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Motivation for GPDs studies

pion valence

cloud quarks
/P _— Tmom + 2coord tomographic images of quark distribution
. . in nucleon at fixed longitudinal momentum
/ / 3-D image from FT of the longitudinal mom. transfer
x<0.1 x~0.3 x~0.8

[H. Abramowicz et al., whitepaper for NSAC LRP, 2007]

% GPDs are not well-constrained experimentally:

o . . " Hx, &,1)
- Xx-dependence extraction is not direct. DVCS amplitude: # = [ Y dx
1 X— 1€

(SDHEP [J. Qiu et al, arXiv:2205.07846] gives access to Xx)
- independent measurements to disentangle GPDs
- GPDs phenomenology more complicated than PDFs (multi-dimensionality)

- and more challenges ...

Essential to complement the knowledge on GPD from lattice QCD
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Hadron structure at core of nuclear physics
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Current DVCS data at colliders:

10 3 O ZEUS- total xsec O HI1- total xsec o .
I ® ZEUS- do/dt B H1-do/dt
L B Hi-Acy ,,'*17

% Tomographic imaging of proton Gurent DVGS data a e fargets:

| A HERMES-A; A HERMES-AcU
L A HERMES- Ay, Ay, AL
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EIC Yellow Report 2021, arXiv:2103.05419]
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Hadron structure at core of nuclear physics
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Hadron structure at core of nuclear physi

% Tomographic imaging of proton
has central role in the science
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GPDs, FFs, GFFs, TMDs, ...

[R. Abdul Khalek et al.,
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Advances of lattice QCD are timely
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Twist-classification of PDFs, GPDs, TMDs

) f(l) f(2) )
0 Q2

fi=1"+
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Twist-classification of PDFs, GPDs, TMDs

Twist-2

Quark
U(y™)

H(x, ¢, 1)
E(x, ¢, 1)

unpolarized

LGy

()

=0+

T (o)

ﬁ(x E 1)

E(x & 1)

helicity

H.E,

Hp, E.

tragsversﬁy

Q Q2 .

Probabilistic interpretation

©

¢ @

?‘ Nucleon spin

* quark spin

% Provide a correlation between the transverse position and the

longitudinal momentum of the quarks in the hadron and

its mechanical properties (OAM, pressure, etc.)

[M. Burkardt, PRD62 071503 (2000), hep-ph/0005108] [M. V. Polyakov, PLB555 (2003) 57, hep-ph/0210165]
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Twist-classification of PDFs, GPDs, TMDs

3D Nucleon Structure

fi Mlmsymposmm
. 0
Twist-2 (fl( )) CEU poster session, Wed @ 2pm:
Sarah Lambreich

Quark

U(y") LGTYY T(oV)

Probabilistic interpretation

H(x, ¢, 1)
E(x,E 1)

9 2
unpolarized
P ?‘ Nucleon spin

H(Xfl‘) U @ uark spin
E(xét) **q ep

helicity L
Hy, Er

He Ex . @ @

% Provide a correlation between the transverse position and the
longitudinal momentum of the quarks in the hadron and
its mechanical properties (OAM, pressure, etc.)

[M. Burkardt, PRD62 071503 (2000), hep-ph/0005108] [M. V. Polyakov, PLB555 (2003) 57, hep-ph/0210165]

BTl
I][l M. Constantinou, Pre-DNP Workshop 2023 B



n—1
(N(Pl)|ol‘l}#1..-pn_1 |N(P)> N; {,Y{;J,Apl . Api?ﬂH—l . ‘Fun_l}An’i(t) i

Accessing information on GPDs

- oo 1 «— —
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Accessing information on GPDs

- oo 1 «— —
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Accessing information on GPDs

