns out, how-
ever, that the values of those energies do not
greatly influence the probability. Roughly one
can put

II~I IIam g
A I+A2—

8"I,—8'„nz'q4
with g given by (5). Numerical evaluation for
Z=31 leads to

I'= 1.15X10 35F(~—2) sec. "
=3.6&(10 ~F(e—2) year '. (12)

4 6 8
F(&+2)= 0.37X10' 9.2 X104 3.4X10'

12 20
P(~—2) = 3.3X10' 1X10"

10
4.2 X 107

The author wishes to express her gratitude to
Professor E. Wigner for suggesting this problem,
and for the interest taken in it.

As seen from the general formula (11) I' is
almost independent of Z.
The value of Ji for some arguments is given in

the following table:
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The Infrared Absorption Spectra of the Linear Molecules Carbonyl Sulyhide and
Deuterium Cyanide

PAUL F. BARTUNEK AND E. F. BARKER, V'ftiversity of 3IIichigan
(Received June 28, 1935)

Carbons sulphide. The discovery of new vibration-
rotation bands in the infrared absorption spectrum of car-
bonyl sulphide has made it possible to determine the vibra-
tional energy level scheme of the molecule. The agreement
between theory and experiment is quite satisfactory.
Deuterium cyanide. The fundamental bands of deuterium
cyanide or2 at 570 cm ' and or& at 2630 cm ' have been
measured with grating spectrometers. The former has a
strong zero branch at 570.16 cm ', and the fine structure

lines on each side are well separated. From the line spacing
the moment of inertia of the molecule is found to be
22.92X10 gram cm'. A comparison of this value with
the corresponding one for HCN, i.e., 18.72X10 gram
cm', permits the calculation of the internuclear distances.
From the positions of these two bands, together with those
of the observed fundamentals of HCN, the zeroth order
quadratic potential energy expression is computed.

HE infrared absorption spectrum of car-
bonyl sulphide (COS) has been investi-

gated by Cassie and Bailey' who found ten
unresolved bands in the region 1—20@ using a
prism spectrometer. Vegard' has deduced from
x-ray measurements that the molecule is linear
with interatomic separations C—0 of 1.10
Angstrom units and C—S of 1.96 Angstrom units.
The calculated moment of inertia is 178&&10—"
gram cm'.
The perturbed expression for the vibra-

tional energy is

2 (vibration) = v~ V,+vm V2+ vq Vq+ Xq q VP

+X»V, +X»V, +X»V, V, +X»V, V,
+X23V2 V3+X~ ~P+constant

' Bailey and Cassie, Proc. Roy. Soc. A'135, 375 (1932).' Vegard, Zeits. f. Krist. 77, 411 (1931).

where the V's are the vibrational quantum num-
bers, / is the azimuthal quantum number, and
vI to X~~ are constants. If ten bands which in-
volve these constants in an independent way are
located experimentally the ten constants may
be calculated and the energy level system for the
molecule determined. This is of fundamental
importance because it provides the correlating
network and serves to predict new absorption
bands.
This problem is similar to that of HCN which

has been developed through a number of experi-
mental researches to a fairly complete solu-
tion. ' ' ' ' ' Recently Herzberg and Spinks'
' Burmeister, Verh. d. D. Phys. Ges. 15, 589 (1913).' Barker, Phys. Rev. 23, 200 (1924).' Badger and Binder, Phys. Rev. 37, 800 (1931).
6 Brackett and Liddel, Smith. Inst. 85, No. 5 (1931).
7 Choi and Barker, Phys. Rev. 42, 777 (1932).
'Adel and Barker, Phys. Rev. 45, 277 (1934).
9 Herzberg and Spinks, Proc. Roy. Soc.A147, 434 (1934).
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be calculated and the energy level system for the
molecule determined. This is of fundamental
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network and serves to predict new absorption
bands.
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has been developed through a number of experi-
mental researches to a fairly complete solu-
tion. ' ' ' ' ' Recently Herzberg and Spinks'
' Burmeister, Verh. d. D. Phys. Ges. 15, 589 (1913).' Barker, Phys. Rev. 23, 200 (1924).' Badger and Binder, Phys. Rev. 37, 800 (1931).
6 Brackett and Liddel, Smith. Inst. 85, No. 5 (1931).
7 Choi and Barker, Phys. Rev. 42, 777 (1932).
'Adel and Barker, Phys. Rev. 45, 277 (1934).
9 Herzberg and Spinks, Proc. Roy. Soc.A147, 434 (1934).
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On Transition Probabilities in Double Beta-Disintegration
W. H. FURRV

Physics Research Laboratory, IIarvard University, Cambridge, 3fassachusetts
(Received October 16, 1939)

The phenomenon of double P-disintegration is one for which there is a marked difference
betwe'en the results of Majorana's symmetrical theory of the neutrino and those of the original
Dirac-Fermi theory. In the older theory double P-disintegration involves the emission of four
particles, two electrons (or positrons) and two antineutrinos (or neutrinos), and the prob-
ability of disintegration is extremely small. In the .Majorana theory only two particles —the
electrons or positrons —have to be emitted, and the transition probability is much larger.
Approximate values of this probability are calculated on the Majorana theory for the various
Fermi and Konopinski-Uhlenbeck expressions for the interaction energy. The selection rules
are derived, and are found in all cases to allow transitions with hi = &1,0. The results obtained
with the Majorana theory indicate that it is not at all certain that double p-disintegration can
never be observed. Indeed, if in this theory the interaction expression were of Konopinski-
Uhlenbeck type this process would be quite likely to have a bearing on the abundances of
isotopes and on the occurrence of observed long-lived radioactivities. If it is of Fermi type
this could be so only if the mass difference were fairly large (&~~20, 2%~~0.01 unit).

I. INTRQDUcTIoN
HE probability of double P-disintegration
was calculated some years ago by Goeppert-

Mayer' on the basis of the Fermi theory. ' ' The
result obtained was extremely small, correspond-
ing to a lifetime of the order of 1025 years in the
case of two isobars whose masses differ by 0.002
mass unit and whose atomic numbers differ by
two units. Thus one can account for the large
number of isobaric pairs with QZ=2, as com-
pared to the scarcity of isobars with hZ=1.
Although not strictly stable, the heavier isobar
of a pair with AZ = 2 may be supposed to be
metastable, having a lifetime large compared to
geologic time.
An inspection of the calculations shows that

the results would not be changed by any sig-
ni6cant factor by the use of an expression for the
interaction energy involving derivatives of the
neutrino wave function, as suggested by Kono-
pinski and Uhlenbeck. 4 The same is true as
regards the generalizations in structure of this
expression, ' which make it possible to obtain

& M. Goeppert-Mayer, Phys, Rev. 48, 512 (1935).
~ E. Fermi, Zeits. f. Physik 88, 161 {1934).
3 For a review of the theory and its various modifications

and applications up to the beginning of 1936, see pages 186—
206 of the article by Bethe and Bacher, Rev. Mod. Phys.
8 (1936).

4 E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 48,
7 (1935).' Cf. reference 3, pp. 190-192.

selection rules' for ordinary P-decay decidedly
different from those originally given by Fermi.
The original Fermi picture of the fundamental
interaction processes concerned in P-decay has
now been generally supplanted by a picture in
which mesons play the role of mediaries between
the heavy particles and the electrons and
neutrinos. In this case also, as is evident from
a consideration of the arguments of Yukawa, '
the results of Goeppert-Mayer will remain un-
changed.
The situation is, however, decidedly altered if

one admits a change in the theory of the neutrino
itself as an elementary particle. Such a change
was suggested by Majorana' in a paper on the
symmetry properties of the Dirac theory.
Majorana's suggestions have been more generally
developed in the case of the positron theory by
Kramers, ' and for the neutral particle by the
writer. "Racah" has also discussed the applica-
tion to the neutrino theory of P-decay.
The essential difference between the Majorana

theory of the neutrino and the usual form of the
Dirac theory is that in the former there are only
' G. Gamow and E. Teller, Phys. Rev. 49, 895 (].936).
7 H. Yukawa, Proc. Phys. -Math. Soc. Japan, 17, 55—56

(1935); H. Yukawa, S. Sakata, M. Kobayasa and M.
Taketani, Proc. Phys. -Math. Soc.Japan 20, 731—734 {1938).' E. Majorana, Nuovo Cimento 14, 171 (1937). -' H. A. Kramers, Proc. Amsterdam Akad. 40, 814 (1937).' W H. Furry, Phys. Rev. 54„56 (1938),referred to as Ã."G.Racah, Nuovo Cimento 14, 322 (1937).
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and which was taken into account in calculating
P3 and P4.

Selection rules
The expressions

QgttS;P, * and Qg, tA jP,"
L L

are all scalars with respect to the three-dimen-
sional rotation-reflection group: so far as trans-
formation properties are concerned we can think
of in„PP,* as replaced by a function P,.'0 To 6nd
the selection rules corresponding to the ex-
pressions (47) and (48) we may inspect the
transformation properties of either the factors
involving a„, b„, and n or the matrix factors,
apart from the factors in„P. We obtain:

S~ and A 4 .'Scalars: Ai =0; odd-odd and even-
even transitions.

A ~. Scalar, but with reHection character —1:
hi=0; odd-even and even-odd transitions.

Sg'. Polar vector: hi=0 or &1, but not 0—+0;
odd-even and even-odd transitions.

A] A3 and A5. Axial vectors: hi=0 or &1, but
not 0~0; odd-odd and even-even transitions.

The selection rules for each interaction ex-
pression can then be read off from (49) or (50).
The selection rules in general bear more re-
semblance to those of Gamow and Teller than to
those of Fermi, since some hi =&1 transitions
are always allowed. Transitions forbidden by
these rules can occur only if at least one electron
is emitted in a state with jP 2, and their proba-
bilities will be decidedly smaller than those
given by (49) and (50). For e—2 2 the proba-
bilities will be decreased by a factor of roughly
I(s—2)pnzc/2fiI' for a change in parity type of
the transition or for each extra unit of Ai. For
smaller values of e—2 the decrease will be more
drastic.
g' Cf. discussion in N, p. 66; also %'. H. Furry, Phys.

Rev. Sl, 125 (1937),Eq. (8) with A =in„p. The free electron
functions form a complete set.

Dependence of transition probability on atomic
number

The numerical results which we have given
were all computed for Z=31, p=SX10 " cm.
The quantity (R.p, /14) is roughly proportional
to Z, and p may be taken to be proportional
to Z&. Approximate relations for changing the
results to different values of Z or a different
estimate of the nuclear radius are, accordingly:

Pq~Z p ~Z 3 Pq~Z p ~Z',
P~~Z p

—~cons. , P4~Z p o-Z '*. (52)

The results as calculated are for emission of
two negative electrons. In the case of positron
emission the probabilities will be smaller, because
R, contains an additional factor exp (—2~yI4/p, ),
and R& a similar factor. These factors decidedly
complicate the evaluation of the integrals from
which the functions q and x have to be deter-
mined. It is evident, however, that for e—2 2
the decrease will be by a factor not much smaller
than e ' &=e "". As is the case for the for-
bidden transitions, the decrease is more decided
for smaller values of e—2.

IV. CowcLUsroN

We have seen that the phenomenon of double
beta-disintegration is one for which there is a
decided difference between the results of the
Majorana theory and those of the older theory
of the neutrino. According to the older theory it
seemed certain that double beta-disintegration
could never be capable of observation because
of its extremely minute probability, but the
Majorana theory indicates that this is by no
means necessarily the case. Indeed, if the inter-
action expression were of Konopinski-Uhlenbeck
type this process would be quite likely to have
a bearing on the abundances of isotopes and on
the occurrence of observed long-lived radio-
activities. If it is of Fermi type this could be
so only if the mass diR'erence were fairly large
(e 20, AM 0.01 unit).
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LETTERS TO THE E D I TOR

viously used for the mass determination of active isotopes. '
The instrument and techniques employed in this mass
analysis were the same as those used in the measurement
of the isotopic constitution of lanthanum and cerium. ' Two
different samples of Yb203 were analyzed. The first was
secured from Adam Hilger, Ltd. (laboratory number 1071),
while the second was an exchange column purified sample
obtained from Dr. D. H. Harris of the Clinton Laboratories.
There was no detectable difference in the isotopic con-
stitution of the two samples. The values quoted in the
third row of Table I are the averages of thirty separate
determinations on each sample. The mean deviation of
each percentage was about 1 percent of that percentage.
Because of the large number of readings the precision
should be better than this by a factor of one over the
square root of the number of determinations. However,
since we have not as yet been able to rule out systematic
mass discriminations because of selective emission from the
surface ionization source, or because of non-linearity of
the 10'0-ohm resistor over the wide current range used, to
better than 1 percent we do not wish to quote any limits
closer than this.
The following upper limits for the natural occurrence of

other isotopes of ytterbium were set: Yb' 6&0.002 percent,
Yb"7&0.002 percent, Yb"' &0.01 percent, Yb'" &0.02
percent, Yb"~&0.01 percent, Yb'"&0.002 percent.
XVith the assumption of zero packing fraction for the

ytterbium isotopes the chemical atomic weight of ytter-
bium calculated from the new abundances is 173.046
+0.006. The international value, chemically determined,
is 173.04.
IF. W. Aston, Nature 133, 327 (1934); Proc. Roy. Soc. A146, 46

{1934).'A. J. Dempster, Phys. Rev. 53, 727 (1938}.
3 W. Wahl, Naturwiss. 29, S36 (1941).
4 R. J. Hayden, Phys. Rev. 74, 650 (1948).' M. G. Inghram, R. J. Hayden, and D. C. Hess, Jr. , Phys. Rev. 72,

967 (1947).

A Measurement of the Half-Life of Double
Beta-Decay from 5osn"4 *

E. L. FIREMAN
Department of Physics, Princeton University, Princeton, ~Ver Jersey

November 29, 1948

'F two isobars differ by two units in atomic number, the
heavier may decay into the lighter by double beta-

decay. ' ' This is the simultaneous emission of two negatrons
if the heavier has lower atomic number or the simultaneous
emission of two positons, 1 positon+1E' capture, or 2X
captures if the heavier has higher atomic number. The
half-life depends markedly upon whether or not two
neutrinos are emitted in the process. If no neutrinos are

TABLE I. Theoretical half-life for allovved double negaton emission.

Atomic mass
difference 0 0.52 Mev 1.04 Mev 1.56 Mev 2.08 Mev 2.60 Mev

2 neutrinos ~ 2.6*10»yr. 2.4.103' yr. 1.3 1024 yr. 2.1 10~ yr. 4.3.10» yr.
No neutrinos ~ 2.1 10"yr. 2?*10"yr 6 5 10«yr. 2.2.10'4 yr. 8.3 10» yr.
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FIG. 1. Experimental arrangement.

emitted, the half-life is of the order of 10" times shorter
than if two neutrinos are emitted (see Table I). The reason
for this large difference in half-life arises from the number
of cells in phase space available for the transition.
In the present work an experimental investigation of

&0Sn"' which belongs to isobaric triplet SpSn~' —52Te'"
—~4Xe"' has been carried out. The experimental arrange-
ment consists of four thin window counters (3 mg/cm'
mica) connected in pairs to coincidence circuits L, and R.
These counters are shielded by anticoincidence counters
and by an Fe and Pb box. Two specimens~* of Sn (25 g)
identical in all respects except for isotopic constitution are
placed between the thin window counters. These specimens
are called A and B. Specimen A contains 54 percent of
Sn'~, specimen 8 contains 0.4 percent of Sn"4. The position
of the specimens between the counters is interchanged by
rotating the specimen holder through 180' (see Fig. 1).
Coincidences and single counts from both specimens are

recorded simultaneously. The specimen holder is rotated
through 180' every other hour and the positions of the
specimens in the holder are interchanged every 20 hours.
These data are summarized in Table II.
In all situations specimen A gives 2 coincidence counts/

hr. more than specimen B. By repeating this type of
measurement with Al absorbers over one side of each
specimen an absorption curve is obtained. This absorption
curve is similar to that of electrons from a spectrum with
an energy end point between 1.0 Mev and 1.5 Mev. The
single counts from specimens A and 8 both give 6.5&0.3
counts/min. If one interprets this eKect as double beta-
decay from Sn'", one obtains a half-life between 0.4 10' yr.
and 0.9 10" yr. Other alternative explanations for these
observations have been considered but none have been
found to be plausible. This result would indicate that
double beta-decay is unaccompanied by neutrinos. A
further consequence of these results pointed out to the
author by Professor J.R. Oppenheimer is that the neutron-
proton charge difference is exactly equal to the electron
charge,
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TABLE II. A{A) gives the coincidences from specimen A between
counters Z, and R(B) gives the coincidences from Bbetween counters R.
Holder 04 and 180o are the two holder positions. Positions 1 and 2 are
positions for the specimens in the holder.

Pos. 1

Pos. 2

Holder 0'
Coin. counts/hr.

Holder 180~
Coin. counts/hr.

Holder 0'
Coin. counts/hr.

Holder 180
Coin, counts/hr.

z{A,)
16.4 +0.3
z{B)

14.4~0.3
z(B)

14.6+0.3
z(w)

16.4 %0.3

R(B) "'

14.3~0.3
R(A)

15.9~0.3
R(A)

16.4 +0.3
R(B)

13.9+0.3

Internal Conversion Electrons from Metastable
Te125

R. D. HELL AND G. SCHARFF-GOLDHABER
Department of Phys&'sP University of Illinois, Urbana, Illinois

AND

G. FRIEDLANDER
Brookhaven National Laboratory, ~ Upton, ¹mYork

December 6, 1948

ECENTLY, it has been found' that an isomer of the
stable isotope Te~' with a half-life of two months

30.4
l

&2-?

