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Our Physics Targets

Nucleon structure = properties of single nucleon 
✓Elastic form factor: general properties of nucleon 

✓Structure function →  generalized parton distributions (GPD) 

‣Deep Inelastic scattering (proton spin puzzle) 

✓Experimentally inaccessible matrix elements: scalar and tensor charges 

‣ Physics beyond the standard model
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Our Physics Targets

Nucleon structure = properties of single nucleon 
✓Elastic form factor 

➡ Five basic quantities:  

axial charge (gA), magnetic moment (μ), charge radius (rE), magnetic 
radius (rM), axial radius (rA)
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Today’s topics



• Proton radius puzzle 

➡ Electric/magnetic form factor (rms radius) 
• Neutron lifetime puzzle & νμ →νe oscillation 

➡ Axial-vector from factor (axial charge & axial radius)

Nucleon structure

An important opportunity to develop our understanding of 
nucleon structure using lattice QCD simulations



Our strategy
✓Use PACS10 gauge configurations 

‣ Physical point  →  No chiral extrapolation 

‣ Very large spatial volume ( )→ No finite size effect & Low q2 physics 

‣ 3 different lattice cut-offs ( ) → Continuum limit (currently not available) 

✓All-mode averaging technique → High precision measurements 

✓Highly tuned smearing → Suppression of excited-state contributions 

✓Model-independent Q2 fit by z-Expansion method

L
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Status of PACS10 projects

Configuration PACS10 HPCI
Resource Oakforest-

PACS → Fugaku K-computer

Nf 2+1 2+1
mπ[MeV] 135 146
L [fm] 10 fm 8.1 fm
L3 x T 1284(644) 1604 2564 964
a [fm] 0.085 0.063 ~0.04 0.085
Status done done done done

Nucleon FF done done running done
Renorm (SF, NPR) done partly done planning done
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                          has two types of quark contraction 
diagrams (Wick contractions)

t ０

t’
t’

t ０

connected contribution disconnected contribution
✓flavor diagonal quantities 
✓electro-magnetic matrix elements

✓iso-vector quantities 
✓β-decay (weak matrix elements)
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2. State of the art

Due to the computational cost of computing the inverse operator ⇡�1, fermion determinants
were neglected in the first major simulation efforts, in the so-called quenched approximation. In
the early years of the millennium this led to ⇠10% systematic effects in the hadron spectrum [4].
This precision is not enough for advances in the low energy regime of the standard model, where
search for new physics is driven by increased precision at the so-called precision frontier. To
detect signs for new physics, i.e. by deviations with experiments, lattice QCD quantities have to
be measured at sub-percentage precision, e.g. in case of the hadronic vector contribution (HVP) to
the anomalous magnetic moment of the muon. To reach this precision, lattice QCD simulations
have to include fermions in the simulation, also called using dynamical fermions, and control all
major systematic effects, like finite size, finite discretization and light quark mass effects. The later
effect is eliminated by directly simulating at the physical point, where the quark masses are tuned
to reproduce the physical meson masses, such as pion and kaon masses. Directly simulating at the
physical point is possible due to advances on the algorithmic level as well as on the hardware site.
Nowadays these physical point ensembles are generated by various lattice collaborations around
the globe. The selected actions of the collaborations differs by the used gauge as well as the used
fermion discretization, but most ensembles are generated at the isosymmetric point, e.g. with two
mass-degenerated light quarks, and a dynamical strange and in most cases with a dynamical charm
quark, denoted as # 5 = 2 + 1(+1). Most of the generated ensembles, see Fig. 1 for an overview,
have an lattice size of > 5fm and are generated at lattice spacings in the range of [0.05 � 0.2] fm.
A set of ensembles in this range enables to control the major systematic effects, i.e. finite volume
and cut-off effects, in order to reach O(1%) precision in observables.

0 0.005 0.01 0.015 0.02 0.025

a2 [fm2]

4

5

6

7

8

9

10

11

12
L
 [
fm

]

ETMC 211
ETMC 2
MILC
CLS
BMW-c 21
BMW-c 211
RBC/UKQCD 21
PACS
TWQCD

Figure 1: The figure shows the physical point ensem-
bles generated by various collaborations each using
different fermions discretizations (see also [11]).