- oo 1 «— —
% Mellin moments 52 W-dz 3 a(32) = 3 i za, oz, [0 D D]
(local OPE expansion) n=0
local operators
n—1 a{p HAHL, .. AHn-1
(N(P/)|Ol‘jlﬁ1"'#n—1 |N(P)> NZ {,Y{#Aﬂl co AP -Fﬂn_l}An,i(t) _iAa;J: NNy = ‘Fun_l}Bn’i(t)} +A A A Cn,o(A2) )}
i—0 mpy n even
0:9- ? E:IIIDyMEZO
A Mainz21
0.8 Q O ETMC18
o] o Y PACS18
< 0
%o.e- OAO o
Zj L 4 . Wide -t range that
03] & 1 comes at the cost of 1
0'20.0 of1 0!2 0j3 0j4 0j5 ofs 0.7 (in the ma]orlty Of CaSGS)
Q7 [GeV?]
% Matrix elements of non-local operators
(quasi-GPDs, pseudo-GPDs, ...)
(N(P) | P@) T W (2,0)P(0) | N(P),
Wilson line
(N(P)OL@IN(PY) =T(P) {1 H(a, &) + 2 =2 B(a,&, )} U(P) + bt
my
(N(P")|0%(2)|N(P))=U(P") {v“vsﬁ(w, §,t) + g‘rﬁ; E(z,¢, t)} U(P) + ht,
AV PrAY Ty =g
(N(P")|OF (z)|N(P))=U(P") {ia“”HT(-’v,ﬁ,t) + ’YQ;A Er(z,6t) + — = Hr(z,§,t) + 7:11\1 ET(x,ﬁ,t)}U(P) + ht
N
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GPDs

Through non-local matrix elements

of momentum-boosted hadrons
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GPDs

Through non-local matrix elements

of momentum-boosted hadrons

I will usually refer to unpolarized GPDs as an example
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Access of PDFs/GPDs on a Euclidean Lattice

% Matrix elements of momentum-boosted hadrons coupled to nonlocal
(equal-time) operators

% Connection to light-cone GPDs through
LaMET [x. Ji, PRL 110 (2013) 262002], SDF [A. Radyushkin, PRD 96, 034025 (2017)]

d . _
GOPP(x, 1, &, Py, 1) = Jfﬁp (N(P) | P T W (20)¥(0) [ N(P)),

f=A2=—Q2
O
oP,
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Access of PDFs/GPDs on a Euclidean Lattice

% Matrix elements of momentum-boosted hadrons coupled to nonlocal
(equal-time) operators

% Connection to light-cone GPDs through
LaMET [x. Ji, PRL 110 (2013) 262002], SDF [A. Radyushkin, PRD 96, 034025 (2017)]

5 dz . _
GOPP(x, 1, &, Py, i) = ane P (NP () T W (20)(0) | N(P),
g Accessing -t dependence:
A=P,—P, Computationally intensive
t=A%?=— Q2 hadronic Matching to

matrix elements light-cone GPDs |
Qs - 49 /)

quasi
Identification of distribution x-dependence
ground state / approach reconstructionJ

‘ﬂform factors”

disentanglement/

Renormalization |

V-
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Access of PDFs/GPDs on a Euclidean Lattice

% Matrix elements of momentum-boosted hadrons coupled to nonlocal
(equal-time) operators

% Connection to light-cone GPDs through
LaMET [x. Ji, PRL 110 (2013) 262002], SDF [A. Radyushkin, PRD 96, 034025 (2017)]

5 dz . _
GrP(x, 1, & Py, ) = [4—ﬂ€ B NP | P T 7 (2,0)P(0) [ N(P)),
g Accessing -t dependence:
A=P,—P, Computationally intensive
t=A%?=— Q2 hadronic Matching to

matrix elements |'ght-cone GPDs
O; " 4279 Q' _/

quasi
Identification of distribution x-dependence |
ground state _/ approach reconstructionJ
Renormalizati% l % form factors”
-

disentanglement/

BTl
I][l M. Constantinou, Pre-DNP Workshop 2023 n



GPDs on the lattice

% Off-forward matrix elements of non-local light-cone o
+ 1 [dz" k- VIR
FIrle, A0, 0) = Ejz—ﬂe% XN =DV (5.0 i d)
Z

% Parametrization in two leading twist GPDs

ictHA

F[7+](x, A A A = ! u(p’, ") [y+H(x, E, 1)+ 3, s E(x, &, t)] u(p, A)

2P+

erators

+=O,EJ_=OJ_

— M. Constantinou, Pre-DNP Workshop 2023



GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,ZJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

F[7+](x, A A A = ! u(p’, ") [y+H(x, E, 1)+ 3, s E(x, &, t)] u(p, A)

2P+

How can one define GPDs on a Euclidean lattice?