77.5
l

105 108.5 kev
I I

I 1

yi-z yi-M

FIG. 1. Internal conversion spectrum of Te»~, yi =109.3 kev,

grows out of Sbim~ (2.7 yr. ).Absorption measurements of its
radiations showed that it decays through a highly con-

A detailed report of this work is being prepared for
publication in the Physical Review.
The author is grateful to Professor R. Sherr for accepting

the supervision of this research and to Professor E. P.
Wigner for many profitable discussions.
*This work is assisted by the Office of Naval Researcli.**These isotopes were obtained from Oak Ridge.
iMaria Goeppert-Mayer, Phys. Rev. 48, 512 (1935).
2W. H. Furry, Phys. Rev. 56, 1184 (1939).

TABLE I. Average relative intensities in lines.

Bp
gauss-cm

Line
energy Assign-
kev ment

Gamma-ray energy Relative
kev intensity

975.2
1147
1169
598.6

77.5
105.1
108.6
30.4

yi —K
'r 1
yi —M
Vl —?

77.5 +31.8 =109.3
105.1+ 4.35 I109.45
108.6+ 0.58 =109.18

100
67
19
6

verted isomeric transition of approximately 120-kev
energy.
The decay of Teim~ has now been followed for a longer

period and the half-life was found to be 58&4 days. For a
more accurate measurement of the energy of the isomeric
transition, a source of a few microcuries of Tei2s was
separated from Sn irradiated with slow neutrons at Oak
Ridge. It was subjected to an analysis in a 180' magnetic
beta-ray spectrograph previously described. ' Three lines
corresponding to the K, I,, and M conversion electrons of
a, 109.3-kev gamma-ray were obtained after a 36-hr.
exposure. A longer exposure of about one week yielded, in
addition, a weak line produced by conversion electrons of
30.4 kev, for which we cannot state the gamma-ray energy
since we do not know in which shell the conversion took
place. Figure 1 shows the spectrum of the conversion lines.
A part of a microphotorneter trace of the film is reproduced
in Fig. 2. Using the density-intensity calibration recently
described, ' we obtained the relative intensities of the lines
from a number of microphotorneter traces. The average
relative intensities are given in Table I. It follows that the
K/I. intensity ratio is ~1.5, the I/3f ratio ~3.5. From
the half-life and energy, and from the lower limit of 0.99
for the total internal conversion coefFicient, it was pre-
viously concluded' that the effective Al =5 for this transi-
tion. According to Drell's' recent calculations, the K/I.
ratio obtained by us is compatible with an effective Al = 5,
if one assumes that this transition is "parity forbidden, "
and that 95 percent is 2'-pole magnetic while the rest is
2'-pole electric. The spin change between the metastable
state and ground state would then be 4. The role of the very
weak transition is at present in doubt. Further experiments
are needed to decide whether it has to be ascribed to Tei25~.

O'-M
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a& (eAuss-cM)
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FIG. 2. Microphotometer trace of the internal conversion electron lines from the 109.3-kev gamma-ray of Tei~.

*Assisted by the joint program of the Of6ce of Naval Research and the Atomic Energy Commission.~ Research work carried out under the auspices of the Atomic Energy Commission.
i G. Friedlander, M. Goldhaber, and G. ScharfF-Goldhaber, Phys. Rev. 74, 981 (1948).
~ R. D. Hill, Phys. Rev. 74, 78 (1948).
~ R. D. Hill and J.W. Mihelich, Phys. Rev. 74, 1874 (1948),
4 8, D, DreL Phys. Rev. in press.
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A Re-Investigation of the Double Beta-Decay from Sn"4
E. L. FIREMAN AND D. SCHWARZER

Brookhaven 1Vatf'ona/ Laboratory, Upton, Sem York
(Received February 5, 1952)

Radiations from natural tin and tin enriched with the 124 isotope are examined in a magnetic Geld with a
helium filled cloud chamber that is triggered by internal counters. Only three pictures out of more than four
thousand photographs are pictures of two electrons coming out of the same point in the tin and entering
the counters, and even these may be pictures of multiply scattered electrons passing through the tin.
However, one may set a lower limit to the half-life of double beta-decay from Sn~' as 10'~ years. This is a
decay rate less than one-tenth of a value previously reported by one of the authors.

INTRODUCTION

~ THEORIES of the neutrino predict diGerent proper-
ties for the double beta-decay process. Some'

predict that two neutrinos accompany the two electrons.
Others' ' require no neutrinos. Therefore, the deciding
point between the two types of theories is the sum of the
energies of the two electrons. This sum is either constant
and equal to the mass difference or has a distribution of
values. The two types of theories also predict diferent
half-lives for the process; however, the fourth power of
the nuclear matrix element enters into the half-life
calculation. This matrix element must be less than one;
otherwise its magnitude is quite uncertain. Therefore,
a measurement of a minimum half-life for the process is
not a conclusive way of distinguishing between the
theories.
Attempts' ' have been made to detect double beta-

decay from various isotopes. In the main these have
given negative results, i.e., minimum half-lives for the
process. In a previous letter one of the authors' had
interpreted a slight coincidence activity from a Sn"'
sample as a possible double beta-activity. It was
therefore decided to re-investigate Sn"' with the
present apparatus, which is more sensitive for detecting
rare coincidence electrons than the previous apparatus.
The present apparatus also measures the energies of the
electrons.

DESCRIPTION OF APPARATUS10

A cylindrical cloud chamber of 128-in. inside diameter
and 48-in. depth is 61led with helium and ethyl alcohol
at 108-cm pressure at 20'C temperature; The tin
' M. Goeppert. Mayer, Phys. Rev. 48, 512 (1935).
~%. H. Furry, Phys. Rev. 56, 1184 (1939).
3 B. Touschek, Z. Physik. 125, 108 (1948).
4 A careful analysis of neutrino theories and their effects on the

double beta-process is given by Jayme Tiomono in a Princeton
thesis (1950).
5L. A. Sliv, Zhur. Kksp. Teoret. Fix. S.S.S.R. 20, 11, 1039

(1950).
6 E. L. Fireman, Phys. Rev. 74, 1238 (1948); 75, 323 (1949).
~M. G. Inghram and J. H. Reynolds, Phys. Rev. 76, 1265

(1949); 78, 822 (1950).
Levine, Ghiorso, and Seaborg, Phys. Rev. 77, 296 (1950).
Marvin I. Kalkstein, University of Chicago thesis (1951).
"The apparatus is similar in some respects to one described by

E. L. Fireman and G. M. McHaney, Rev. Sci. Instr. 21, 813
(1950).

sample is placed across the center of the chamber. This
sample acts both as a source and as the chamber
clearing field. Three different samples were used in the
experiment: a sheet of tin of normal isotopic constitu-
tion 10—, in. long, 4 in. high, and 0.003 in. thick; another
sheet of the same tin rolled to 0.0008-in. thickness; and
a tin sample enriched in the 124 isotopes of 2.2205-g
weight, and 0.0015-in. thickness. The enriched sample
was obtained from Oak Ridge" and contained the 124
isotope in 95.04 percent abundance.
On either side of the sample is a counter. Initially

open counters, whose interior form part of the visible
region of the cloud chamber, were used. Later thin-
walled counters (30 mg/cm') were used. The open
counters require more care than the thin-walled ones;
therefore, most of the data have been taken with the
thin-walled counters. The chamber is triggered by coin-
cidence pulses from the two counters (1 microsecond
resolving time). The open counters are 10-', in. long. The
thin-walled counters consists of a bank of three counters
in parallel (each 4 in. in diameter and 6 in. long). These
counters subtend a solid angle between one and two
steradians at the source. The single counting rate in
each set of thin-walled counters is 80—90 counts/min;
in the open counters it is about 500 counts/min.
The cloud chamber is placed in a horizontal position

to reduce the number of cosmic rays. Nevertheless, a
large percentage of the pictures are horizontal cosmic-
ray mesons and showers. Rather than eliminate these
events by anticoincidence counters, it was decided to
keep these as an interesting sideline.
Helmholtz coils about the chamber give a magnetic

field uniform to 1 percent over the chamber volume.
The magnetic field is on continuously. Magnetic fields
up to 900 gauss were used. However, most pictures were
taken with the 6eld in the neighborhood of 200 gauss.
A larger magnetic 6eld cannot be profitably used since
low energy electrons would then curl up before reaching
the counters. The coincidence rate is dependent upon
the magnetic field strength. At zero field strength, there
is one coincidence per minute; at 185 gauss there is one

"The authors wish to thank Y-12 Branch of the Oak Ridge
Stable Isotope Division for a four-week loan of this specimen.
Presumably, this is the same specimen used by Kalkstein in his
experiment.

Phys. Rev 75, 323 (1949) Letter to the Editor
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function technique of calculating the associated NME in
very large model spaces in which the direct summation
on intermediate states is not practical. For the 2⌫��
mode the relevant NME are of Gamow-Teller type, and
has the following expression for decays to states in the
grand-daughter that have the angular momentum J = 0
[49],

M2⌫ =
X

k

h0+f |q�⌧�|1
+
k ih1

+
k |q�⌧�|0

+
i i

Erel,1+1
(1+k ) + E(1+1 ) + E0

. (2)

Here Erel,1+1
(1+k ) are the excitation energy of the 1+k state

of intermediate odd-odd nucleus relative to the first 1+

state, which can be identify experimentally (see Table
I). The E0 = 1

2Q�� + �M . Q�� is the Q-value corre-
sponding to the �� decay to the final 0+f state of the
grand-daughter nucleus, and �M is the mass di↵erence
between the parent (e.g. 48Ca) and the intermediate nu-
cleus (e.g. 48Sc). Given that �M is equal to the negative
of the beta minus Q-value for the daughter, one can ob-
tain E0 = 1

2Q�� � Q�� using data readily available at
National Nuclear data Center (see Table I). The most
common case is the decay to the 0+1 g.s. of the grand-

daughter, but decays to the first excited 0+2 state were
also observed [2].
The 2⌫�� decay half-life is given by

h
T 2⌫
1/2

i�1
= G2⌫ ·

⇥
g2A

�
mec

2 ·M2⌫

�⇤2 ⌘ G2⌫

⇣
Meff

2⌫

⌘2

(3)
In Ref. [20] we fully diagonalized 250 1+ states of the
intermediate nucleus 48Sc in the pf valence space, to cal-
culate the 2⌫�� NME for 48Ca. This method of direct
diagonalization of a large number of states can be used for
somewhat heavier nuclei using the J-scheme shell model
code NuShellX [50], but for large dimension cases one
needs an alternative method. In particular, the m-scheme
dimensions needed for the 48Ca NME calculations, when
taking into account up to 2~! excitations in the sd� pf
valence space, are larger than 1 billion (716 millions for
48Sc). This large dimensions also require a method more
e�cient than the direct diagonalization. The pioneering
work on 48Ca [17] used a strength-function approach that
converges after a small number of Lanczos iterations, but
it requires large scale shell model diagonalization when
one wants to check the convergence. Ref. [51] proposed
an alternative method, which converges very quickly, but
it did not provide full recipes for all its ingredients, and
it was never used in practical calculations. Here, we pro-
pose a simple numerical scheme to calculate all coe�-
cients of the expansion proposed in Ref. [51]. Following
Ref. [51], we choose as a starting Lanczos vector, L±

1 ,
either the initial or final states in the decay (only 0+ to
0+ transitions are considered here), on which we apply
the Gamow-Teller operator,

|�⌧�0+i >= c�|dw� >⌘ c�|L�
1 > (4)

|�⌧+0+f >= c+|dw+ >⌘ c+|L+
1 > . (5)

The results are the ”door-way” states |dw± > multiplied
by the constants c±, which represent the square-root of
the respective Gamow-Teller sum rule. Ref. [51] shows
that the matrix element in Eq. (10) can be calculated
using one of the two equations:

M2⌫(0
+) ⇡ 3c+c�

X

m

g�m < dw+|L�
m >⌘ MGT�

2⌫ (6)

M2⌫(0
+) ⇡ 3c+c�

X

m

g+m < L+
m|dw� >⌘ MGT+

2⌫ . (7)

Here the sum is over the Lanczos vectors Lm. One can
show that the g±m factors can be calculated with the fol-
lowing formula after N Lanczos iterations:

g±m =
NX

k=1

V ±
1kV

±
mk

EN
L (1+k )� Eg.s. + E0

. (8)

Here Vmk are the eigenvectors of the N-order Lanczos
matrix corresponding to eigenvalue EN

L (1+k ). The advan-
tage of using Eqs. (4)-(8) is that in order to check the

A. Barabash, Universe 6, 159 (2020)
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FIG. 14. Running sums of the 136Xe B(p, n) strengths as a func-
tion of the excitation energy Ex up to 4.5 MeV (see text for details).

to an empirical quenching of the axial coupling constant gA,
or to empirically fitted spin and orbital g factors gs, gl .

The quenching factors corresponding to the matrix ele-
ments of the effective M1 and GT operators are reported
in Tables XIV–XVI and Tables XVII–XIX, respectively. It
is worth noting that the calculated quenching effect on the
M1 operator is overall smaller than for GT transitions, which
points to the fact that the two operators are differently affected
by the renormalization procedure. This result highlights that
for the renormalization of the M1 operator a non-negligible
role is played by its isoscalar and isovector orbital com-
ponents. As a matter of fact, from the inspection of these
tables, the quenching of proton-proton M1 matrix elements
is overall largely different from the GT one, the latter being
much closer to that obtained for neutron-neutron M1 matrix
elements (which own the spin component only).

In order to show and stress pictorially the main outcome of
our study about the relevance played by effective transition
operators, in Fig. 15 we report a correlation plot between
our calculated 2νββ decay NMEs and the corresponding
experimental values. The quantities in Fig. 15 are already
reported in Tables II, IV, VI, VIII, X.

The red symbols correspond to the results obtained em-
ploying the bare operators (I), while the black ones indicate
the results obtained with the effective operators (III).

As can be seen, the red points are all spread on the lower
side of the figure, except the one corresponding to 48Ca, and
lie far away from the identity, that is represented by a dashed
line. This feature characterizes the nuclei that are described
by way of a model space where some of its orbitals lack their
spin-orbit counterparts, leading to an overestimation of the
calculated NME with respect to the experimental value.

The black points, that correspond to the effective GT
operators, on the other hand regroup themselves close to the
identity, as a reliable calculation should do.

It is worth reminding the reader that our results may
be traced back to earlier investigations carried out by
Towner and collaborators since the 1980s (see, for instance,
[33,34,75,76]), where the role of microscopically derived
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FIG. 15. Correlation plot between the calculated (x axis) and the
experimental (y axis) 2νββ decay NMEs (see text for details).

effective spin-dependent operators is enlightened. Present
work takes advantage of modern developments to derive
the effective shell-model Hamiltonians and operators (see,
for example, Refs. [3,6]), and up-to-date approaches to the
renormalization of realistic NN potentials [41].

On the above grounds, we intend to extend our study by
investigating the role of meson-exchange corrections to the
electroweak currents [28–31]. More precisely, we aim, in the
near future, at building up effective shell-model Hamiltonians
and operators starting from two- and three-body nuclear po-
tentials derived within the framework of chiral perturbation
theory [77], and taking also into account the contributions
of chiral two-body electroweak currents to the effective GT
operators. As a matter of fact, recent studies have shown that
β- and neutrinoless double-β decays may be significantly
affected by these contributions [78,79], when consistently
starting from chiral potentials.

At last, our final goal is to benefit from the expertise we
have gained to evaluate the 0νββ decay NMEs for the nuclei
studied in present paper [80].

APPENDIX: TABLES OF SP ENERGIES
AND EFFECTIVE OPERATORS

1. SP energies

TABLE XI. Theoretical proton and neutron SP energy spacings
(in MeV) for 40Ca core.

Proton SP spacings Neutron SP spacings

0 f7/2 0.0 0.0
0 f5/2 8.6 7.8
1p3/2 1.6 2.1
1p1/2 3.3 4.0

014316-11
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ments of the effective M1 and GT operators are reported
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our calculated 2νββ decay NMEs and the corresponding
experimental values. The quantities in Fig. 15 are already
reported in Tables II, IV, VI, VIII, X.

The red symbols correspond to the results obtained em-
ploying the bare operators (I), while the black ones indicate
the results obtained with the effective operators (III).

As can be seen, the red points are all spread on the lower
side of the figure, except the one corresponding to 48Ca, and
lie far away from the identity, that is represented by a dashed
line. This feature characterizes the nuclei that are described
by way of a model space where some of its orbitals lack their
spin-orbit counterparts, leading to an overestimation of the
calculated NME with respect to the experimental value.

The black points, that correspond to the effective GT
operators, on the other hand regroup themselves close to the
identity, as a reliable calculation should do.

It is worth reminding the reader that our results may
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effective spin-dependent operators is enlightened. Present
work takes advantage of modern developments to derive
the effective shell-model Hamiltonians and operators (see,
for example, Refs. [3,6]), and up-to-date approaches to the
renormalization of realistic NN potentials [41].

On the above grounds, we intend to extend our study by
investigating the role of meson-exchange corrections to the
electroweak currents [28–31]. More precisely, we aim, in the
near future, at building up effective shell-model Hamiltonians
and operators starting from two- and three-body nuclear po-
tentials derived within the framework of chiral perturbation
theory [77], and taking also into account the contributions
of chiral two-body electroweak currents to the effective GT
operators. As a matter of fact, recent studies have shown that
β- and neutrinoless double-β decays may be significantly
affected by these contributions [78,79], when consistently
starting from chiral potentials.