The MCMC algorithm of choice to
generate these ensembles is given by the
Hybrid Monte Carlo (HMC) [5, 6] algo-
rithm. The method is used by all col-
laboration with different variants to improve
computational efficiency, i.e. which are based
on Infra-red/ultra-violet (IR/UV) precondition-
ing. The most common techniques are given
by even-odd-reduction, by Hasenbusch-mass-
preconditioning [7] in the light quark sector and
by rational HMC [8], based on rational approxi-
mation, in the heavy quark sector. A subvariant
used in particular for Domain Wall fermions is
given by the Exact One Flavor algorithm [9, 10],
which decompose the Dirac operator into two
hermitian operators in spin space making use

of the W5 hermicity. Note that a detailed description on the used fermion discretizations as well as
on the used preconditioning methods for the ensemble generation of the different collaborations can
be found in [11].

Despite the elimination of quark mass effects, major challenges are remaining at the precision
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Q2 [GeV2]

0

2

4

6

8

10

L 
[fm

]

n2=1
n2=2
n2=3
n2=4
n2=5
n2=6
n2=8
n2=9

Our work

Discrete momenta on the lattice are related to 
the size of the spatial extent L

✓can access the small momentum transfer up to 114 MeV < 2mπ

↓

typical 
works

How Large Spatial Size is Necessary?

hr2Ei = � 6

GE(0)

dGE(q2)

dq2

����
q2=0

<latexit sha1_base64="RMsv6DJKTPtXR+YyVKIsRa6uc7Y="></latexit>

R =
q

hr2Ei = rE
<latexit sha1_base64="ckTReO+kW8AhOt0vC+OeufD7LJI="></latexit>

Root-Mean-Square radius



21

0.5 0.6 0.7 0.8 0.9 1
<r

E
2>

v
1/2 [fm]

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
<r

M
2>

v
1/2 [fm]

2.8 3.2 3.6 4 4.4 4.8
µ

v

CLS-Mainz

PNDME’13

ETMC

PACS’18

This work
This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

This work

PACS’18

ETMC

PNDME’13

CLS-Mainz

Hasan et al. Hasan et al.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
<r

A
2>1/2 [fm]

1 1.05 1.1 1.15 1.2 1.25 1.3 1.35
g

A

CLS-Mainz

Green et al.

ETMC

PACS’18

This work

Hasan et al.

This work

PACS’18

Green et al.

PNDME’17

CalLat

CLS-Mainz

PNDME’17

ETMC

FIG. 26. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and
magnetic moment obtained by CLS-Mainz [52], PNDME [50], ETMC [10], Hasan et al. [12] and PACS [15]. (Bottom) Same as
top panels for the axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [53], Green et al. [54], PNDME [9, 14],
ETMC [11], CalLat [13], and PACS [15]. Those errors are total one combined with statistical and systematic errors in the
quadrature, except that gA for PACS’18 has only statistical error. Vertical bands denote experimental values.
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“All four quantities are consistent with 
experiments, as well as axial charge gA ”

charge radius (rE) magnetic radius (rM) magnetic moment (μ) axial radius (rA)

5 years ago, I concluded that  
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FIG. S23. (Top) Comparison of recent LQCD results for the isovector nucleon electric and the magnetic RMS radii, and
magnetic moment obtained by CLS-Mainz [52], PNDME [50], ETMC [10], Hasan et al. [12] and PACS [15]. (Bottom) Same as
top panels for the axial RMS radius and the axial-vector coupling obtained by CLS-Mainz [53], Green et al. [54], PNDME [9, 14],
ETMC [11], CalLat [13], and PACS [15]. Those errors are total one combined with statistical and systematic errors in the
quadrature. Vertical bands denote experimental values. This figure replaces Fig. 26 in the paper, except for the figure of gA.
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• Our new PACS10 results at a=0.063 fm 
• (10.1 fm)3 spatial volume with mπ＝138 MeV 
• lattice discretization uncertainties on rE and gA 
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Status of PACS10 projects

Configuration PACS10 HPCI
Resource Oakforest-PACS 

→ Fugaku K-computer

Nf 2+1 2+1
mπ[MeV] 135 138 ~135 146
L [fm] 10 fm 8.1 fm
L3 x T 1284(644) 1604 2564 964
a [fm] 0.085 0.063 ~0.04 0.085
Status done done done done

Nucleon FF done done running done
SF, NPR done partly done planning done
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Nucleon mass  
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G(t) =
P

i Ai exp(�Mit)
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A sum of exponential func.
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2% deviation
1% deviation

Effective mass plot for MN

Achieving a percent level precision on the nucleon mass 

Smearing parameters are highly tuned to maximize  
the ground-state dominance.