— M. Constantinou, Pre-DNP Workshop 2023



GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,l)

2P+

FU G, A0, 1) =

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. _Ou
1 ic'A
Fx, A; 2,25 P3) = ﬁﬁ(p’, A") [J’OHQ(O)(X, £t P7) + 37, - Eq)(x, &, 1 P3)] u(p, 4)

- 3y
1 ioc”FA
FW](X, INVIVEY BE ﬁﬁ(l?/, A) [73HQ(0)(X, E,1; P7) + M - EQ(o)(X, é. 1, P3)] u(p, 1)
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GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,l)

2P+

FU G, A0, 1) =

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

0 1 ic%A, reduction of power
FVe A4 A5 P = 5P 2) [yOHQ“”(x’ SEP)+ i Eo@ &P ]”(p A = corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

- 3y
1 ioc”FA
FW](X, INVIVEY BE ﬁﬁ(l?/, A) [73HQ(0)(X, E,1; P7) + M - EQ(o)(X, é. 1, P3)] u(p, 1)
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GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,l)

2P+

FU G, A0, 1) =

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

0 1 ic%A, reduction of power
FVe A4 A5 P = 5P 2) [yOHQ“”(x’ SEP)+ i Eo@ &P ]”(p A = corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

. 3y
1 ioo" A - . . . .
FIP e As 4 2% P3) = ——a(p' A 3H o (e &1 P3) + L Eoo (6 &1 PO |u(p, ) = finite mixing with scalar
& ) 2P0 up )[y Q(O)(x ° ) 2M Q(O)(x . )| A [Constantinou &Pgnagopoulos (2017)]
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GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ ’ 1 dZ_ ik VA I

FIrle, A0, 0) = Ejz—ﬂe s A=) T W (=5 W) | ps 2) q

Z+=O,ZJ_=OJ_

% Parametrization in two leading twist GPDs

] , | N ic™MA,
F (xa A’ ﬂa/l) — Fu(l) ’/1 ) [}/ H(X, 5, t) + M E(-x’ 5, t)] M(pv /1)

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

N . io%a, __ reduction of power
(P35 = 0|l o8P+ = @ P9 | = corrections in fwd limit

[Radyushkin, PLB 767, 314, 2017]

1 iocHA - . . . .
FIrlox, 832,45 P) = —i(p', 4') [ﬁH (x, 6,13 P?) + ———Eq o), 5,r;P3>]u(p, » —p finite mixing with scalar
2P0 QO 2M QO [Constantinou & Panagopoulos (2017)]
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GPDs on the lattice

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,ZJ_=OJ_

% Parametrization in two leading twist GPDs

] , | N ic™MA,
F (x9 Aa 19/1) — Fu(l) ’/1 ) [}/ H(-xa 5, t) + M E(-xa 5, t)] u(pv ﬂ)

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

N . io%a, _ reduction of power
- ](x’“’”;P3):ﬁ”_‘"’"“[”qu(%ét;ﬁ)+ 7Y EQ<°>(’“5’“P3)]”(”’” | —>  corrections in fwd limit

[Radyushkin, PLB 767, 314, 2017]

. 3u
1 o' A - . . . .
FIPlx, Az 2, 2 P3) = ——ii(p', 2) [ﬁH (x, &1, P?) + = Eq0), 5,t;P3)] u(p,i) —pp fiNite mixing with scalar
2P0 QO 2M QO [Constantinou & Panagopoulos (2017)]