At last, our final goal is to benefit from the expertise we
have gained to evaluate the 0νββ decay NMEs for the nuclei
studied in present paper [80].

APPENDIX: TABLES OF SP ENERGIES
AND EFFECTIVE OPERATORS

1. SP energies

TABLE XI. Theoretical proton and neutron SP energy spacings
(in MeV) for 40Ca core.

Proton SP spacings Neutron SP spacings

0 f7/2 0.0 0.0
0 f5/2 8.6 7.8
1p3/2 1.6 2.1
1p1/2 3.3 4.0
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point of view is that this quenching effect is due to the renormalization of the t�s operator
in reduced model spaces [51–53], while the axial coupling constant remains that for free
nucleons. Therefore, in this study, the “renormalized” t�s operator in Equation (2) is
(st�)e f f = qt�s. However, in the jj55 model one needs a quenching factor of about 0.4 for
the GCN5082 Hamiltonian to describe the experimental value of the 2nbb NME (and an
intermediate value between 0.4 and 0.7 for the jj55t Hamiltonian). In Ref. [40] we used the
reasonable q-value of 0.7 for all three effective Hamiltonians. In this paper, we improve
the analysis by allowing the quenching factor q to take random values between 0.35 and
0.75. The precise methodology on how this change is implemented is described in the
next section.

Figure 3. Distributions based on experimental data (in red) compared with the KDE (in blue) obtained
from the GCN5082 starting Hamiltonian (see text for details).
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space consisting of the 0 f5, 1p3, 1p3, 0g9 orbits for protons and 0 f7, 1d5, 1d3, 2s1, 0h11 for
neutrons.

For the theoretical calculations, I use the NN + 3N (lnl) interaction developed by
Navrátil [35]. The interaction and current are consistently SRG-evolved to a scale
lSRG = 2.0 fm�1 and evaluated in an oscillator space defined by 2n + `  emax = 12
and h̄w = 16. The 3N matrix elements are further truncated with e1 + e2 + e3  E3max = 14.
All operators are transformed to the Hartree–Fock basis, and then the residual 3N operators
are truncated (the NO2B approximation). Next, a VS-IMSRG calculation is performed
using the code imsrg++ [67], yielding and effective valence space interaction and operator.
The valence space diagonalization is carried out either using NuShellX@MSU [68] with oper-
ators evaluating using the code nutbar [69], or with KSHELL [70]. The results are listed in
Table A1 and plotted in Figure 2.

Table A1 in the appendix contains the numerical results. The column labeled M(GT)exp
lists the experimental Gamow–Teller matrix elements defined by (13) (experimental uncer-
tainties are not listed). The column labeled stbare is the obtained by evaluating the operator
st (assuming identical radial wave functions for protons and neutrons) between valence
space wave functions obtained using the VS-IMSRG evolved interaction. The column
labeled stIMSRG is obtained by consistently SRG and VS-IMSRG evolving the st operator
(including the radial mismatch due to the Hartree–Fock basis). Finally, M(GT)th also
includes the two-body currents, consistently SRG and VS-IMSRG evolved. In a few cases,
the listed strength is summed over multiple final states with the same spin and parity.

In Figure 2, panel (a) shows a scatter plot of M(GT)exp vs M(GT)bare, while panel
(b) shows MGT)th vs M(GT)exp. The solid line shows y = x corresponding to the perfect
agreement between theory and experiment. The dashed line shows a best-fit slope, which
is indicated as a quenching factor at the top of the figure. For this quenching factor, I only
include sd and p f shell nuclei because the p shell nuclei have a large scatter due to nuclear
structure details. The quantity in parenthesis indicates the standard deviation about the
best-fit line. If I include p shell nuclei in the fit, the full theory quenching factor changes to
q = 0.99, but the standard deviation increases to 0.21.

Figure 2. Experimental M(GT) vs. M(GT obtained with (a) the bare gAst operator, (b) the SRG- and
IMSRG-transformed transition operator including two-body currents. In both panels, the solid line
shows y = x corresponding to perfect agreement, while the dashed line indicates the best-fit slope.

It is evident from Table A1 that both the correlations included in stIMSRG and the
two-body currents lead to a reduction of the Gamow–Teller matrix element. As discussed
in Ref. [37], the detailed breakdown of the quenching into correlations and currents is
scheme- and scale-dependent; some of the effects attributed to correlations when using a
hard interaction get shuffled into currents, when using a soft interaction. Thus the smaller
impact of currents found in quantum Monte Carlo calculations [62] is consistent with the
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1. Introduction

Beta decays in atomic nuclei have long been a source of fundamental discoveries in
physics [1–3], and precise measurements of beta decays continue to be a promising path to
search for physics beyond the Standard Model (BSM) [4–7]. A major challenge in the search
for a signal of new physics is understanding the Standard Model “background”, especially
the effects of low-energy quantum chromodynamics which manifest as nuclear structure.
The situation is aggravated by the fact that nuclei which are preferred experimentally are
often difficult to treat theoretically in a framework that allows quantified uncertainties.

Nevertheless, progress has been made over the past few decades so that the inter-
nucleon interaction can be systematically constructed within an effective field theory
framework [8–10]. Simultaneously, advances in many-body theory and computational
resources have enabled ab initio treatment of the medium-mass nuclei which are often
relevant for BSM searches [11–17]. Of course, more work remains to be done, both on the
effective field theory side [18–20] and on understanding how approximation schemes in ab
initio calculations impact the observables in question.

In this paper, I will focus on one particular many-body method—the valence-space
in-medium similarity renormalization group (VS-IMSRG)—and consider two topics in
allowed beta decay, the quenching in Gamow–Teller decays and correction factors for
superallowed 0+ ! 0+ Fermi decays.

2. IMSRG Formalism

There are several review articles detailing both the free-space SRG [21,22] and the
in-medium SRG [15,23–26], and so here I will review only what is needed for our present
purposes.

2.1. Similarity Renormalization Group
The basic idea of the SRG is to perform a unitary transformation U on the Hamiltonian

H (and all other operators) in such a way that the resulting nuclear wave function is simpler.
This is achieved by performing a sequence of infinitessimal unitary transformations, labeled
by a flow parameter s, so that

H(s) = U(s)H(0)U†(s) (1)

with U(0) = 1. The way in which U changes with s is specified by the action of an operator
h, called the generator:

dU(s)
ds

= h(s)U(s). (2)
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Particles 2021, 4 525

order (NLO) [56], while others call this next-to-next-to-leading-order (NNLO) [53]. To
avoid confusion, I shall explicitly refer to powers of Q.

⇥

(a)

⇥

(b)

⇥
p

(c)

Figure 1. Diagrams for (a) leading-order Gamow–Teller decay st, (b) short-range two-body current,
and (c) long-range two-body current.

In Refs. [57,58], these currents were normal ordered with respect to uniform nuclear
matter to obtain an in-medium quenching factor for the one-body operator. In Ref. [59],
the full two-body current was constructed, consistently (in [59], the relationship between
the two-body currents and three-body force contained an erroneous factor of �1/4 [55])
with the NN + 3N force, and the normal-ordered one-body operator (with respect to a
Hartree–Fock reference) was used to compute Gamow–Teller decays of 14C, 22O, and 24O
with the coupled-cluster method. (I also note that while the decay of 14C is interesting
due to the anomalously long half-life [60,61], the small matrix element makes it difficult
to draw conclusions regarding systematic quenching effects.) The effect of the residual
normal-ordered two-body part of the operator was estimated and found to be small. In all
three of these cases, a quenching of about the right size was obtained. In Ref. [62], axial
currents up to Q1 were used in quantum Monte Carlo calculations of A = 6–10 nuclei, where
it was found that correlations beyond the shell model accounted for most of the quenching,
with subleading currents playing a minor role. In Ref. [37], the full two-body current up to
Q0 was constructed consistently with the NN + 3N force, consistently SRG evolved, and
evaluated, with the normal-ordered two-body operator fully included, in a range of nuclei
in the p, sd, and p f shells, as well as 100Sn, using no-core shell model, coupled cluster, or VS-
IMSRG to solve the many-body problem. Here, I will provide some additional calculations
not presented in [37], and some further discussion. Specifically, I use an interaction for
which no VS-IMSRG results were presented in [37] (though the conclusions drawn are the
same), and I select additional transitions with large matrix elements to better emphasize
the quenching “signal” over valence-space configuration-mixing “noise”.

The experimental Gamow–Teller matrix elements are obtained from the f t values by

f t =
Kh

fV
fA

B(F) + B(GT)
i

G2
V

(12)

with K ⌘ (2p3h̄7 ln 2)/(m5
e c4), and K/G2

V ⇡ 6140 s. The Gamow–Teller matrix element is
defined as

M(GT) ⌘ [(2Ji + 1)B(GT)]1/2. (13)

Note different definitions have been used in the literature, e.g., one may divide the
right hand side by gA, as was done in [37]. The definition (13) leaves the experimental
value independent of the adopted form of the current, or the adopted value of gA. The
theoretical matrix element is given by MGT = hY f k~JkYii, with the current ~J as defined
in (8), with or without the two-body part.

I consider Gamow–Teller transitions in nuclei in the p, sd, and p f shells, with exper-
imental data taken from Refs. [46–48]. I have selected transitions with large transition
matrix elements, with the goal of reducing sensitivity to fine-tuned cancellations. I also
consider the decay of 100Sn, which was treated with equations-of-motion coupled cluster
in [37], and for which the experimental picture is still somewhat conflicted [63–66]. I adopt
the average value presented in [66]. In the VS-IMSRG calculation of 100Sn, I use valence
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electrons and two antineutrinos, is expressed as
124Sn →124Te + e− + e− + νe + νe. (13)

The half-life of the 2νββ decay of the 0+ ground state to
the 0+ ground state transition is given by [54–56]

[
T 2ν

1
2

]−1 = G2νg4
A

∣∣mec2M2ν
GT

∣∣2
, (14)

where G2ν is the phase-space factor [54]. In this case, only the
Gamow-Teller type NME (M2ν

GT ) are relevant, and it can be
written as [54]

M2ν
GT =

∑

k,E∗
k !Ec

〈 f ||στ−
2 ||k〉〈k||στ−

1 ||i〉
E∗

k + E0
, (15)

where τ− is the isospin lowering operator. In this study, |i〉
represents the 0+ ground state of the parent nucleus 124Sn, | f 〉
represents the 0+ ground state of the grand-daughter nucleus
124Te, and |k〉 represents the 1+ states of the intermediate
nucleus 124Sb. The E∗

k and Ec are the excitation energy and
cutoff excitation energy of the 1+ states of 124Sb, respectively.
We can also use the cutoff number of states (Nc) for 1+

spin-parity of 124Sb instead of Ec to calculate NME for 2νββ
decay. The constant E0 is given by E0 = Qββ (0+)/2 + &M.
Here, Qββ (0+) is the Q value corresponding to the ββ decay
of 124Sn, and &M is the mass difference between the 124Sb
and 124Sn isotopes. For the calculation, the bare value of
gA = 1.27 is used.

The significance of quenching in the Gamow-Teller oper-
ator (στ−) cannot be overstated when aiming for congruence
between theoretical 2νββ NME results and experimental data.
This quenching factor (q f ) modifies the Gamow-Teller op-
erator (στ−) to q f στ−. In Ref. [9], a quenching factor of
0.74 was employed for the 2νββ NME calculation of 124Sn
within the nuclear shell model, using the SVD Hamiltonian.
Alternatively, when employing the GCN5082 Hamiltonian,
a value of q f = 0.57 was deemed more suitable for the
2νββ NME computations of 128Te and 130Te, while q f =
0.45 was found appropriate for 136Xe in Ref. [57]. Recent
investigations, as reported in Ref. [58], considered quench-
ing factors of q f = 0.48 and q f = 0.42 for the study of the
two-neutrino double electron capture (2νECEC) transition of
124Xe, employing the GCN5082 Hamiltonian in nuclear shell
model. It is evident that a specific quenching factor for 124Sn
is not yet established. Since the present study employs the
same GCN5082 Hamiltonian, a quenching factor of q f = 0.4,
a value consistent with earlier studies in the A ∼ 124 mass
region, is used for computing the NME for the 2νββ decay of
124Sn.

The calculated NME for 2νββ decay of 124Sn, including
the first 200 states of the virtual intermediate nucleus 124Sb
with Jπ = 1+, is 0.014. The corresponding T 2ν

1/2(124Sn) is pre-
dicted to be 14.14 × 1021 yr. Table IV lists the calculated
NME and T 2ν

1/2(124Sn) as well as NMEs from some of the
recent calculations.

Figure 5 illustrates the variation of the NMEs for 2νββ
decay, computed using the total GCN5082 interaction, with
the cutoff number of 1+ states (Nc) considered for the vir-
tual intermediate nucleus 124Sb. Our calculations with the

TABLE IV. The calculated NME and half-life for 2νββ decay
of 124Sn using nuclear shell model. Phase-space factor G2ν = 5.31 ×
10−19 (yr−1) is used which is taken from Ref. [9]. The half-lives for
other references are recalculated with the quoted NME and gA of
those references with the phase space factor of this study.

Nuclear NME
model Reference gA

(
M2ν

GT (MeV−1)
)

T 2ν
1/2 (yr)

ISM Current study 1.270 0.014 14.14×1021

ISM Ref. [9] 1.270 0.042 1.6×1021

ISM Ref. [51] 1.250 0.101 0.29×1021

QRPA Ref. [52] 1.254 0.193 0.078×1021

QRPA Ref. [53] 1.250 0.110 0.24×1021

QRPA Ref. [7] 1.000 0.200 0.18×1021

available computational facility were able to account for the
effects of the first 200 1+ states of 124Sb and the full conver-
gence was not observed for the 2νββ NME of 124Sn. It should
be mentioned that for higher shell-model dimensional nuclei
like 124Sn, it is imperative to use a different convergence
technique as opposed to the direct diagonalization method
employed in the present study. Some possible alternatives are
the pioneering strength function approach (see Ref. [59]). or
the approach employed in Ref. [60]. Various methodologies
and the NME convergence challenges in the context of 2νββ
decay are discussed in Ref. [61]

In Fig. 6, we demonstrate the dependence of NMEs for
2νββ decay on the cutoff excitation energy (Ec) of 1+ states
in the virtual intermediate nucleus 124Sb. Our computations,
which incorporated the effects of the first 200 1+ states of
124Sb using the KSHELL software, were able to capture excita-
tion energies up to about 4 MeV, resulting in computed NMEs
as shown in Fig. 6.

FIG. 5. Variation of the NME for the 2νββ decay of 124Sn as
a function of Nc, the cutoff number of states for 1+ spin-parity of
the virtual intermediate nucleus 124Sb. The Nc is a dimensionless
quantity.
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FIG. 6. Variation of the NME for the 2νββ decay of 124Sn as a
function of Ec, the cutoff excitation energy for 1+ spin-parity of the
virtual intermediate nucleus 124Sb.

V. SUMMARY AND CONCLUSIONS

The nuclear structure study of 124Sn is of great significance
as it is an important candidate for 0νββ, and hence of interest
to the double β decay community in India. The NMEs are a
crucial input in extracting the 〈mββ〉 from the measured T 0ν

1/2.
In the present work, the NMEs for the 0νββ decay of

124Sn (the light neutrino-exchange mechanism) are calculated
within the nuclear shell model framework employing the
nonclosure approach with improved reliability, by explicitly
including the excitation energy for 100 states of each spin-
parity of the intermediate nucleus 124Sb.

It is observed that the present method resulted in a 10%
variation in NMEs, as compared to the recent closure ap-
proach calculations with a nuclear shell model with different
input Hamiltonian and closure energy. The difference may
arise either due to the choice of the input Hamiltonian or the
choice of closure energy in the earlier studies.

The present calculation of NME predicts a lower T 0ν
1/2 limit

as 7.49 × 1026 yr, to achieve a sensitivity of 〈mββ〉 ! 50 meV,
which is needed to probe the Majorana nature of neutrino in
the inverted mass ordering region.

Furthermore, we have analyzed the dependence of NMEs
on the spin-parity of intermediate states in 124Sb, as well as
that of coupled protons and neutrons. The contributions of
each spin-parity of the intermediate states were all positive
for GT-type NMEs and negative for Fermi-type NMEs. For
coupled spin-parity of protons and neutrons, the 0+ and 2+

contributed the most in all NMEs. The effect of the number
of intermediate states on the saturation of NMEs has also
been investigated. Full convergence was not achieved when
100 intermediate states were taken into account for each spin-
parity of 124Sb in the calculation of NMEs for 0νββ decay
in 124Sn.

It may be pointed out that the choice of the closure energy
is arbitrary without the knowledge of the nonclosure NMEs.
Hence, the optimal closure energy for which closure and non-
closure NMEs overlap has been calculated and found to be
about 3 MeV for 0νββ decay of 124Sn. This value successfully
reproduced the nonclosure NME using the closure approach
across all cutoff number of states for each spin-parity of
the intermediate nucleus 124Sb. This is one of the important
findings of the present study. The calculated optimal closure
energy can be used in future calculations of the closure ap-
proach, thereby eliminating the complexity of calculating a
large number of intermediate states.

Additionally, the results of variation of NMEs for 2νββ
decay of 124Sn with the cutoff excitation energy and number of
states of the intermediate nucleus 124Sb, including 200 states
for the 1+ spin-parity of 124Sb, are also presented. However,
a complete convergence for the 2νββ NME in 124Sn is not
achieved.