Axial charge  
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Figure 42: The two- and three-point correlation functions (illustrated by Feynman diagrams)
that need to be calculated to extract the ground state nucleon matrix elements. (Left) the
nucleon two-point function. (Middle) the connected three-point function with source-sink
separation ⌧ and operator insertion time slice t. (Right) the disconnected three-point function
with operator insertion at t.

uation (on each configuration) and that from the gauge average. The number of stochastic
sources employed on each configuration is, typically, optimized to reduce the overall error for
a given computational cost. The statistical errors of the connected contributions, in contrast,
usually come only from the ensemble average since they are often evaluated exactly on each
configuration, for a small number of source positions. If these positions are well-separated in
space and time, then each measurement is statistically independent. The methodology applied
for these calculations and the variance reduction techniques are summarized in Sec. 10.1.1. By
construction, arbitrary values of ⌧ across the entire temporal extent of the lattice can be re-
alized when computing the quark-disconnected contribution, since the source-sink separation
is determined by the part of the diagram that corresponds to the two-point nucleon corre-
lator. However, in practice statistical fluctuations of both the connected and disconnected
contributions increase sharply, so that the signal is lost in the statistical noise for ⌧ & 1.5 fm.

The lattice calculation is performed for a given number of quark flavours and at a number
of values of the lattice spacing a, the pion mass M⇡, and the lattice size, represented by M⇡L.
The results need to be extrapolated to the physical point defined by a = 0, M⇡ = 135 MeV
and M⇡L ! 1. This is done by fitting the data simultaneously in these three variables using
a theoretically motivated ansatz. The ansätze used and the fitting strategy are described in
Sec. 10.1.4.

The procedure for rating the various calculations and the criteria specific to this chapter
are discussed in Sec. 10.2, which also includes a brief description of how the final averages
are constructed. The physics motivation for computing the isovector charges, gu�d

A,S,T , and the
review of the lattice results are presented in Sec. 10.3. This is followed by a discussion of the
relevance of the flavour diagonal charges, gu,d,sA,S,T , and a presentation of the lattice results in
Sec. 10.4.

10.1.1 Technical aspects of the calculations of nucleon matrix elements

The calculation of n-point functions needed to extract nucleon matrix elements requires mak-
ing four essential choices. The first involves choosing between the suite of background gauge
field ensembles one has access to. The range of lattice parameters should be large enough
to facilitate the extrapolation to the continuum and infinite-volume limits, and, ideally, the
evaluation at the physical pion mass taken to be M⇡ = 135 MeV. Such ensembles have been

3

tsep
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Effect of excited-state contamination is negligible
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A precent-level determination of gA

Effect of excited state contamination is negligible for tsep≥1.2 fm. 
Finite volume error is less than 1%. 
Discretization error is less than 1%.

R. Tsuji et. al. (PACS collab.) Lattice 2022 + new data

2% deviation
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K.-I. Ishikawa et. al. (PACS collab.) PRD99 (2021) 074514

tsep≥1.2 fm

Tsuji et al. arXiv: 2311.10345
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Electric form factor  
GE



Ratio for iso-vector GE(q2)

Good plateau for tsep=13, 16, 19
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The previous results disagree with the Kelly’s curve
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Magnetic form factor  
GM
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N/A for GM(0)

GM (Q2) = F1(Q2) + F2(Q2)

The previous results barely agree with the Kelly’s curve
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Summary
• We have studied nucleon form factors (vector/axial-vector) 
calculated in 2+1 flavor QCD at the physical point on (10 fm)4 
lattice at two lattice spacings (a=0.085 and 0.063 fm) 

✓Large spatial volume allows investigation in the small 
momentum transfer region, q2 < (２mπ)2  

✓High statistical precision is achieved by all-mode 
averaging technique 

✓tsep dependence is systematically investigated  

➡ gA and GE, GM show no tsep dependence 

➡ excited-state contributions are negligible for tsep ≥ 1.2 fm
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3rd simulation performed on Fugaku

The third simulation (2564) at the finer lattice spacing (a≈0.04 fm)

☞ I hope to show you new results soon