- Lorentz non-invariant parametrization

- Typically used in symmetric frame

- A non-symmetric setup may result to different functional form
for GPDs compared to the symmetric one

— M. Constantinou, Pre-DNP Workshop 2023 n



Definition of GPDs in Euclidean lattice

% Calculation expected to be performed in
symmetric frame to extract “standard” GPDs

% Symmetric frame requires separate

calculations at each ¢

— M. Constantinou, Pre-DNP Workshop 2023



Definition of GPDs in Euclidean lattice

1.0

0.9 A ? :;IllDyMEZO
A Mainz21
% Calculation expected to be performed in N 9 ETMcts
. 0.7 1
symmetric frame to extract “standard” GPDs s __ e
GJO.S- A OOAO
* Symmetric frame requires separate & |
. 0.3 ' ok 4‘\4
calculations at each ¢ e
o [Gevzi .5 0.6

M. Constantinou, Pre-DNP Workshop 2023
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Definition of GPDs in Euclidean lattice

1.0

0.9 A ? :ﬁlllDyME20
A Mainz21
% Calculation expected to be performed in N 9 ETMcts
. 0.7 1
symmetric frame to extract “standard” GPDs s __ e
7 0.5 4 A OOA 0 o
* Symmetric frame requires separate Lo |
_ 0.3 - ! X
calculations at each ¢ e
o [Gevzi .5 0.6

Let’s rethink calculation of GPDs !

— M. Constantinou, Pre-DNP Workshop 2023
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Definition of GPDs in Euclidean lattice

1.0

— Kelly
PNDME20
Mainz21

0.9

<t < - KO

% Calculation expected to be performed in 1 NG cTwis
symmetric frame to extract “standard” GPDs ¢ ... e
GJO.S- /'\ OOAO
% Symmetric frame requires separate Lo, ,
0.3 é%

calculations at each 1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Q% [GeV?]

Let’s rethink calculation of GPDs !
% Parametrization of matrix elements in Lorentz invariant amplitudes

_ PH A , it PFig®® 7Hic? AFigA
FZ/%’ = u(p,, ﬂ/) ﬁAl + Z'M MAz + VA:S + io™*? MA4 + A5 + Y A6 + Y A7 +

Aglu(p, )

[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]
Advantages

e Applicable to any kinematic frame and have definite symmetries

e Lorentz invariant amplitudes A, can be related to the standard H, £ GPDs

e Quasi H, E may be redefined (Lorentz covariant) to eliminate 1/P; contributions:

mpl
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Definition of GPDs in Euclidean lattice

1.0

— Kelly
PNDME20
Mainz21

0.9

<t < - KO

% Calculation expected to be performed in 1 NG cTwis
symmetric frame to extract “standard” GPDs ¢ ... e
GJO.S- /'\ OOAO
% Symmetric frame requires separate Lo, ,
0.3 é%

calculations at each 1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Q% [GeV?]

Let’s rethink calculation of GPDs !
% Parametrization of matrix elements in Lorentz invariant amplitudes

_ PH A , it PFig®® 7Hic? AFigA
FZ/%’ = u(p,, ﬂ/) ﬁAl + Z'M MA2 + VA:S + io™*? MA4 + As + Y A6 + Y A7 +

Aglu(p, )

[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]
Advantages

e Applicable to any kinematic frame and have definite symmetries

e Lorentz invariant amplitudes A, can be related to the standard H, £ GPDs

e Quasi H, E may be redefined (Lorentz covariant) to eliminate 1/P; contributions:
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Theoretical setup
% Unique relation between H, E GPDs and Amplitudes

z(A? + A2)

Hy (A7 2) = A1 + 2P, Asg ,
§=0
2 4E2 A2 Az
53(Af32)=—A1—MA4+2A5_z( + A7 + 2)
P3 2P;

Ag .