In the future, it will be interesting to explore how the
nonclosure approach can affect the NMEs for other beyond
standard model mechanisms, such as the left-right symmetric
mechanisms.
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In this study, we calculate the nuclear matrix elements (NMEs) for the light neutrino-exchange mechanism
of neutrinoless double beta decay (0νββ) of 124Sn within the framework of the interacting nuclear shell model,
using the effective shell model Hamiltonian GCN5082. The NMEs are calculated employing both closure and
nonclosure approaches. For the intermediate nucleus 124Sb, effects of energy of 100 states for each Jπ

k = 0+ to
11+ and 2− to 9− ($Jk = 1) are explicitly included in the nonclosure approach. The optimal closure energy,
which reproduces nonclosure NMEs using the closure approach, is found to be ≈ 3 MeV for 0νββ decay
of 124Sn. The NMEs for 0νββ decay of 124Sn did not fully converge with 100 intermediate states for each
spin-parity of 124Sb. A comparison of NMEs and lower limits of T 0ν

1/2 with some of the recent calculations
is presented. Further, to gain a comprehensive understanding of the role of nuclear structure on the 0νββ

decay, the dependence of NMEs on the spin-parity of the intermediate states, coupled spin-parity of neutrons
and protons, and the number of intermediate states, is explored. The estimated lower limit on the half-life
T 0ν

1/2 ≈ 7.49 × 1026 yr provides valuable input for the experimental investigations of 0νββ decay of 124Sn in
India and elsewhere.

DOI: 10.1103/PhysRevC.109.024301

I. INTRODUCTION

The 0νββ decay is a rare weak nuclear decay that can
occur in certain even-even nuclei. During this process, two
neutrons inside the nucleus are converted into two pro-
tons and two electrons without emitting any neutrinos. This
phenomenon violates the lepton number conservation, and
a neutrino is involved as a virtual intermediate particle
[1–4]. Observation of this rare decay process would pro-
vide strong evidence that neutrinos are Majorana particles.
The Majorana nature of neutrinos is a widely favored for
the explanation of the smallness of neutrino mass in many
theoretical particle physics models. Also, the absolute mass
scale of neutrinos is not yet known, and currently, only an
upper limit has been derived. The 0νββ process is also ex-
pected to provide information on the absolute mass scale
of neutrinos. The current best upper limit on the effective
Majorana neutrino mass 〈mββ〉, extracted from the measured
T 0ν

1/2(136Xe) ! 2.3 × 1026 yr using quasiparticle random phase
approximation nuclear matrix element (NME), is 156 meV
[5]. Whereas the predicted upper limit of mν from the tritium
β decay experiment KATRIN is 0.8 eV [6].

*Present address: Department of Physics, Indian Institute of
Technology Roorkee, Roorkee - 247667, Uttarakhand, India; sha-
hariar.sarkar@iitrpr.ac.in

†pkraina@iitrpr.ac.in

Several decay mechanisms have been proposed for the
0νββ decay process [3]. The decay rate for all 0νββ decay
mechanisms is related to NMEs and the absolute mass of the
neutrino. These NMEs are typically calculated using theo-
retical nuclear many-body models [4]. Some of the widely
used models are the quasiparticle random phase approxima-
tion (QRPA) [7], the interacting shell-model (ISM) [8–11], the
interacting boson model (IBM) [12,13], the generator coordi-
nate method (GCM) [14–16], the energy density functional
(EDF) theory [14,15], the relativistic energy density func-
tional (REDF) theory [15,16], and the projected Hartree-Fock
Bogoliubov model (PHFB) [17]. Recently, some ab initio cal-
culations of NMEs have been performed for the 0νββ decay
of the lower mass nuclei (A = 6–12) using the variational
Monte Carlo (VMC) technique [18–20].

In India, the efforts have been initiated for the TIN.TIN
experiment (The INdia’s TIN detector) to search for 0νββ
decay in 124Sn [21], at the proposed underground facility of
India-based Neutrino Observatory (INO) [22]. This motivates
us to improve the reliability of NMEs for the 0νββ decay
of 124Sn using the nuclear shell model, which will aid in
optimizing the experiment setup and extracting the absolute
neutrino mass. In the present work, we focus on the simplest
and standard light neutrino-exchange mechanism.

The 0νββ decay of 124Sn occurs as

124Sn →124Te + e− + e−. (1)

2469-9985/2024/109(2)/024301(11) 024301-1 ©2024 American Physical Society
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electrons and two antineutrinos, is expressed as
124Sn →124Te + e− + e− + νe + νe. (13)

The half-life of the 2νββ decay of the 0+ ground state to
the 0+ ground state transition is given by [54–56]

[
T 2ν

1
2

]−1 = G2νg4
A

∣∣mec2M2ν
GT

∣∣2
, (14)

where G2ν is the phase-space factor [54]. In this case, only the
Gamow-Teller type NME (M2ν

GT ) are relevant, and it can be
written as [54]

M2ν
GT =

∑

k,E∗
k !Ec

〈 f ||στ−
2 ||k〉〈k||στ−

1 ||i〉
E∗

k + E0
, (15)

where τ− is the isospin lowering operator. In this study, |i〉
represents the 0+ ground state of the parent nucleus 124Sn, | f 〉
represents the 0+ ground state of the grand-daughter nucleus
124Te, and |k〉 represents the 1+ states of the intermediate
nucleus 124Sb. The E∗

k and Ec are the excitation energy and
cutoff excitation energy of the 1+ states of 124Sb, respectively.
We can also use the cutoff number of states (Nc) for 1+

spin-parity of 124Sb instead of Ec to calculate NME for 2νββ
decay. The constant E0 is given by E0 = Qββ (0+)/2 + &M.
Here, Qββ (0+) is the Q value corresponding to the ββ decay
of 124Sn, and &M is the mass difference between the 124Sb
and 124Sn isotopes. For the calculation, the bare value of
gA = 1.27 is used.

The significance of quenching in the Gamow-Teller oper-
ator (στ−) cannot be overstated when aiming for congruence
between theoretical 2νββ NME results and experimental data.
This quenching factor (q f ) modifies the Gamow-Teller op-
erator (στ−) to q f στ−. In Ref. [9], a quenching factor of
0.74 was employed for the 2νββ NME calculation of 124Sn
within the nuclear shell model, using the SVD Hamiltonian.
Alternatively, when employing the GCN5082 Hamiltonian,
a value of q f = 0.57 was deemed more suitable for the
2νββ NME computations of 128Te and 130Te, while q f =
0.45 was found appropriate for 136Xe in Ref. [57]. Recent
investigations, as reported in Ref. [58], considered quench-
ing factors of q f = 0.48 and q f = 0.42 for the study of the
two-neutrino double electron capture (2νECEC) transition of
124Xe, employing the GCN5082 Hamiltonian in nuclear shell
model. It is evident that a specific quenching factor for 124Sn
is not yet established. Since the present study employs the
same GCN5082 Hamiltonian, a quenching factor of q f = 0.4,
a value consistent with earlier studies in the A ∼ 124 mass
region, is used for computing the NME for the 2νββ decay of
124Sn.

The calculated NME for 2νββ decay of 124Sn, including
the first 200 states of the virtual intermediate nucleus 124Sb
with Jπ = 1+, is 0.014. The corresponding T 2ν

1/2(124Sn) is pre-
dicted to be 14.14 × 1021 yr. Table IV lists the calculated
NME and T 2ν

1/2(124Sn) as well as NMEs from some of the
recent calculations.

Figure 5 illustrates the variation of the NMEs for 2νββ
decay, computed using the total GCN5082 interaction, with
the cutoff number of 1+ states (Nc) considered for the vir-
tual intermediate nucleus 124Sb. Our calculations with the

TABLE IV. The calculated NME and half-life for 2νββ decay
of 124Sn using nuclear shell model. Phase-space factor G2ν = 5.31 ×
10−19 (yr−1) is used which is taken from Ref. [9]. The half-lives for
other references are recalculated with the quoted NME and gA of
those references with the phase space factor of this study.

Nuclear NME
model Reference gA

(
M2ν

GT (MeV−1)
)

T 2ν
1/2 (yr)

ISM Current study 1.270 0.014 14.14×1021

ISM Ref. [9] 1.270 0.042 1.6×1021

ISM Ref. [51] 1.250 0.101 0.29×1021

QRPA Ref. [52] 1.254 0.193 0.078×1021

QRPA Ref. [53] 1.250 0.110 0.24×1021

QRPA Ref. [7] 1.000 0.200 0.18×1021

available computational facility were able to account for the
effects of the first 200 1+ states of 124Sb and the full conver-
gence was not observed for the 2νββ NME of 124Sn. It should
be mentioned that for higher shell-model dimensional nuclei
like 124Sn, it is imperative to use a different convergence
technique as opposed to the direct diagonalization method
employed in the present study. Some possible alternatives are
the pioneering strength function approach (see Ref. [59]). or
the approach employed in Ref. [60]. Various methodologies
and the NME convergence challenges in the context of 2νββ
decay are discussed in Ref. [61]

In Fig. 6, we demonstrate the dependence of NMEs for
2νββ decay on the cutoff excitation energy (Ec) of 1+ states
in the virtual intermediate nucleus 124Sb. Our computations,
which incorporated the effects of the first 200 1+ states of
124Sb using the KSHELL software, were able to capture excita-
tion energies up to about 4 MeV, resulting in computed NMEs
as shown in Fig. 6.

FIG. 5. Variation of the NME for the 2νββ decay of 124Sn as
a function of Nc, the cutoff number of states for 1+ spin-parity of
the virtual intermediate nucleus 124Sb. The Nc is a dimensionless
quantity.

024301-8
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In Ref. [51], I fully diagonalized 250 1+ states of the intermediate nucleus 48Sc in
the p f valence space to calculate the 2nbb NME for 48Ca. This method of the direct
diagonalization of a large number of states can be used for somewhat heavier nuclei using
the J-scheme shell model code NuShellX [92], but for large-dimension cases one needs an
alternative method. In particular, the m-scheme dimensions needed for the 48Ca NME
calculations when taking into account up to 2h̄w excitations sd-p f valence space are larger
than 1 billion (716 million for 48Sc). These large dimensions also require a method more
efficient than direct diagonalization. The pioneering work on 48Ca [102] used a strength-
function approach that converges after a small number of Lanczos iterations, but it requires
large-scale shell model diagonalization when one wants to check the convergence. Ref. [103]
proposed an alternative method which converges very quickly, but it did not provide full
recipes for all its ingredients, and it was never used in practical calculations. Here, I
propose a simple numerical scheme to calculate all coefficients of the expansion proposed
in Ref. [103]. Following Ref. [103], I choose as a starting Lanczos vector L±

1 either the initial
or final states in the decay (only 0+ to 0+ transitions are considered here), on which is
applied the Gamow–Teller operator,

|st�0+i >= c�|dw� >⌘ c�|L�

1 > , (14)
|st+0+f >= c+|dw+ >⌘ c+|L+

1 > . (15)

The results are the “door-way” states |dw± > multiplied by the constants c±, which
represent the square roots of the respective Gamow–Teller sum rule. Ref. [103] showed that
the matrix element in Equation (12) could be calculated using one of the following two
equations:

M2n(0+) ⇡ 3c+c� Â
m

g�m < dw+|L�
m >⌘ MGT�

2n , (16)

M2n(0+) ⇡ 3c+c� Â
m

g+m < L+
m |dw� >⌘ MGT+

2n . (17)

Here, the sum is over the Lanczos vectors Lm. One can show that the g±m factors can be
calculated with the following formula after N Lanczos iterations:

g±m =
N

Â
k=1

V±

1k V±

mk
EN

L (1+k )� Eg.s. + E0
. (18)

Here, Vmk are the eigenvectors of the N-order Lanczos matrix corresponding to eigen-
value EN

L (1+k ). The advantage of using Equations (14)–(18) is that in order to check the
convergence at each iteration one only needs the Lanczos vectors, which have to be stored
anyway, and not the eigenvectors of the many-body Hamiltonian. The g±m can be calculated
very quickly, and only the last overlap in the sum of Equation (16) or Equation (17) needs
to be calculated at each iteration. This algorithm can provide a gain in efficiency by a factor
of about two as compared with the strength-function approach of Ref. [102].

Another advantage of this method is that it can be used with both M-scheme and J-
scheme shell model codes, while a direct summation in Equation (12) on the 1+ states in the
intermediate nucleus can only be performed using J-scheme codes. The method described
here requires about 20 Lanczos iterations for convergence. I estimate (see, e.g., [51]) that
good convergence for the direct summation in Equation (12) requires about 300–500 1+ that
usually can be achieved with about 5000–10,000 iterations. Given the input/output burden
associated with so many iterations, I estimate computational speed improvement by a factor
of about 1000 in the present method as compared with the direct summation method.

It is known that a good comparison of the shell model results with experimental data
requires a multiplicative quenching factor for the Gamow–Teller operator. This numerical
analysis when compared with the experimental data [45,49–51,70] indicates that for the
selected effective Hamiltonians, only quenching factors between 0.6 and 0.74 are needed.

𝑀!"(𝐸#) = 𝐵$%&(𝐺𝑇; 𝑓+)𝐵$%&(𝐺𝑇; 𝑖−) .
'()

#*!+
Ψ,| 121'- 4 121'- |Ψ.

2𝐸 1	'- +
𝑄//
2 − 𝑄/

Create doorway states:

Relation to GT sum rules:

Do a small number of Lanczos iterations starting with  |𝐿01 >:

3 𝑐8 9 = 𝐵:;<(𝐺𝑇; 𝑖−) 3 𝑐= 9 = 𝐵:;<(𝐺𝑇; 𝑓+)

See also M. Horoi, Physics 2022, 4, 1135
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Fig. 3. Same as fig. 2, but with the spikes turned into gaussians of width 0.2 MeV up to 6 MeV excitation energy and for the T=4 state!
and of width 0.5 MeV for the others.

that even if the p+ and P- doorways are almost or-
thogonal (overlap 0.3%), the breaking of SU (4) in
the intermediate nucleus increases the MbT by a fac-
tor of five.
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Fig.4. ContributionstoM& comingfrom the I ... intermediate
states, in (MeV )-1. Renormalized operators.
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(iii) There have been also calculations in heaviel
nuclei in the QRPA approximation [26-28]. The roil
of the particle-particle interaction and the impor
tance of the particle number non-conservation are as
peets that are still not definitely clarified.
(iv) We have also performed the calculation in j

TDA-like truncation, that consists in taking for thl
initial and final states only (I f1l2)8 configuration
while including for the intermediate states (I f7/2)
and (I f7/2) 7(2P3/2' Ifs/2, 2p I/2) I configurations. Th,
results are somewhat surprising. Wecan alwayswrit
the double beta matrix element as

(3

20

The surprise comes from the fact that the values (
InbT are almost identical in the full calculation an
in the TDA calculation (0.0155 Mey-I verst
0.0141 Mey-'). The two calculations differ only i
the values of IB(GT +) which are in the ratio I::
Consequently it seems that the detailed shapes oftt
GT strength functions and the subtle interplay of sigr
in the build up of InbT are of minor relevance an
that the dynamical reduction of the double beta tra!
sitionprobabilityproceedsthroughthequenchingI
the p+ strength.

Volume 252, number I PHYSICS LETTERS B 6 December 1990

(4) Even more closely related to double beta decay
are the GT strength functions p+ and p- of the parent
and daughter nuclei. In A=48 both strength func-
tions are available experimentally. We shall compute
them and compare our results with the experimental
data.
The nuclear structure quantities of interest in pp

decay are the matrix elements:

Mb'T(J)

=I <JtIIOLIII;:;><I;:;lIoLIIOt>, (I)
m Em+Eo(J)

where J can be 0, I, 2 (we shall only consider the de-
cay to the 0+ ground state and to the 2+ first excited
state of48Ti. The other channels are completely sup-
pressed by the phase space factors). In (I) Em is the
excitation energyof the intermediate I+ state and
Eo=! To+til1 with Tothe double beta decay Q-value
and til1the 48Ca_48Scmass difference. The relevant
values are £0(0+) =1.858 MeV and Eo(2+) =1.368
MeV.
Following ref. [6], we borrow the results of ref. [5]

to write the lifetime as

(2)

with G= 1.I0x 10-17yr-I (MeV)2.
In the calculation of (I ), it is common practice to

make a global shift of the theoretical excitation ener-
gies of the I+ intermediate states, so as to position
the lowest at its experimental excitation energy. We
shall do so even though our theoretical result is only
100 keV off from experiment. The changes in the fi-
nal numbers are negligible.
The computational method is straightforward. We

first obtain the wave functions of the initial and final
states with the standard Lanczos procedure. Then we
build thep- andp+ doorways; 10L> and 10'1+>.Us-
ing the techniques of refs. [18,19] we generate a set
of approximations to the p- amplitude distribution
of 48Causing the p- doorway as a pivot in the Lan-
czos algorithm. If N is the number of Lanczos itera-
tions, whenN= dim (J = I +, T= 3) the p- amplitude
distribution is exact. To calculateMb'T(J) we use the
states generated from this procedure as intermediate
states and increase the number of iterations until
convergence is achieved.
We now describe briefly our results.

14

(i) The Gamow- Teller strengths using bare oper-
ators are

p-
48Ca -+ 48SC(T<) =22.714,

p-
48Ca -+ 48SC( T =) =1.286.
The total strength is 3 (N - Z) =24 as it must be to

satisfy the Ikeda sum rule [20]. For p+ transitions,
the summed strengths are:

p+
48Ti(0+)-+ 48SC( T <) =0.842,

p+
48Ti(2+)-+ 48Sc(l +, T<) =0.268,

(ii) The double beta matrix elementsMb'T(J) ob-
tained using renormalized operators (0.77aT) are

Mb'T(O+)=0.0402 (MeV)-I,

Mb'T(2+) =0.0245 (MeV)-I.

(iii) The convergence with respect to the numbe
N of Lanczos iterations on the p- doorway is ex
tremely fast, as the followingnumbers show:

Mb'T(0+)=0.0086, N=I,

Mb'T(O+)=0.0433, N=4,

Mb'T(O+)=0.0403, N= 12,

Mb'T(O+)=0.0402, N=30,

Mb'T(O+)=0.0402, N=60,

A similar behaviour occurs forMb'T (2 + )
(iv) Lifetime. The difference in the phase sp~

factors between the 0+ and the 2+ channels mal
the contribution of the 2+ channel to the total Ii
time small. Actually its inclusion decreases the Ii
time only by a 3%.The final result is

TI/2 =5.5 X 1019 yr.

compatible with the experimental limit [21 ],

TI/2> 3.6x 1019yr.

We now compare our results with similar calc
tions, that do not invoke the closure approximat
This can give us some idea of the range of varia
depending on the interaction and truncations
ployed. Two calculations have been done with
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136Xe – SVD 136Xe – GCN5082
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The 2vECEC decay of 124Xe: 
Experimental data

LETTER
https://doi.org/10.1038/s41586-019-1124-4

Observation of two-neutrino double electron 
capture in 124Xe with XENON1T
XENON Collaboration*

Two-neutrino double electron capture (2νECEC) is a second-
order weak-interaction process with a predicted half-life that 
surpasses the age of the Universe by many orders of magnitude1. 
Until now, indications of 2νECEC decays have only been seen for 
two isotopes2–5, 78Kr and 130Ba, and instruments with very low 
background levels are needed to detect them directly with high 
statistical significance6,7. The 2νECEC half-life is an important 
observable for nuclear structure models8–14 and its measurement 
represents a meaningful step in the search for neutrinoless double 
electron capture—the detection of which would establish the 
Majorana nature of the neutrino and would give access to the 
absolute neutrino mass15–17. Here we report the direct observation 
of 2νECEC in 124Xe with the XENON1T dark-matter detector. 
The significance of the signal is 4.4 standard deviations and the 
corresponding half-life of 1.8 × 1022 years (statistical uncertainty, 
0.5 × 1022 years; systematic uncertainty, 0.1 × 1022 years) is the 
longest measured directly so far. This study demonstrates that the 
low background and large target mass of xenon-based dark-matter 
detectors make them well suited for measuring rare processes 
and highlights the broad physics reach of larger next-generation 
experiments18–20.

The long half-life of double electron capture makes it extremely 
rare, and the process has escaped detection for decades. In 2νECEC, 
two protons in a nucleus are simultaneously converted into neutrons 
by the absorption of two electrons from one of the atomic shells and 
the emission of two electron neutrinos1 (νe). After the capture of the 
two atomic electrons, mostly from the K shell21, the filling of vacan-
cies results in a detectable cascade of X-rays and Auger electrons22. 
The nuclear binding energy Q released in the process (on the order  
of 1 MeV) is carried away mostly by the two neutrinos, which are not 
detected within the detector. Thus, the experimental signature appears 
in the kiloelectronvolt, rather than the megaelectronvolt, range. The 
process is illustrated in Fig. 1.

2νECEC is allowed in the standard model of particle physics and is 
related to double β decay as a second-order weak-interaction process. 
However, few experimental indications exist. Geochemical studies4,5 
for 130Ba and a direct measurement2,3 for 78Kr quote half-lives of the 
order of 1020–1022 yr.

Even longer timescales are expected for a hypothetical double elec-
tron capture without neutrino emission (0νECEC)16,17. A detection of 
this decay would show that neutrinos are Majorana particles15 (that is, 
their own anti-particles) and could help us to understand the domi-
nance of matter over antimatter in our Universe by means of leptogen-
esis23. A Majorana nature would give access to the absolute neutrino 
mass, but only with theoretical nuclear-matrix-element calculations. 
A plethora of different nuclear models8–14 can also be applied to pre-
dict the 2νECEC half-life; thus, its measurement would provide a 
vital experimental constraint for these models, as well as insight into  
double-β-decay processes on the proton-rich side of the nuclide chart.

Here we study the 2νECEC decay of 124Xe. Natural xenon is a radio-
pure and scalable detector medium that contains about 1 kg of 124Xe 
per tonne. 124Xe undergoes 2νECEC to 124Te with24 Q = 2,857 keV. 

Because the amount of energy released by the recoiling nucleus is neg-
ligible (on the order of 10 eV) and the neutrinos carrying away the 
energy Q are undetected, only the X-rays and Auger electrons are meas-
ured. The total energy for double K-shell-electron capture24 is 64.3 keV. 
This value has already been corrected for energy depositions that do 
not exceed the xenon excitation threshold22. Previous searches for the 
2νECEC decay of 124Xe were carried out with gas proportional counters 
using enriched xenon6, as well as large detectors originally designed  
for dark-matter searches25. The currently leading lower limit on the 
half-life of this decay comes from the XMASS collaboration at 

> . ×ν
/T 2 1 10 yr1 2

2 ECEC 22  (90% confidence level)7.
XENON1T26 was built to detect interactions of dark matter in the 

form of weakly interacting massive particles (WIMPs) and has recently 
placed the most stringent limits on the coherent elastic scattering 
of WIMPs with xenon nuclei27. XENON1T uses 3.2 t of ultra-pure  
liquid xenon (LXe), of which 2 t are within the sensitive volume of the 
time-projection chamber (TPC): a cylinder with diameter and height of 
about 96 cm and with walls of highly reflective polytetrafluoroethylene, 
equipped with 248 photomultiplier tubes (PMTs). The TPC is used for 
the measurement of the scintillation (S1) and ionization signals (S2) 
induced by particle interactions—the latter by converting ionization 
electrons into light by means of proportional scintillation. It provides 
calorimetry and three-dimensional position reconstruction and meas-
ures the scatter multiplicity.

The detector is shielded by the overburden due to its underground 
location at Laboratori Nazionali del Gran Sasso, by an active water 
Cherenkov muon veto28 and by the LXe itself. All detector materials 
were selected to have low amounts of radioactive impurities and low 
radon emanation rates29. In addition, the anthropogenic β-emitter 85Kr 
was removed from the xenon inventory by cryogenic distillation30. The 
combination of material selection, active background reduction and  
selection of an inner low-background fiducial volume in the data  
analysis results in an extremely low event rate of about 80 events 
keV−1 t−1 yr−1. This makes XENON1T the most sensitive detector for 
2νECEC searches in 124Xe at present.

The data presented here were recorded between 2 February 2017 and 
8 February 2018 as part of a dark-matter search. Details on the detector 
conditions and signal corrections can be found in the original publi-
cation27. The data quality criteria from the dark-matter analysis were 
applied, with the exception of those exhibiting low acceptance in the 
energy region of interest, around 60 keV. During the analysis, the data 
were blinded (that is, inaccessible for analysis) from 56 keV to 72 keV 
and unblinded only after the data quality criteria, fiducial volume and 
background model had been fixed. Datasets acquired after detector 
calibrations with an external 241AmBe neutron source or a deuterium– 
deuterium-fusion neutron generator were removed to reduce the 
impact of radioactive 125I, which was produced by the activation of 
124Xe during neutron calibrations and was taken out within a few days 
using the purification system. A pre-unblinding quantification of this 
removal using short-term calibration data led to a first reduction of the 
dataset to a live time of 214.3 d. This dataset was used to construct the 
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Two-neutrino double electron capture (2νECEC) is a second-
order weak-interaction process with a predicted half-life that 
surpasses the age of the Universe by many orders of magnitude1. 
Until now, indications of 2νECEC decays have only been seen for 
two isotopes2–5, 78Kr and 130Ba, and instruments with very low 
background levels are needed to detect them directly with high 
statistical significance6,7. The 2νECEC half-life is an important 
observable for nuclear structure models8–14 and its measurement 
represents a meaningful step in the search for neutrinoless double 
electron capture—the detection of which would establish the 
Majorana nature of the neutrino and would give access to the 
absolute neutrino mass15–17. Here we report the direct observation 
of 2νECEC in 124Xe with the XENON1T dark-matter detector. 
The significance of the signal is 4.4 standard deviations and the 
corresponding half-life of 1.8 × 1022 years (statistical uncertainty, 
0.5 × 1022 years; systematic uncertainty, 0.1 × 1022 years) is the 
longest measured directly so far. This study demonstrates that the 
low background and large target mass of xenon-based dark-matter 
detectors make them well suited for measuring rare processes 
and highlights the broad physics reach of larger next-generation 
experiments18–20.

The long half-life of double electron capture makes it extremely 
rare, and the process has escaped detection for decades. In 2νECEC, 
two protons in a nucleus are simultaneously converted into neutrons 
by the absorption of two electrons from one of the atomic shells and 
the emission of two electron neutrinos1 (νe). After the capture of the 
two atomic electrons, mostly from the K shell21, the filling of vacan-
cies results in a detectable cascade of X-rays and Auger electrons22. 
The nuclear binding energy Q released in the process (on the order  
of 1 MeV) is carried away mostly by the two neutrinos, which are not 
detected within the detector. Thus, the experimental signature appears 
in the kiloelectronvolt, rather than the megaelectronvolt, range. The 
process is illustrated in Fig. 1.

2νECEC is allowed in the standard model of particle physics and is 
related to double β decay as a second-order weak-interaction process. 
However, few experimental indications exist. Geochemical studies4,5 
for 130Ba and a direct measurement2,3 for 78Kr quote half-lives of the 
order of 1020–1022 yr.

Even longer timescales are expected for a hypothetical double elec-
tron capture without neutrino emission (0νECEC)16,17. A detection of 
this decay would show that neutrinos are Majorana particles15 (that is, 
their own anti-particles) and could help us to understand the domi-
nance of matter over antimatter in our Universe by means of leptogen-
esis23. A Majorana nature would give access to the absolute neutrino 
mass, but only with theoretical nuclear-matrix-element calculations. 
A plethora of different nuclear models8–14 can also be applied to pre-
dict the 2νECEC half-life; thus, its measurement would provide a 
vital experimental constraint for these models, as well as insight into  
double-β-decay processes on the proton-rich side of the nuclide chart.

Here we study the 2νECEC decay of 124Xe. Natural xenon is a radio-
pure and scalable detector medium that contains about 1 kg of 124Xe 
per tonne. 124Xe undergoes 2νECEC to 124Te with24 Q = 2,857 keV. 

Because the amount of energy released by the recoiling nucleus is neg-
ligible (on the order of 10 eV) and the neutrinos carrying away the 
energy Q are undetected, only the X-rays and Auger electrons are meas-
ured. The total energy for double K-shell-electron capture24 is 64.3 keV. 
This value has already been corrected for energy depositions that do 
not exceed the xenon excitation threshold22. Previous searches for the 
2νECEC decay of 124Xe were carried out with gas proportional counters 
using enriched xenon6, as well as large detectors originally designed  
for dark-matter searches25. The currently leading lower limit on the 
half-life of this decay comes from the XMASS collaboration at 

> . ×ν
/T 2 1 10 yr1 2

2 ECEC 22  (90% confidence level)7.
XENON1T26 was built to detect interactions of dark matter in the 

form of weakly interacting massive particles (WIMPs) and has recently 
placed the most stringent limits on the coherent elastic scattering 
of WIMPs with xenon nuclei27. XENON1T uses 3.2 t of ultra-pure  
liquid xenon (LXe), of which 2 t are within the sensitive volume of the 
time-projection chamber (TPC): a cylinder with diameter and height of 
about 96 cm and with walls of highly reflective polytetrafluoroethylene, 
equipped with 248 photomultiplier tubes (PMTs). The TPC is used for 
the measurement of the scintillation (S1) and ionization signals (S2) 
induced by particle interactions—the latter by converting ionization 
electrons into light by means of proportional scintillation. It provides 
calorimetry and three-dimensional position reconstruction and meas-
ures the scatter multiplicity.

The detector is shielded by the overburden due to its underground 
location at Laboratori Nazionali del Gran Sasso, by an active water 
Cherenkov muon veto28 and by the LXe itself. All detector materials 
were selected to have low amounts of radioactive impurities and low 
radon emanation rates29. In addition, the anthropogenic β-emitter 85Kr 
was removed from the xenon inventory by cryogenic distillation30. The 
combination of material selection, active background reduction and  
selection of an inner low-background fiducial volume in the data  
analysis results in an extremely low event rate of about 80 events 
keV−1 t−1 yr−1. This makes XENON1T the most sensitive detector for 
2νECEC searches in 124Xe at present.

The data presented here were recorded between 2 February 2017 and 
8 February 2018 as part of a dark-matter search. Details on the detector 
conditions and signal corrections can be found in the original publi-
cation27. The data quality criteria from the dark-matter analysis were 
applied, with the exception of those exhibiting low acceptance in the 
energy region of interest, around 60 keV. During the analysis, the data 
were blinded (that is, inaccessible for analysis) from 56 keV to 72 keV 
and unblinded only after the data quality criteria, fiducial volume and 
background model had been fixed. Datasets acquired after detector 
calibrations with an external 241AmBe neutron source or a deuterium– 
deuterium-fusion neutron generator were removed to reduce the 
impact of radioactive 125I, which was produced by the activation of 
124Xe during neutron calibrations and was taken out within a few days 
using the purification system. A pre-unblinding quantification of this 
removal using short-term calibration data led to a first reduction of the 
dataset to a live time of 214.3 d. This dataset was used to construct the 
background model. After unblinding, the long-term behaviour of 125I 
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We present results on the search for two-neutrino double-electron capture (2νECEC) of 124Xe and neutrinoless
double-β decay (0νββ) of 136Xe in XENON1T. We consider captures from the K shell up to the N shell in
the 2νECEC signal model and measure a total half-life of T 2νECEC

1/2 = (1.1 ± 0.2stat ± 0.1sys) × 1022 yr with a
0.87 kg yr isotope exposure. The statistical significance of the signal is 7.0σ . We use XENON1T data with
36.16 kg yr of 136Xe exposure to search for 0νββ. We find no evidence of a signal and set a lower limit on
the half-life of T 0νββ

1/2 > 1.2 × 1024 yr at 90% CL. This is the best result from a dark matter detector without
an enriched target to date. We also report projections on the sensitivity of XENONnT to 0νββ. Assuming a
275 kg yr 136Xe exposure, the expected sensitivity is T 0νββ

1/2 > 2.1 × 1025 yr at 90% CL, corresponding to an
effective Majorana mass range of 〈mββ〉 < (0.19–0.59) eV/c2.

DOI: 10.1103/PhysRevC.106.024328

I. INTRODUCTION

The XENON Collaboration acquired science data with the
XENON1T experiment at the INFN Laboratori Nazionali del
Gran Sasso (LNGS) in Italy from November 2016 until De-
cember 2018. Its primary goal was the search for interactions
between xenon nuclei and dark matter (DM) in the form of
weakly interacting massive particles (WIMPs) [1,2]. In addi-
tion to these nuclear recoils, the detector was also sensitive to
other rare processes that could be measured as energy deposi-
tions on atomic electrons in xenon: electronic recoils (ERs). In
particular, the collaboration reported the first direct observa-
tion of the two-neutrino double-electron capture (2νECEC) in
124Xe with 4.4σ significance [3]. The low background rate of
the experiment and its good energy reconstruction and resolu-
tion up to the MeV region [4] also allow for the search for the
neutrinoless double-β decay (0νββ) of 136Xe. This potential
will be extended with XENONnT, the latest experiment within
the XENON program, owing to its approximately three times
larger active xenon mass and six times smaller background
rates [5].

The yet unobserved 0νββ is a nuclear transition predicted
by extensions of the standard model (SM). Two-neutrino
double-β decay (2νββ) is allowed in the SM and has been
observed in 136Xe making it a candidate isotope to search
for a 0νββ peak at the Q value of Qββ = (2457.83 ± 0.37)
keV [6,7]. The current best lower limit on the 136Xe 0νββ
half-life, T 0ν

1/2, is set by KamLAND-Zen: T 0νββ
1/2 > 2.3 × 1026

yr [8] at 90% confidence level (CL).
A detection of 0νββ or neutrinoless double-electron cap-

ture (0νECEC) would demonstrate the violation of total

lepton number and prove the existence of a nonzero Majorana
component of neutrino mass. Under the assumption of light
Majorana neutrino exchange, the half-life is related to the
effective Majorana mass, 〈mββ〉, by [9]

〈mββ〉2 = m2
e

G0ν |M0ν |2T 0ν
1/2

. (1)

Here, G0ν is the phase-space factor in units of yr−1 [10],
M0ν is the dimensionless nuclear matrix element (NME), and
me is the electron mass in eV/c2. Since 〈mββ〉 can contain
phase cancellations from the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix, it is sensitive to the neutrino mass
hierarchy [11,12]. While the phase-space factor can be cal-
culated with relative precision, theoretical uncertainties are
associated with the choice of the NME. The central values
of the most extreme 136Xe NMEs presented in [13] range
from M0ν = 1.550–4.773 [14,15] and are considered when
interpreting 0νββ decay limits in this work. This illustrates
that M0ν is a major source of uncertainty on 〈mββ〉. Although
there is no direct correspondence between the neutrinoless and
two-neutrino NMEs, the measured half-lives of two-neutrino
decays such as 2νECEC can be used as a benchmark for
different NME calculation approaches [13].