— M. Constantinou, Pre-DNP Workshop 2023



Theoretical setup

% Unique relation between H, E GPDs and Amplitudes

z(A? + A2)

Ho(Aj; 2z) = A + oP, Asg ,
=0
2 4E2 A2 A2
53(Af;z)=—A1—ﬂA4+zA5—z( R s 2)A6.
Ps 2P;3

% Kinematic coefficients defined in symmetric frame

* Amplitudes extracted from any frame

M. Constantinou, Pre-DNP Workshop 2023



Theoretical setup
% Unique relation between H, E GPDs and Amplitudes

z(A? + A2)

Ho(Afsz) = A1 + Ag ,

5 0 2P;
EOS(Af;z):_Al_wA4+2A5_Z( + A7 + 2)
Ps 2P;

% Kinematic coefficients defined in symmetric frame
* Amplitudes extracted from any frame

Lorentz transformation of kinematic factors

Ag .

— M. Constantinou, Pre-DNP Workshop 2023



Theoretical setup
% Unique relation between H, E GPDs and Amplitudes

z(A% + A3)

H (A7 2) = AL+ Ag

5 0 2P;
2 4E2 Az AZ
53(A§;z):—A1—ﬂA4+2A5—Z( R 2)A6.
P3 2P3

% Kinematic coefficients defined in symmetric frame
% Amplitudes extracted from any frame

Lorentz transformation of kinematic factors

= Proof-of-concept calculation (¢ = 0):

. = Y 6 oy - 5 15 — _)2 —_ 2
- symmetric frame: ;=P +—, pi=P-— =07 =0.69GeV
- asymmetric frame: pe = P pi=P-0 ti=- 02+ (E; — E)? = 0.65 GeV?

BTl
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Matrix element decomposition

Symmetric E (E(E +m) — P2 (E+m) (—E?+m?+ P2 EP; (—E?2+m?2+ P2) 2
y HS(FO) — Cs ( o~ 3) Al + ( — 3) A5 + ( — 3) A6
C 2m?
=
E(E +m) 0 [ EPQs , (E+m)PQy ,  E(P§+m(E+m))zQ,
HS(FI) = ’LCS Am3 A1 - 3 A5 - 3 A6
m 2m 2m

I —1(1+ 0)
o—2 /4

: _ EP3Q (E 4+ m)P;Q E (P? +m(E+m)) 2Q:
0 . L 3 3
FJ — i(l + yO)ySyJ Hs (F2) 7 Cs ( 4m3 Al 2m3 A5 + 2m3 A6
(j = 12,3)
Asymmetric &(To) =C, | — (Ey + Ei)(Ey — E; — 2m)(Ef + m) A, — (Ef — Ei — 2m)(Ef +m)(Ey — E;) A
A0S T 8m3 ! 4m3 ’
E,—FE;)P. E E;)(F E:—F; Ef(E E,))P3(Ef — E;
, L f) 3ZA4+(f+ )(Ey +m)(Ey )A5+ 1 (Ey + E;) P3(Ey )er
C = 2m 4m 4m3 4m3
=
\/El-Ef(Ei + m)(Ey + m) L ErPy(By — B2
2m3
03Ty = C, ((Ef +E)PQa | By —B)RGQs Byt m)Quz By + Bt Im)PiQs
m m m m
_Ef(Ef + Ez)(Ef + m)ng A — Ef(Ef — Ez)(Ef + m)sz A
4m?3 0 2m3 s
Me(Ty) =i C, | — (Ey + Ei)PsQn A (Ef — Ei)PsQy Ay — (Ef +m)Q12 n (Ey + Ei +2m)P3Qy A
8m3 4m3 4m 4m3
Ef(Ef+Ei)(Ef+m)Q1zA Ef(Ef—Ei)(Ef-l-m)QlZA
+ 4m3 6+ 2m3 8
Mmpl
1T
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Matrix element decomposition