In this work, we perform 2νECEC and 0νββ peak searches
in the measured ER energy spectrum of XENON1T and
assess XENONnT’s sensitivity to 0νββ of 136Xe using sim-
ulated data. The paper is organized as follows. Sections II A
and II B give an overview of the XENON1T detector and
the XENONnT detector, respectively. Section II C highlights
the background components relevant for the 2νECEC and
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Table 2. Present, positive two-neutrino double electron capture results. N is the number of useful events,
S/B is the signal-to-background ratio. In the case of 78Kr and 124Xe T1/2 for 2K(2n), capture is presented
(this is ⇠75–80% of ECEC(2n)).

Nucleus N T1/2(2n), yr S/B Ref., Year

130Ba 2.1+3.0
�0.8 · 10

21 (geochem.) [87], 1996
ECEC(2n) (2.2 ± 0.5) · 10

21 (geochem.) [11], 2001
(0.60 ± 0.11) · 10

21 (geochem.) [88], 2009

Recommended value: (2.2 ± 0.5) · 10
21

78Kr 15 [1.9+1.3
�0.7(stat)± 0.3(syst)] · 10

22 15 [13], 2017
2K(2n)

Recommended value: (1.9+1.3
�0.8) · 10

22 (?) (a)

124Xe 126 [1.8 ± 0.5(stat)± 0.1(syst)] · 10
22 0.2 [12], 2019

2K(2n)

Recommended value: (1.8 ± 0.5) · 10
22

(a) See text.

3. Data Analysis

To calculate an average of the ensemble of available data, a standard procedure, as recommended by
the Particle Data Group [21], was used. The weighted average and the corresponding error were calculated,
as follows:

x̄ ± dx̄ = Â wixi/ Â wi ± (Â wi)
�1/2, (3)

where wi = 1/(dxi)
2. Here, xi and dxi are the value and error reported by the i-th experiment, and the

summations run over the N experiments.
Then, it is necessary to calculate c2 = Â wi(x̄� xi)

2 and compare it with N - 1, which is the expectation
value of c2 if the measurements are from a Gaussian distribution. In the case when c2/(N � 1) is less
than or equal to 1 and there are no known problems with the data, then one accepts the results. In the
case when c2/(N � 1) >> 1, one chooses not to use the average procedure at all. Finally, if c2/(N � 1) is
larger than 1, but not greatly so, it is still best to use the average data, but to increase the quoted error, dx̄

in Equation 1, by a factor of S defined by

S = [c2/(N � 1)]1/2. (4)

For averages, the statistical and systematic errors are treated in quadrature and used as a combined
error dxi. In some cases, only the results obtained with a high enough S/B ratio were used.

3.1.
48

Ca

The 2nbb decay of 48Ca was observed in three independent experiments [30,43,44]. The obtained
results are in good agreement. The weighted average value is:

T1/2 = 5.3+1.2
�0.8 · 1019yr.

This value is slightly higher than the average value obtained in previous analysis
(T1/2 = 4.4+0.6

�0.5 · 1019 yr [15]). This is due to the fact that the final result of the NEMO-3 experiment
[30] was used in present analysis (the intermediate result of the NEMO-3 experiment [89] was used in
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Neutrinoless double-β (0νββ) decay is a promising beyond standard model process. Two-neutrino double-β
(2νββ) decay is an associated process that is allowed by the standard model, and it was observed in about 10
isotopes, including decays to the excited states of the daughter. 124Sn was the first isotope whose double-β decay
modes were investigated experimentally, and despite few other recent efforts, no signal has been seen so far.
Shell model calculations were able to make reliable predictions for 2νββ decay half-lives. Here we use shell
model calculations to predict the 2νββ decay half-life of 124Sn. Our results are quite different from the existing
quasiparticle random-phase approximation results, and we envision that they will be useful for guiding future
experiments. We also present shell model nuclear matrix elements for two potentially competing mechanisms to
the 0νββ decay of 124Sn.

DOI: 10.1103/PhysRevC.93.024308

I. INTRODUCTION

Neutrinoless double-β decay is a low-energy nuclear
process that could identify beyond standard model (BSM)
physics, especially the lepton number violation (LNV) effects
and exotic neutrino properties, such as the neutrino mass scale
and whether the neutrino is a Dirac or a Majorana fermion [1].
Neutrino oscillation experiments have successfully measured
the squared mass differences among neutrino mass eigenstates
[2–7], yet the nature of the neutrinos and the absolute neutrino
masses cannot be obtained from such measurements. This has
led to both theoretical and experimental efforts dedicated to
the discovery of the 0νββ decay mode, as reflected by the
large number of recent reviews [8–10]. The simplest and most
studied mechanism is the exchange of light Majorana neutrinos
in the presence of left-handed weak interaction, but other
possible mechanisms contributing to the total 0νββ decay
rate are taken into consideration [11–14]. Such mechanisms
include the contribution of the right-handed currents [15,16],
and mechanisms involving supersymmetry [10,17]. 0νββ
decay and the analysis of the same-sign dilepton decay
channels at hadron colliders [18–21] are the best approaches
to investigate these mechanisms. However, 0νββ decay results
from several isotopes would be necessary to disentangle
contributions of different mechanisms [13,14,22]. Additional
information regarding the neutrino physics parameters could
be obtained from large-baseline and new reactor neutrino
oscillation experiments [23], and from cosmology [24].

Two-neutrino double-β decay is an associated process that
is allowed by the standard model, and it was observed in
about 10 isotopes, including decays to the excited states of
the daughter [25]. 124Sn was the first isotope whose double-β
decay modes were investigated experimentally [26,27]. The Q
value for the decay to the ground state (g.s.), 2.289 MeV, is
slightly smaller than those of 130Te and 136Xe, but it is larger
than that of 76Ge decay. As a consequence, the phase space
factor (see below) for 2νββ decay of 124Sn is about ten times

*mihai.horoi@cmich.edu
†neacs1a@cmich.edu

larger than that of 76Ge, while the 0νββ phase space factor of
124Sn is about four times larger than that of 76Ge. Double-
β decay modes of 124Sn were also recently investigated
experimentally by several groups [28–31], but no signal has
been seen so far. The best upper limit obtained was about
1 × 1021 yr [28], very close to the quasiparticle random-phase
approximation (QRPA) prediction of 2.7 × 1021 yr for the
2νββ transition to the first excited 0+

1 state of the daughter [32],
which was used as guidance (see also Table 21 in Ref. [33]).
The QRPA prediction [32,33] for the 2νββ transition to the g.s.
of the daughter was available at the time of these experiments,
T 2ν

1/2 = 7.8 × 1019 yr, but this transition was also not observed.
124Sn is still considered for the experimental investigations

of its double-β decay modes by the TIN.TIN experiment [34],
and reliable predictions of 2νββ decay half-lives and 0νββ nu-
clear matrix elements (NME) would energize the experimental
effort and could save millions of dollars and time. Shell model
calculations were able to make a reliable prediction for the
2νββ decay half-life of 48Ca [35], which was later confirmed
by the experimental data [36]. We calculated the 2νββ for
several isotopes of immediate experimental interest, including
48Ca [12,37], 76Ge [38], 82Se [39], 130Te, and 136Xe [40].
Here we use shell model calculations to predict the 2νββ
decay half-lives of 124Sn, including transitions to the g.s.,
and to the first excited 2+

1 and 0+
1 states of the daughter. Our

results are different from those of the existing QRPA [32] and
shell model [41] calculations.

Recent experimental proposals to investigate the 0νββ
decay of 124Sn [34] raised the need for accurate calculations
of the 0νββ nuclear matrix elements for this isotope to guide
the experimental effort. The accuracy of the calculated nuclear
matrix elements still represents the largest uncertainty in the
theoretical analyses of the neutrinoless double-β decay. These
NME are currently investigated by several methods, such
as the interacting shell model (ISM) [12,38–40,42–49], the
QRPA [22,50–53], the interacting boson model (IBM-2) [54–
57], the projected Hartree Fock Bogoliubov (PHFB) [58],
the energy density functional (EDF) [59], and the relativistic
energy density functional (REDF) [60] method. There are still
large differences among the NME calculated with different
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Abstract

We provide a complete theoretical description of the two-neutrino electron capture in 124Xe, improving both the nuclear and the
atomic structure calculations. We improve the general formalism through the use of the Taylor expansion method, leading to higher
order terms in the decay rate of the process. The nuclear part is treated with pn-QRPA and interacting shell model (ISM) methods.
The nuclear matrix elements (NMEs) are calculated with the pn-QRPA method with spin restoration by fixing the input parameters
so that the experimental decay rate is reproduced, resulting in values significantly lower than in previous calculations. The validity
of the pn-QRPA NMEs is tested by showing their values to be comparable with the ones for double-beta decay with emission of two
electrons of 128,130Te, which have similar pairing features. Within the ISM, we reproduce the total experimental half-life within a
factor of two and predict the capture fraction to the KK channel of about 74%. We also predict the capture fractions to other decay
channels and show that for the cumulative decay to the KL1-KO1 channels, a capture fraction of about 24% could be observed
experimentally. On the atomic side, calculations are improved by accounting for the Pauli blocking of the decay of innermost
nucleon states and by considering all s-wave electrons available for capture, expanding beyond the K and L1 orbitals considered in
privious studies. We also provide improved atomic relaxation energies of the final atomic states of 124Te, which may be used as
input for background modeling in liquid Xenon experiments.

Keywords: double electron capture, nuclear structure, nuclear shell model, QRPA

1. Introduction

The study of double-beta decay (DBD) continues to be of
great interest due to its potential to yield novel, essential in-
formation about various subjects, including the nuclear struc-
ture, the validity of some conservation laws, and still-unknown
properties of neutrinos. The experiments have so far largely fo-
cused on measuring DBD with the emission of two electrons
(2nb�b�), measured for a dozen nuclei, as a result of their
larger Q-values compared to other similar transitions and due
to their higher natural abundance [1–7]. This heightened at-
tention to DBD is largely attributed to the potential existence
of the decay mode without emission of neutrinos (0nb�b�),
whose discovery would open a rich avenue of investigation to-
wards physics beyond the Standard Model (SM) [8–10].

Besides these transitions, there are three other DBD modes
less investigated so far due to their lower transition prob-
abilities, the double-positron emitting (2n/0nb+b+) mode,
the single electron-capture with coincident positron emis-
sion (2n/0nECb+) mode and the double electron capture
(2n/0nECEC) mode. However, in the recent past, the ECEC
mode has become attractive as well, since in addition to be-
ing energetically favored compared to the other two, a resonant

Email address: sabin.stoica@cifra-c2unesco.ro (S. Stoica)

transition can occur (R0nECEC) if the initial and final states
are energetically degenerate, which may increase the transi-
tion probability by several orders of magnitude [11]. Therefore,
their sensitivity to probe neutrinoless transitions can reach that
of the 2nb�b� decays, so they are considered as an alternative
venue to the discovery of neutrinoless decay mode. Double-
electron captures with the emission of two neutrinos have been
predicted for several isotopes but only measured in 78Kr, 124Xe,
130Ba and 132Ba [12]. Particularly, 124Xe is an interesting case
since it has the largest Q-value of all the isotopes that can un-
dergo ECEC transitions. It is currently investigated in large ex-
periments together with Dark Matter (DM) and DBD that use
detectors with large-volume liquid-xenon [13–17].

The experimental measurements also require a reliable the-
oretical support, therefore there are several calculations of the
ECEC decay rates and half-lives of 124Xe [18–20], where the
main goal focused on obtaining a more reliable treatment of
the nuclear part. In [18, 19], the half-lives were calculated for
the three possible channels, b+b+, b+EC and ECEC. For the
double-capture transitions, only captures of electrons from the
K and L1 atomic shells were included in the calculation. The
phase space factors (PSFs) were calculated using the formal-
ism from [21], while the nuclear part was calculated with the
pn-QRPA method (see [18, 19] and Refs. therein). An impor-
tant finding was that the calculated NME values are close for all
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three channels, so the PSFs are decisive in establishing the mag-
nitude of the half-lives. In [20], the 2nECEC half-lives were
calculated using two different methods for the NME calcula-
tion, the effective theory (ET) and large-scale Interacting Shell
Model (ISM). However, the electron capture processes involve
important atomic effects, which were not taken into account in
the previous calculations and are relevant for an accurate anal-
ysis of the experimental data.

In this work, we provide a complete description of the
2nECEC in 124Xe. We improve the general formalism through
the use of the Taylor expansion method [22, 23], where we in-
clude terms up to the fourth power in the lepton energies in the
derivation of the decay rate. Aside from increased rigor, this
method allows the definition of new NME ratios, x 2nECEC

31 and
x 2nECEC

51 , whose measurements could provide additional insight
regarding the interplay between low- and higher-lying states
in the intermediate nucleus involved in the NME calculations.
Besides this general improvement, we re-examine the calcula-
tions of both the atomic and nuclear parts. For the former, we
employ the Dirac-Hartree-Fock-Slater (DHFS) self-consistent
framework to obtain the electron wave functions. The atomic
screening effect is accounted for more rigorously and with bet-
ter accuracy than in the previous works [21, 24, 25]. The dif-
fuse nuclear surface correction, realistic nuclear charge density,
and electron exchange-correlation effects are also taken into ac-
count within our atomic structure calculations. We further im-
prove the PSF calculation by accounting for the Pauli blocking
of the decay of innermost nucleon states and by considering all
s-wave electrons available for capture, expanding beyond the K
and L1 orbitals considered in prior studies. We also compute
the atomic de-excitation energies within the DHFS framework,
which, along with the capture fractions, can be used as input for
background modeling in liquid xenon experiments.

For the nuclear part we use the ISM [26–31] and the pn-
QRPA with isospin restoration [32] methods. The 2nECEC
NMEs, as the 2nbb NMEs, can only be calculated reliably if
one includes the sum on the excited 1+ states of the interme-
diate nucleus (see Eqs. (4)), which is possible in the ISM and
pn-QRPA approaches. Methods that cannot calculate the full
sum on the intermediate 1+ states rely on closure approxima-
tion or single-state dominance approximation, which rarely pro-
vides reliable results. In the ISM one can replace the direct sum
on intermediate states with a strength function approach, which
converges much quicker to the exact result. A full description
of the strength function approach within the ISM framework
can be found in section 4 of Ref. [31]. This method is ex-
tended in this work to higher powers in the denominators (see
Eqs. (4)) necessary for the Taylor expansion terms. The new
ISM NMEs and the improved PSFs are used to predict capture
fractions for 2nECEC channels that were not yet observed. In
the analysis we considered two often-used effective Hamilto-
nians, which provide consistent nuclear structure results, thus
reassuring of the reliability of the calculated NMEs and of the
newly predicted capture fractions.

We also compute the NMEs with the pn-QRPA method with
isospin restoration by fixing the particle-particle strength pa-
rameter to reproduce the experimental half-life. We found that

our NME value is much smaller when compared with the results
of previous pn-QRPA calculations [18, 19].

We organize the manuscript as follows: Section 2 provides
a description of the improved 2nECEC capture formalism, in-
cluding the most relevant equations. Section 3 presents our re-
sults of the 2nECEC process of 124Xe, including the refined
PSFs, the atomic relaxation energies, the NMEs obtained with
the ISM and pn-QRPA, and the total and partial half-lives pre-
dictions. The conclusions are summarized in Section 4.

2. Improved two-neutrino double electron capture formal-
ism

We improve the 2nECEC formalism through the use of a
Taylor expansion method. Following the same steps as for
2nb�b� decay [22, 23] and including terms up to the fourth
power in the lepton energies, we obtain the total inverse half-
life of the 2nECEC process in a similar form:

h
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Here, geff
A is an effective axial coupling constant and the param-
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The summations are over all 1+ states of the intermediate nu-
cleus and M2n

GT (n) matrix elements depend on the nth 1+ inter-
mediate state, with energy En(1+), as well as on the ground
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nitude of the half-lives. In [20], the 2nECEC half-lives were
calculated using two different methods for the NME calcula-
tion, the effective theory (ET) and large-scale Interacting Shell
Model (ISM). However, the electron capture processes involve
important atomic effects, which were not taken into account in
the previous calculations and are relevant for an accurate anal-
ysis of the experimental data.

In this work, we provide a complete description of the
2nECEC in 124Xe. We improve the general formalism through
the use of the Taylor expansion method [22, 23], where we in-
clude terms up to the fourth power in the lepton energies in the
derivation of the decay rate. Aside from increased rigor, this
method allows the definition of new NME ratios, x 2nECEC
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51 , whose measurements could provide additional insight
regarding the interplay between low- and higher-lying states
in the intermediate nucleus involved in the NME calculations.
Besides this general improvement, we re-examine the calcula-
tions of both the atomic and nuclear parts. For the former, we
employ the Dirac-Hartree-Fock-Slater (DHFS) self-consistent
framework to obtain the electron wave functions. The atomic
screening effect is accounted for more rigorously and with bet-
ter accuracy than in the previous works [21, 24, 25]. The dif-
fuse nuclear surface correction, realistic nuclear charge density,
and electron exchange-correlation effects are also taken into ac-
count within our atomic structure calculations. We further im-
prove the PSF calculation by accounting for the Pauli blocking
of the decay of innermost nucleon states and by considering all
s-wave electrons available for capture, expanding beyond the K
and L1 orbitals considered in prior studies. We also compute
the atomic de-excitation energies within the DHFS framework,
which, along with the capture fractions, can be used as input for
background modeling in liquid xenon experiments.

For the nuclear part we use the ISM [26–31] and the pn-
QRPA with isospin restoration [32] methods. The 2nECEC
NMEs, as the 2nbb NMEs, can only be calculated reliably if
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diate nucleus (see Eqs. (4)), which is possible in the ISM and
pn-QRPA approaches. Methods that cannot calculate the full
sum on the intermediate 1+ states rely on closure approxima-
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on intermediate states with a strength function approach, which
converges much quicker to the exact result. A full description
of the strength function approach within the ISM framework
can be found in section 4 of Ref. [31]. This method is ex-
tended in this work to higher powers in the denominators (see
Eqs. (4)) necessary for the Taylor expansion terms. The new
ISM NMEs and the improved PSFs are used to predict capture
fractions for 2nECEC channels that were not yet observed. In
the analysis we considered two often-used effective Hamilto-
nians, which provide consistent nuclear structure results, thus
reassuring of the reliability of the calculated NMEs and of the
newly predicted capture fractions.

We also compute the NMEs with the pn-QRPA method with
isospin restoration by fixing the particle-particle strength pa-
rameter to reproduce the experimental half-life. We found that

our NME value is much smaller when compared with the results
of previous pn-QRPA calculations [18, 19].
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cluding the most relevant equations. Section 3 presents our re-
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PSFs, the atomic relaxation energies, the NMEs obtained with
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diate nucleus (see Eqs. (4)), which is possible in the ISM and
pn-QRPA approaches. Methods that cannot calculate the full
sum on the intermediate 1+ states rely on closure approxima-
tion or single-state dominance approximation, which rarely pro-
vides reliable results. In the ISM one can replace the direct sum
on intermediate states with a strength function approach, which
converges much quicker to the exact result. A full description
of the strength function approach within the ISM framework
can be found in section 4 of Ref. [31]. This method is ex-
tended in this work to higher powers in the denominators (see
Eqs. (4)) necessary for the Taylor expansion terms. The new
ISM NMEs and the improved PSFs are used to predict capture
fractions for 2nECEC channels that were not yet observed. In
the analysis we considered two often-used effective Hamilto-
nians, which provide consistent nuclear structure results, thus
reassuring of the reliability of the calculated NMEs and of the
newly predicted capture fractions.

We also compute the NMEs with the pn-QRPA method with
isospin restoration by fixing the particle-particle strength pa-
rameter to reproduce the experimental half-life. We found that

our NME value is much smaller when compared with the results
of previous pn-QRPA calculations [18, 19].

We organize the manuscript as follows: Section 2 provides
a description of the improved 2nECEC capture formalism, in-
cluding the most relevant equations. Section 3 presents our re-
sults of the 2nECEC process of 124Xe, including the refined
PSFs, the atomic relaxation energies, the NMEs obtained with
the ISM and pn-QRPA, and the total and partial half-lives pre-
dictions. The conclusions are summarized in Section 4.

2. Improved two-neutrino double electron capture formal-
ism

We improve the 2nECEC formalism through the use of a
Taylor expansion method. Following the same steps as for
2nb�b� decay [22, 23] and including terms up to the fourth
power in the lepton energies, we obtain the total inverse half-
life of the 2nECEC process in a similar form:

h
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The partial inverse half-life for 2nxy process, where the atomic
electrons are only captured from shells x and y, can be written
as:
h
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Here, geff
A is an effective axial coupling constant and the param-

eters:

x 2nECEC
31 =

M2nECEC
GT�3

M2nECEC
GT�1

, x 2nECEC
51 =

M2nECEC
GT�5

M2nECEC
GT�1

(3)

are NME ratios arising from the Taylor expansion, with

M2nECEC
GT�1 = Â

n
M2n

GT (n)
me

En(1+)� (Ei +E f )/2
,

M2nECEC
GT�3 = Â

n
M2n

GT (n)
4 m3

e�
En(1+)� (Ei +E f )/2

�3 ,

M2nECEC
GT�5 = Â

n
M2n

GT (n)
16 m5

e�
En(1+)� (Ei +E f )/2

�5 .

(4)

The summations are over all 1+ states of the intermediate nu-
cleus and M2n

GT (n) matrix elements depend on the nth 1+ inter-
mediate state, with energy En(1+), as well as on the ground

2

states |0+i i and |0+f i of the initial and final nuclei, with the en-
ergies Ei and E f :

M2n
GT (n) = h0+f kÂ

m
t�m smk1+n ih1+n kÂ

m
t�m smk0+i i, (5)

where t�m is the isospin-lowering operator transforming a pro-
ton into a neutron, and sm is the nucleon spin operator.

The PSFs entering the inverse half-lives are given by

G2nECEC
N =

me(GF |Vud |m2
e)

4

2p3 ln(2)
1

m5
e
Â
x,y

B2
xB

2
yIN,xy

= Â
x,y

G2nxy
N ,

(6)

where GF is the Fermi coupling constant, Vud the first ele-
ment of the Cabibbo-Kobayashi-Maskawa (CKM) matrix and
the summations run over all occupied atomic shells of the ini-
tial atom. The functions IN,xy depend on the total energies of
the electrons from the initial atom’s orbitals x and y, denoted
as ex and ey, respectively. Their expressions can be obtained
from Eqs. A4 and A5 of Ref. [23] by making the replacements,
Ee1 !�ex and Ee2 !�ey. The localization probability of an
electron from shell x inside the nucleus, is given by:

B2
x =

1
4pm3

e

⇥
hgxi2 + h fxi2⇤ , (7)

where

hgxi=
R

gx(r)r(r)r2drR
r(r)r2dr

h fxi=
R

fx(r)r(r)r2drR
r(r)r2dr

(8)

Here, gx(r) and fx(r) are, respectively, the large- and small-
component of the radial wave functions for the bound electron
in shell x, and the nuclear charge distribution normalized to Z
is given by:

r(r) = 1
1+ e(r�crms)/a (9)

where the surface thickness a = 0.545 fm was used and we
found that crms = 5.569 fm reproduces the experimental mean
square radius,

p
hr2i= 4.7661 fm, for 124Xe [33]. The average

of the bound wave function, weighted with the nuclear charge
distribution, accounts for the Pauli blocking of the decay of in-
nermost nucleon states while preserving the intuitive picture of
the electron being captured on the nuclear surface.

3. Results and Discussions for the 2nECEC decay of 124Xe

3.1. Atomic structure description, PSF calculation and atomic
relaxation energies

Accurate computation of the PSFs for the 2nECEC process
in 124Xe and the determination of atomic relaxation energies
for the final atom, 124Te, requires precise atomic structure cal-
culations for these atomic systems. For this purpose, we em-
ployed the Dirac-Hartree-Fock-Slater (DHFS) self-consistent
framework. The nuclear, electronic and exchange components
of the DHFS potential and the convergence of the method were

described in detail in [34, 35], based on the RADIAL subrou-
tine package [36], that we also employ in this paper. In a rela-
tivistic framework, the shells referred to as x or y, in previous
sections, can be uniquely identified by the state nk , where n
represents the principal quantum number and k corresponds to
the relativistic quantum number.

Usually, in the 2nECEC process, it is considered that the
electrons are captured from K shell and L1 subshell [21, 24, 25].
In particular for 124Xe double electron capture process, even
the electrons from O shell have a small but non-zero probabil-
ity to be captured. In this paper, we assume that the neutrinos
are emitted with anti-parallel spins and that the electrons can
be captured from all occupied shells of the initial atom, so the
summations in Eq. 6 extend up to O1 subshell. We have con-
sidered only the subshells with k =�1. Captures in which not
all four leptons are in s-wave states are strongly suppressed by
additional terms in the NMEs [21]. This may influence the in-
terpretation of experimental results. For example, in [15], the
signal model uses captures from all combinations of subshells.
In our model, each subshell has only two electrons, hence there
are two pairs of electrons that can be captured for any given
x , y subshells. This is accounted for in Eq. (6) by not requir-
ing x < y.

The results of the PSFs, obtained using the Taylor expansion
formalism for the 2nECEC process of 124Xe, are summarized
in Table 1 according to Eq. (6). The first line corresponds to
the total PSFs, while the subsequent lines display results for the
first few most probable channels. As anticipated, with the or-
der of the Taylor expansion increasing, the values of the PSFs
decrease. This trend aligns with data for the case of 2nb�b�

decay [22, 23]. At first glance, one can compare the first en-
try in Table 1 with the older PSF, e.g., 17200 ⇥ 10�24 yr�1

from Ref. [24], but the comparison must be approached with
care. Firstly, the result from Ref.[24] must be combined with
the closure NME, while our values are designed for the Tay-
lor expansion NMEs. Secondly, the older value includes only
contributions from K and L1 captures, whereas we take into ac-
count all possible captures of 124Xe. As a general result [37],
we found that the DHFS screening decreases the total PSF when
compared with the Thomas-Fermi screening from [24, 25]. In
contrast, Pauli blocking effects and the inclusion of captures
beyond K and L1 increase its value.

N = 0 N = 2 N = 22 N = 4
G2nECEC

N 18332.0 9802.2 3056.1 6116.3
G2nKK

N 13605.3 7230.0 2241.2 4482.4
G2nKL1

N 1741.9 945.8 298.9 599.4
G2nKM1

N 355.4 193.6 61.3 123.1
G2nKN1

N 78.6 42.8 13.6 27.3
G2nKO1

N 11.8 6.4 2.0 4.1
G2nL1L1

N 222.9 123.4 39.9 79.8
G2nL1M1

N 45.5 25.3 8.2 16.4

Table 1: The evaluated PSFs (Eq. 6) units of 10�24yr�1 for the total 2nECEC
process (first line) and the partial 2nxy processes (the following lines) of 124Xe.
We have used Q = 2856.73 keV [38].
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After the capture takes place, the final atom is left in an ex-
cited state. Experimentally, the detection of the de-excitation
energies (in the form of X-rays and Auger electrons) is used
to identify 2nECEC events, but it can also interfere with other
events from experiments where the decay of 124Xe is an un-
avoidable source of background. The atomic relaxation energy
subsequent to the 2nxy process can be written in terms of the
total electron binding energies of 124Te in the ground state and
in the excited state with holes in x and y orbitals as

Rxy = Bg.s.(
124Te)�Bxy(

124Te). (10)

The energies obtained from the DHFS framework are displayed
in Table 6. According to [35], our Rxy estimates are expected
to have an accuracy better than 1%. Considering the current
experimental resolution of a few keV [15], our estimation is a
viable option for establishing the background peak position in
liquid xenon experiments [15, 39, 40].

3.2. The ISM evaluation of the NMEs
The nuclear matrix elements (NMEs), Eq. (4), have been

calculated similarly as in Ref. [20] but with few significant
differences: (i) no single state dominance (SSD) was assumed
[31], (ii) two effective Hamiltonians were employed, includ-
ing GCN5082 [20] (name shortened to GCN in the tables be-
low), but also SVD [41], (iii) unique quenching factors (qH ) for
the GT t�s operator, were employed for each effective Hamil-
tonian, which describe well the two-neutrino double beta de-
cay data of 136Xe for each case, namely qGCN = 0.4 [20] and
qSV D = 0.7 [29, 30], and (iv) up to four nucleons were excited
from the lower g7/2d5/2 orbitals into the higher j j55-space or-
bitals.

As in Ref. [20] we calculate the NME in the j j55 model
space consisting of the 0g7/2, 1d5/2, 1d3/2, 2s1/2, and the 0h11/2
orbitals for both protons and neutrons. The shell model calcula-
tions in the full model space for all nuclei involved in the tran-
sition are hindered by the high dimensional basis needed, espe-
cially for 124Xe. As in Ref. [20], we rely on truncations, by pro-
moting nucleons from the lower g7/2d5/2 orbitals into the higher
d3/2s1/2h11/2 orbitals. In this work we go beyond the trunca-
tions used in Ref. [20], by allowing up to four nucleon excita-
tions. In addition, we go beyond the one state dominance ap-
proximation used in Ref. [20] by performing a full summation
on the intermediate 1+ states in Eq. (4) [26] using a strength
function approach described in detail in section 4 of Ref. [31].
The full summation reduces the NME for the GCN5082 Hamil-
tonian by about 25%. In addition, as mentioned in the previous
paragraph, we don’t assume a range of unjustified quenching
factors, but we use the same quenching factors that describe
reasonably well the NME for the two-neutrino double beta de-
cay of 136Xe calculated in the same model space and using the
same effective Hamiltonians.

The results for the dominant matrix elements, M2nECEC
GT�1 , are

presented in Fig. 1, where g7d5-jump represents the number of
nucleons that were allowed to get excited (jump) from the lower
g7/2d5/2 orbitals into the higher j j55-space orbitals, maximum
being 14. One can see that both effective Hamiltonians provide

 0
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Figure 1: The M2nECEC
GT�1 NME as a function of the number of nucleons that were

allowed to get excited from the lower g7/2d5/2 orbitals.

similar results, which, although not yet converged, do not sig-
nificantly vary, especially for the SVD effective Hamiltonian.
We also calculated the other two nuclear matrix elements in Eq.
(4), M2nECEC

GT�3 and M2nECEC
GT�5 , using similar techniques by extend-

ing the approach presented in section 4 of Ref. [31]. In these
calculations the Gamow-Teller t�s operator in Eq. (5) was
quenched by the qH factors given in the previous paragraph
(qSV D = 0.7,qGCN = 0.4). The ISM point of view is that this
quenching effect is due to the renormalization of the t�s oper-
ator in reduced model spaces [42–44], while the axial coupling
constant remains that for free nucleons. Therefore in ISM the
”renormalized” t�s operator in Eq. (5) is qHt�s , and geff

A in
Eqs. (1)-(2) is gA = 1.276 [45]. The NME results are summa-
rized in Table 2, where ”jump” is short for ”g7d5-jump”. These
results are further used to extract the x 2nECEC

31 and x 2nECEC
51 pa-

rameters, presented in Table 3, which are needed for calculat-
ing the Taylor expansion corrections to the decay half-lives,
Eqs. (1-2). One should emphasize the M2nECEC

GT�3 and M2nECEC
GT�5

NMEs exhibit similar behavior as that presented in Fig. 1 by
the M2nECEC

GT�1 NMEs.

Model NME type jump=0 jump=2 jump=4
SVD M2nECEC

GT�1 0.0305 0.0329 0.0291
M2nECEC

GT�3 0.0066 0.0087 0.0064
M2nECEC

GT�5 0.0018 0.0026 0.0018
GCN M2nECEC

GT�1 0.0379 0.0354 0.0264
M2nECEC

GT�3 0.0108 0.0092 0.0057
M2nECEC

GT�5 0.0032 0.0027 0.0016

Table 2: ISM results for the NMEs of Eq. (4) (see text for details).

3.3. The NME evaluation in pn-QRPA
The nuclear matrix elements M2nECEC

GT�1 , M2nECEC
GT�3 and

M2nECEC
GT�5 are calculated using the pn-QRPA with isospin

restoration [32]. They were obtained considering the same
large model space (23 subshells of N = 0–5 oscillator shells

4

Table 4: Nuclear matrix elements MM
GT�K (M = 2nECEC and 2nb�b�, K=1,3 and 5) for 2nECEC of 124Xe and 2nb�b�-decay of 128,130Te calculated within

pn-QRPA with isospin restoration. Dp and Dn denote experimental proton and neutron pairing gap, respectively. geff
A is the effective axial-vector coupling constant.

A and B stand for the Argonne V18 and CD-Bonn nucleon-nucleon potential, respectively. The fixed value of the particle-particle strength parameter in the isovector
channel gT=1

pp is 0.9626 (0.8884), 0.9672 (0.8934) and 0.9893 (0.9151) for 2nECEC of 124Xe, 2nb�b�-decay of 128Te and 130Te, respectively, by exploiting the
realistic Argonne V18 (CD-Bonn) nucleon-nucleon potential. gT=0

pp is the renormalization constant of particle-particle neutron-proton interaction in the isoscalar
channel, which is fitted from the requirement that the calculated 2nECEC or 2nb�b� half-life is the same as its experimental value. T 2nECEC

1/2 (124Xe) = 1.1⇥1022

yrs [15], T 2nb�b�

1/2 (128Te) = 2.3⇥1024 yrs [47] and T 2nb�b�

1/2 (130Te) = 7.71⇥1020 yrs [48] are considered.

Nucl. tran. DTe
p DTe

n DXe
p DXe

n geff
A pot. gT=0

pp MGT�1 MGT�3 MGT�5 x31 x51
124Xe!124Te 1.249 1.344 1.357 1.339 0.80 A 0.706 0.1044 0.018 0.0045 0.169 0.043

B 0.635 0.1050 0.019 0.0049 0.181 0.047
1.00 A 0.737 0.0662 0.016 0.0029 0.175 0.043

B 0.664 0.0677 0.014 0.0035 0.201 0.051
1.27 A 0.7542 0.0416 0.0074 0.0017 0.178 0.041

B 0.6814 0.0409 0.0094 0.0023 0.231 0.057
128Te!128Xe 1.129 1.280 1.319 1.265 0.80 A 0.7432 0.0631 0.012 0.0038 0.196 0.060

B 0.6676 0.0631 0.014 0.0043 0.219 0.068
1.00 A 0.7645 0.0403 0.0081 0.0023 0.200 0.057

B 0.6886 0.0404 0.0098 0.0030 0.244 0.073
1.27 A 0.7773 0.0251 0.0051 0.0013 0.202 0.051

B 0.7013 0.0250 0.0070 0.0020 0.282 0.081
130Te!130Xe 1.058 1.179 1.297 1.248 0.80 A 0.7490 0.0444 0.0082 0.0023 0.185 0.052

B 0.6726 0.0443 0.0093 0.0027 0.209 0.060
1.00 A 0.7680 0.0284 0.0054 0.0014 0.192 0.049

B 0.6915 0.0282 0.0067 0.0018 0.237 0.065
1.27 A 0.7797 0.0177 0.0035 0.0008 0.199 0.044

B 0.7031 0.0174 0.0049 0.0013 0.281 0.072

Model Channel jump=0 jump=2 jump=4
SVD Total 1.94 1.61 2.12

KK 2.61 2.17 2.86
GCN Total 1.20 1.40 2.58

KK 1.62 1.88 3.48

Table 5: The predicted 2nECEC half-lives for 124Xe (in units of 1022 yr) from
Eqs. (1-2). To be compared with experimental data for the total half-life, (1.1±
0.2stat ± 0.1sys)⇥ 1022 yr and the inferred data for the KK half-life, (1.5 ±
0.3stat ±0.1sys)⇥1022 yr (see section III.F of Ref. [15]).

which employ the closure approximation. Similar considera-
tions apply to Ref. [19], which reports an estimate for the half-
life within the range of (1.4–1.8)⇥ 1022 yr. Ref. [20] reports
two other ranges for the partial half-life of 124Xe, one obtained
with ISM and one with an effective theory (ET) extension to
truncated ISM NME. The resulting half-life expectations for the
KK capture are (1.3–18)⇥1022 y and (0.43–2.9)⇥1022 y, re-
spectively. However, the PSF value adopted from [24] also ac-
counts for KL1 and L1L1 captures. Consequently, the reported
ranges are underestimated by about 20%. Moreover, the PSF
value employed is computed within the closure approximation
while the NME is computed by summing over all intermediate
1+ states in SM and by assuming the SSD hypothesis in ET.