Symmetric E (E(E +m) — P2 (E+m) (—E?+m?+ P2 EP; (—E?2 +m?+ P2) 2z
y HS(FO) — Cs ( o~ 3) Al + ( — 3) A5 + ( — 3) A6
C 2m?
=
E(E +m) 0 [ EPQs , (E+m)PQy ,  E(PF+m(E+m))zQ,
HS(FI) = ’LCS Am3 A1 - 3 A5 - 3 A6
m 2m 2m

I —1(1+ %
o—2 /4

, 0 . EP;Qq (E +m)P3Q: E (P? + m(E + m)) 2Q: Novel feature:
l ON. 5 i HS(FQ) =3Cs | — 3 A 3 As + 3 Ae
= Z(1 + )y 4m 2m 2m z-dependence
(J=123)
Asymmetric mero) = o, | — Ert B)Ey — By —2m)(By +m) ,  (By = Bi = 2m)(Ey + m)(Ey — Bi) ,
) +(Ez' - Ef)P3Z A+ (Ef + Ez)(Ef + m)(Ef — E,) As + Ef(Ef + Ei)Pg(Ef — Ez-)z A
C . 2m 4m 4m3 4m3
=
\/El-Ef(Ei + m)(E; + m) BrPuB — B2,
2m3
() =iC, <(Ef +8E2P3Q2 A, + \Br —4Ei??P3Q2 A, 4 s Z m)Qaz , _ (Ey +Ez-4 - 3m)P3Q2 4
m m m m
Ef(Ef+E7;)(Ef+m)ng Ef(Ef —E,-)(Ef+m)Q2z
— A6 _ A8
4m3 2m3
I¢(Ty) =iC, | — (Ef + E;)PsQ4 Ay — (Ef — E;)PsQ1 Ay — (Ef +m)Q12 A+ (Ef + E; + 2m)P3Q: A,
8m3 4m3 4dm 4m3
Ef(Ef-l—Ei)(Ef—l-m)QlZA Ef(Ef_Ei)(Ef+m)Q1zA
i 4m3 6+ 2m3 8
mpl
1L
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Matrix element decomposition

Symmetric

2m?

C,=———
E(E + m)

I —1(1+ 0)
o—2 /4

_i 0N, 5.,
H—Zﬂ+7WW

E(E(E +m)— P3 E+m) (—E*+m? + P} EP; (—E* + m? + P}
HS(I‘O):CS( BELm) - F) j  EXm B am 4 B) BB CE At B2,
m m m
. EP. Q (E + m)P3Q2 E (P32 + m(E + m)) ZQQ

0 32
II;(T) =4 Cs ( Am3 Ay — om3 As — o3 Ag

0 EP;Q (E + m)PsQ; E (P? + m(E + m)) 2Q: Novel feature:
HS(FQ) =1C | — 3 Ay 3 As + 3 Ag

dm 2m 2m z-dependence

(j = 1,2,3)
Asymmetric T18(To) = C, <_ (Ef + E;)(Ey — E; — 2m)(Ey +m) A — (Ey — E; — 2m)(Ef + m)(Ef — E) As
8m3 4m3
- LB~ Ep)Piz A+ (Ef + E;)(Ey +3m)(Ef — Ey) A+ Es(Ey + Ez‘)Pg(Ef — E;)z Ag
C = m dm dm 4m
¢E@@ﬁwﬁ@+m) +@%wm4m%AJ
2m3
a : (Ef + E;)P3Q (E; — E;)P3Q (Ef +m)Qaz (Ef + E; + 2m)P5Q
Ho(l“1>=zca< LIPS gy g (LT DU g ST TRAE Y, I 4
NO deflnlte _Ef(Ef + Ez)(Ef +m)Q2z Ag — Ef(Ef — Ez)(Ef +m)Q22 As)
] 4m3 2m3
symmetries
a
for H/,t TMe(Ty) = i C, (_ (Ef + E13?P3Q1 A — (Ey — Ei)P3Q1 Ay — (Ef + m)Q12 Ayt (Ef + E; +2m)PsQ: As
8m 4m3 4m 4m3
LBt Ez')(l*;f +m)Q12 A+ Es(Ey — Ei)(l';f +m)Q1z As)
= dm 2m
1T
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Lorentz-Invariant amplitudes