Decay Chanel Rxy (keV) ISM CF (%)
KK 64.62 74.13-74.15
KL1 37.05 18.76-18.83
KM1 32.98 3.83-3.84
KN1 32.11 0.83-0.85
KO1 31.93 0.13
L1L1 10.04 1.22
L1M1 6.01 0.49
Other < 6 0.52-0.55

Table 6: The atomic relaxation energies (Eq. 10) obtained within the DHFS
model (second column) and the capture fractions (CF) predicted by ISM (third
column). The captures with atomic relaxation energies below 6 keV are sub-
sumed under the label ”other”. The ranges presented for the KK and KL1 chan-
nels correspond to the minimum and maximum values of the x 2nECEC

31 parame-
ter predicted from ISM.

Given the success in describing the experimental data for the
total 2nECEC half-life of 124Xe, as well as the partial half-life
for the KK channel, we make predictions for other possible
channels. Table 6 presents, in addition to the relaxation en-
ergies calculated with Eq. 10, the predicted caption fractions
for different channels of the decay, including the measured to-
tal and KK [15]. The ISM CF column shows the ISM predicted
capture fraction (in %) for different channels (the detailed re-
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The 2vECEC decay of 124Xe: 
Predictions for Capture Fractions

Table 4: Nuclear matrix elements MM
GT�K (M = 2nECEC and 2nb�b�, K=1,3 and 5) for 2nECEC of 124Xe and 2nb�b�-decay of 128,130Te calculated within

pn-QRPA with isospin restoration. Dp and Dn denote experimental proton and neutron pairing gap, respectively. geff
A is the effective axial-vector coupling constant.

A and B stand for the Argonne V18 and CD-Bonn nucleon-nucleon potential, respectively. The fixed value of the particle-particle strength parameter in the isovector
channel gT=1

pp is 0.9626 (0.8884), 0.9672 (0.8934) and 0.9893 (0.9151) for 2nECEC of 124Xe, 2nb�b�-decay of 128Te and 130Te, respectively, by exploiting the
realistic Argonne V18 (CD-Bonn) nucleon-nucleon potential. gT=0

pp is the renormalization constant of particle-particle neutron-proton interaction in the isoscalar
channel, which is fitted from the requirement that the calculated 2nECEC or 2nb�b� half-life is the same as its experimental value. T 2nECEC

1/2 (124Xe) = 1.1⇥1022

yrs [15], T 2nb�b�

1/2 (128Te) = 2.3⇥1024 yrs [47] and T 2nb�b�

1/2 (130Te) = 7.71⇥1020 yrs [48] are considered.

Nucl. tran. DTe
p DTe

n DXe
p DXe

n geff
A pot. gT=0

pp MGT�1 MGT�3 MGT�5 x31 x51
124Xe!124Te 1.249 1.344 1.357 1.339 0.80 A 0.706 0.1044 0.018 0.0045 0.169 0.043

B 0.635 0.1050 0.019 0.0049 0.181 0.047
1.00 A 0.737 0.0662 0.016 0.0029 0.175 0.043

B 0.664 0.0677 0.014 0.0035 0.201 0.051
1.27 A 0.7542 0.0416 0.0074 0.0017 0.178 0.041

B 0.6814 0.0409 0.0094 0.0023 0.231 0.057
128Te!128Xe 1.129 1.280 1.319 1.265 0.80 A 0.7432 0.0631 0.012 0.0038 0.196 0.060

B 0.6676 0.0631 0.014 0.0043 0.219 0.068
1.00 A 0.7645 0.0403 0.0081 0.0023 0.200 0.057

B 0.6886 0.0404 0.0098 0.0030 0.244 0.073
1.27 A 0.7773 0.0251 0.0051 0.0013 0.202 0.051

B 0.7013 0.0250 0.0070 0.0020 0.282 0.081
130Te!130Xe 1.058 1.179 1.297 1.248 0.80 A 0.7490 0.0444 0.0082 0.0023 0.185 0.052

B 0.6726 0.0443 0.0093 0.0027 0.209 0.060
1.00 A 0.7680 0.0284 0.0054 0.0014 0.192 0.049

B 0.6915 0.0282 0.0067 0.0018 0.237 0.065
1.27 A 0.7797 0.0177 0.0035 0.0008 0.199 0.044

B 0.7031 0.0174 0.0049 0.0013 0.281 0.072

Model Channel jump=0 jump=2 jump=4
SVD Total 1.94 1.61 2.12

KK 2.61 2.17 2.86
GCN Total 1.20 1.40 2.58

KK 1.62 1.88 3.48

Table 5: The predicted 2nECEC half-lives for 124Xe (in units of 1022 yr) from
Eqs. (1-2). To be compared with experimental data for the total half-life, (1.1±
0.2stat ± 0.1sys)⇥ 1022 yr and the inferred data for the KK half-life, (1.5 ±
0.3stat ±0.1sys)⇥1022 yr (see section III.F of Ref. [15]).

which employ the closure approximation. Similar considera-
tions apply to Ref. [19], which reports an estimate for the half-
life within the range of (1.4–1.8)⇥ 1022 yr. Ref. [20] reports
two other ranges for the partial half-life of 124Xe, one obtained
with ISM and one with an effective theory (ET) extension to
truncated ISM NME. The resulting half-life expectations for the
KK capture are (1.3–18)⇥1022 y and (0.43–2.9)⇥1022 y, re-
spectively. However, the PSF value adopted from [24] also ac-
counts for KL1 and L1L1 captures. Consequently, the reported
ranges are underestimated by about 20%. Moreover, the PSF
value employed is computed within the closure approximation
while the NME is computed by summing over all intermediate
1+ states in SM and by assuming the SSD hypothesis in ET.

Decay Chanel Rxy (keV) ISM CF (%)
KK 64.62 74.13-74.15
KL1 37.05 18.76-18.83
KM1 32.98 3.83-3.84
KN1 32.11 0.83-0.85
KO1 31.93 0.13
L1L1 10.04 1.22
L1M1 6.01 0.49
Other < 6 0.52-0.55

Table 6: The atomic relaxation energies (Eq. 10) obtained within the DHFS
model (second column) and the capture fractions (CF) predicted by ISM (third
column). The captures with atomic relaxation energies below 6 keV are sub-
sumed under the label ”other”. The ranges presented for the KK and KL1 chan-
nels correspond to the minimum and maximum values of the x 2nECEC

31 parame-
ter predicted from ISM.

Given the success in describing the experimental data for the
total 2nECEC half-life of 124Xe, as well as the partial half-life
for the KK channel, we make predictions for other possible
channels. Table 6 presents, in addition to the relaxation en-
ergies calculated with Eq. 10, the predicted caption fractions
for different channels of the decay, including the measured to-
tal and KK [15]. The ISM CF column shows the ISM predicted
capture fraction (in %) for different channels (the detailed re-

6

KK: 74%

KL1-KN1: 24%
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Conclusions

• Shell model calculations of the 2nbb nuclear matrix 
elements can be obtained very efficiently using a strength 
function approach

• The direct sum is likely to miss convergence in most cases

• The strength function approach is the only option for cases 
that have very large shell model dimension, such as 128Te

• The proper evaluation of the 2nbb nuclear matrix elements 
is important while they correlate strongly with the 0nbb 
nuclear matrix elements (PRC 106, 05432 (2022), PRC 107, 
045501 (2023), Universe 10, 252 (2024) )
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2

Isotope Qbb Qb E0 E1(1
+) Meff

2⌫ M2⌫ qopt Hamiltonian
48Ca 4.268 0.280 1.855 2.517 0.0350 0.0421 0.68 GXPF1A
76Ge 2.039 -0.922 1.941 0.044 0.1060 0.1274 0.63 GCN2850

0.62 JUN45
82Se 2.998 -0.095 1.594 0.075 0.0850 0.1022 0.55 GCN2850

0.62 JUN45
96Zr 3.356 0.164 1.514 ? 0.0800 0.0962
100Mo 3.034 -0.172 1.689 0.000 0.1850 0.2224
116Cd 2.813 -0.463 1.869 0.000 0.1080 0.1298
128Te 0.867 -1.256 1.689 0.000 0.0430 0.0517 0.84 SVD
130Te 2.528 -0.417 1.681 0.255 0.0293 0.0352 0.50 GCN5082

0.88 SVD
136Xe 2.458 -0.090 1.319 0.590 0.0181 0.0218 0.42 GCN5082

0.69 SVD
150Nd 3.371 -0.083 1.769 ? 0.0550 0.0661
238U 1.114 -0.147 0.704 0.244 0.1300 0.1563

Table I. All relevant data and statistics for all selected observables. See section IV for notations and details.

value gA = 1.27. The NME calculation for 0⌫�� decay is
more complicated, since besides the GT transitions, other
transitions may contribute as well. Also, the NME values
calculated by di↵erent methods may di↵er by factors of
3-4 for most relevant isotopes, including 136Xe (see e.g.
Fig. 5 of Ref. [15], and Refs. [37, 38]). The uncertainties
in the NME values are further amplified when predicting
half-lives, since they enter at the power of two in the in-
verse lifetime formula. In addition, given that there is no
measured lifetime for this decay mode to compared with,
these uncertainties in the calculated NME a↵ect the pre-
diction and interpretation of the existing 0⌫�� half-life
limits and the planning of performances for the future
DBD experiments.

Among the nuclear methods for calculating NMEs, the
shell model based methods have some advantages, such as
the inclusion of all correlations between nucleons around
the Fermi surface, preserving all symmetries of the nu-
clear many-body problem, and the use of nucleon-nucleon
(NN) interactions tested for other observables and for
di↵erent mass regions of nuclei. The construction and
use of e↵ective NN Hamiltonians in accordance with the
model spaces is a key ingredient in calculations. There-
fore, one question that arises is the stability of the calcu-
lated NME values to small changes in the parameters of
e↵ective Hamiltonians. In a previous recent paper [42],
we presented a statistical analysis of the NME distribu-
tion for 48Ca to random changes of two body matrix
elements (TBME) calculated with shell model methods
in a fp model space with three di↵erent e↵ective Hamil-
tonians, namely FPD6, GXPF1A and KB3B. Besides
the stability of NME to these changes, we also inves-
tigated the correlation between the changes in the 0⌫��
NME and the changes in other observables, such as 2⌫��
NME, GT strengths, B(E2) transition probabilities, ex-
cited states energies, occupation probabilities, etc. Based
on this statistical analysis with the three Hamiltonians,
we proposed a common probability distribution function
for 0⌫�� NME which has a range of (0.45 – 0.95) at 90%
confidence level with a mean value of 0.68 [42]. A simi-

lar analysis for 76Ge using ab-initio nuclear methods, al-
though with a smaller number of observables and a much
smaller statistics, was recently presented in Ref. [43]. In-
deed, it is important to provide uncertainty quantifica-
tion for observables of physical processes like 0⌫�� NME
where experimental data for verification is limited.

In this paper we propose a similar statistical analysis of
0⌫�� NME for 136Xe, which is theoretically among the
most suitable for NME calculation using a shell model ap-
proach, and it is also among the most promising isotope
for experimental search of 0⌫�� transitions. We only con-
sider in this work the standard light left-handed (LH)
neutrino exchange mass mechanism, which is presently
viewed as the most likely to contribute to the 0⌫�� de-
cay process. The calculations are performed using three
independent e↵ective Hamiltonians SVD [44], jj55t [23]
and GCN5082 [45], for the jj55 model space that is ap-
propriate for 136Xe. These e↵ective Hamiltonians are
obtained starting with a theoretical Bruekner G-Matrix
e↵ective Hamiltonians that are further fine-tuned to de-
scribe the experimental energy levels for a reasonably
large number of nuclei that can be investigated in the
corresponding model spaces. These e↵ective Hamiltoni-
ans are described by a small number of single particle
energies and a finite number of two-body matrix ele-
ments. As a by-product, the wave functions produced
by these Hamiltonians can be used to describe and pre-
dict observables, such as the electromagnetic transition
probabilities, Gamow-Teller transitions probabilities, nu-
cleon occupation probabilities, spectroscopic factors, etc,
using relatively simple changes of the transition opera-
tors in terms of e↵ective charges and quenching factors.
These quantities are calibrated to the existing data. For
0⌫�� NMEs such calibrations are not yet possible due
to the lack of experimental data confirming the transi-
tion. However, di↵erent existing e↵ective Hamiltonians
for nuclei involved in a given 0⌫�� decay produce smaller
ranges of the NME. In addition, some recent ab-initio
methods, such as IM-SRG [38, 39], built on the modern
advances in the shell model by providing ab-initio derived
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function technique of calculating the associated NME in
very large model spaces in which the direct summation
on intermediate states is not practical. For the 2⌫��
mode the relevant NME are of Gamow-Teller type, and
has the following expression for decays to states in the
grand-daughter that have the angular momentum J = 0
[49],

M2⌫ =
X

k

h0+f |q�⌧�|1
+
k ih1

+
k |q�⌧�|0

+
i i

Erel,1+1
(1+k ) + E(1+1 ) + E0

. (2)

Here Erel,1+1
(1+k ) are the excitation energy of the 1+k state

of intermediate odd-odd nucleus relative to the first 1+

state, which can be identify experimentally (see Table
I). The E0 = 1

2Q�� + �M . Q�� is the Q-value corre-
sponding to the �� decay to the final 0+f state of the
grand-daughter nucleus, and �M is the mass di↵erence
between the parent (e.g. 48Ca) and the intermediate nu-
cleus (e.g. 48Sc). Given that �M is equal to the negative
of the beta minus Q-value for the daughter, one can ob-
tain E0 = 1

2Q�� � Q�� using data readily available at
National Nuclear data Center (see Table I). The most
common case is the decay to the 0+1 g.s. of the grand-

daughter, but decays to the first excited 0+2 state were
also observed [2].
The 2⌫�� decay half-life is given by

h
T 2⌫
1/2

i�1
= G2⌫ ·

⇥
g2A

�
mec

2 ·M2⌫

�⇤2 ⌘ G2⌫

⇣
Meff

2⌫

⌘2

(3)
In Ref. [20] we fully diagonalized 250 1+ states of the
intermediate nucleus 48Sc in the pf valence space, to cal-
culate the 2⌫�� NME for 48Ca. This method of direct
diagonalization of a large number of states can be used for
somewhat heavier nuclei using the J-scheme shell model
code NuShellX [50], but for large dimension cases one
needs an alternative method. In particular, the m-scheme
dimensions needed for the 48Ca NME calculations, when
taking into account up to 2~! excitations in the sd� pf
valence space, are larger than 1 billion (716 millions for
48Sc). This large dimensions also require a method more
e�cient than the direct diagonalization. The pioneering
work on 48Ca [17] used a strength-function approach that
converges after a small number of Lanczos iterations, but
it requires large scale shell model diagonalization when
one wants to check the convergence. Ref. [51] proposed
an alternative method, which converges very quickly, but
it did not provide full recipes for all its ingredients, and
it was never used in practical calculations. Here, we pro-
pose a simple numerical scheme to calculate all coe�-
cients of the expansion proposed in Ref. [51]. Following
Ref. [51], we choose as a starting Lanczos vector, L±

1 ,
either the initial or final states in the decay (only 0+ to
0+ transitions are considered here), on which we apply
the Gamow-Teller operator,

|�⌧�0+i >= c�|dw� >⌘ c�|L�
1 > (4)

|�⌧+0+f >= c+|dw+ >⌘ c+|L+
1 > . (5)

The results are the ”door-way” states |dw± > multiplied
by the constants c±, which represent the square-root of
the respective Gamow-Teller sum rule. Ref. [51] shows
that the matrix element in Eq. (10) can be calculated
using one of the two equations:

M2⌫(0
+) ⇡ 3c+c�

X

m

g�m < dw+|L�
m >⌘ MGT�

2⌫ (6)

M2⌫(0
+) ⇡ 3c+c�

X

m

g+m < L+
m|dw� >⌘ MGT+

2⌫ . (7)

Here the sum is over the Lanczos vectors Lm. One can
show that the g±m factors can be calculated with the fol-
lowing formula after N Lanczos iterations:

g±m =
NX

k=1

V ±
1kV

±
mk

EN
L (1+k )� Eg.s. + E0

. (8)

Here Vmk are the eigenvectors of the N-order Lanczos
matrix corresponding to eigenvalue EN

L (1+k ). The advan-
tage of using Eqs. (4)-(8) is that in order to check the
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