Symmetric

_ (m(E+m)+P3) . PQ Q1.
Ar= E(E +m) (o) — 2E(E + m) (T2) — 55 T1a(Ts)
E
As = —@Hg(FB)
_ Ps s (P32_E(E+m)) s Ps s
As = 2Ez(E 4+ m) H5(To) +: EQiz(E+m) H5(I2) + mfb(ﬂ;)
. 2m2 H“(l"o) ) 2(Ef - Ei)P3m2 Ha(Fg) 2(El - Ef)P3m2 Ha(Fg)
Asymmetric — 0 0 1
/ . Ei(Ei+m) Ca BBy +m)(Ei+mQ: Ca | Ef(E;+E)(Er +m)(Bi+m) Ca

; Q(E,,, - Ef)m2 H%(Fo) n 2(E,L - Ef)P3m2 Hg(I‘l) Q(Ef - Ez)m2 Hg(rg)
Ef(Ei+m)Q1 Ca  Ep(Ef+E)(Ef+m)(Ei+m) Co  Ef(Ei+m)Q1 Co

A — m? P 3(T1)  (Ey + Ey)m?® T5(T3)
° T E{(Ef+m)(E;+m) C, E¢f(E;+m)Q: C,

A P3m2 Hg(ro) ) (Ef — Ez — 2m)m2 HS(F2) ) (Ez — Ef)P3m2 H%(Fo)
6

— 7 7
E?(Ef + m)(Ez + ’TTL)Z Ca E%(Ez + m)le Ca EJ%(Ef + m)(EZ + m)le Ca

(—Ef + Ez + 2m)m2 H%(FQ) Z(m - Ef)m2 Hg(I‘l) 2P3m2 Hg(r3)
EZ(E; + E;)(E; +m)z  C, EZ(E; + Ei)(Ei +m)z  C, EZ(E;+m)Q1z  Cq

% Asymmetric frame equations more complex
% A, have definite symmetries

* System of 8 independent matrix elements to disentangle the Al-
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Symmetric

Lorentz-Invariant amplitudes

A =

As =

A =

As =

Ag =

(m(E 4+ m) + P3) P34 Q1

E(E+m) 5(T'o) — 2E(E + m) 15(T2) = 5 1 (Ts)
E
———II5(T
Ql 2( 3)
P3 s . (P32—E(E+m)) s P3 s
2Ez(E +m) Mo(Lo) +4 EQ.z(E +m) o(I2) + EleH2(F3)
2m2 Hg(ro) 1 2(Ef - Ez)P3m2 Hg’(rg) 2(El - Ef)P3m2 Hcll(]._‘g)
E¢(Ei+m) Cq Ef(Ef +m)(Es+m)Q1 Co  Ef(Ef+ Ei)(Ef +m)(Ei+m) Ca
) Q(E,,, - Ef)m2 H%(Fo) 2(E,L - Ef)P3m2 Hg(I‘l) Q(Ef - Ez)m2 Hg(rg)

"Bi(Bitm)@ Co | Ep(Bf + E)(E; +m) (B tm) Ca | Ef(E+m)Q Ca

m*Ps Ng(Ty)  (Ey + Ey)m® T5(Ts)
Ef(Ef —I—m)(E'Z —|—m) Ca Ef(EZ —|—m)Q1 Ca

P3m2 Hg(ro) ; (Ef — Ez — 2m)m2 HS(F2) ; (Ez — Ef)P3m2 H%(Fo)
E?(Ef + m)(Ez + ’TTL)Z Ca E%(Ez + m)le Ca EJ%(Ef + m)(EZ + m)le Ca

(—Ef + Ez + 2m)m2 H%(FQ) Z(m - Ef)m2 Hg(I‘l) 2P3m2 Hg(r3)
EZ(E; + E;)(E; +m)z  C, EZ(E; + Ei)(Ei +m)z  C, EZ(E;+m)Q1z  Cq

% Asymmetric frame equations more complex

% A, have definite symmetries

* System of 8 independent matrix elements to disentangle the Al-
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Parameters of calculation

* Nf=2+1+1 twisted mass (TM) fermions & clover improvement

Pion mass: 260 MeV |
Lattice spacing: 0.093 fm |
Volume: 323x 64 ¢

* Calculation: W(2) Spatial extent: 3 fm :
- isovector combination  ¥7:0 NP | S
- zero skewness
- Tsink=1 fm
frame P;3 [GeV] Q (2] —t [GeV?] € | NmE Neonts Nore Niot
symm 1.25 (+2,0,0), (0,£2,0)  0.69 0 | 8 249 8 15936
non-symm  1.25  (42,0,0), (0,42,0)  0.64 0 | 8 269 8 17216

% Computational cost:
- symmetric frame 4 times more expensive than asymmetric frame

for same set of O (requires separate calculations at each 1)
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Iﬂl M. Constantinou, Pre-DNP Workshop 2023 m



Parameters of calculation

* Nf=2+1+1 twisted mass (TM) fermions & clover improvement

Pion mass: 260 MeV |
Lattice spacing: 0.093 fm |
Volume: 322x64 ¢

* Calculation: W(2) Spatial extent: 3 fm
- isovector combination  ¥7:0 NP | S
- zero skewness
- Tsink=1 fm . |
frame P3 [GGV] Q [2%] —t [GeV2] € NME Nconfs Nsrc Ntot
symm 1.25  (4£2,0,0), (0,£2,0), 0.69 0 8 249 8 15936
non-symm  1.25  (£2,0,0), (0,+£2,0), 0.64 L0 8 269 8 17216

Small difference: 5=— Q2 t1=— 0%+ (E; — E)’

A(=0.65GeV?) ~ A(—0.69GeV?)

% Computational cost:
- symmetric frame 4 times more expensive than asymmetric frame

for same set of O (requires separate calculations at each 1)

mpl
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Results: matrix elements

% Eight independent matrix elements needed to disentangle the A,

asymmetric frame
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Results: matrix elements

% Eight independent matrix elements needed to disentangle the A,

asymmetric frame

o {+3, )
" {+3,(+2,0,0)

{+3,(0,-2,0)
)

( }

} o
| # ( }

T {+3,(0,+2,0)}
T ¢ {-3,(-2,0,0)}

, Hii ‘ ¢ {-3,(+2,0,0)}
| ! ( )}

; ¢ ( )}

—2,0,0

Im(IT§(T)]

i
ooﬂgl1§§§%$$ E%%$ tt:iﬁsgsa
il
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Results: matrix elements

% Eight independent matrix elements needed to disentangle the A,

asymmetric frame

b {43,(-2,0,0) 0.3
4 BT
IR = I T T
::;;’0.4- gé i f M {:3:E°: 2,0) %‘“ 0.0":Qg $ #gi Eégé“uw!
. | ‘$§ | I$$ rb_({)112 +3,(—2,0,0)} if i$$
LITITTR: T e
15 -10 -5 0 5 10 5 g ; * z EO ;f) ‘(’]))}} ~5 0 5 10 15
" ey p—
[Li! #% v 21-3.042,0) 0Ny
- ﬁﬁ* g i %g = \ it L
EE OOE&*‘§§%+ % Ezgg!! g: " 8 m@m P é“j Ii
= ! it *ﬂ £ 000 13011342 fa>$ ii
0.2 $ $+++$ i 9e C% Emm
peT —~0.05 fﬁ? T "T%T Y?Y?ﬁ ik ’
—0.4; —0.10 ‘
15 —10 =5 0 5 10 15 -15 —-10 - 0 5 10 15
2/a 2/a
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Results: matrix elements

% Eight independent matrix elements needed to disentangle the A,

asymmetric frame

0.75]

Im(IT§(T)]

V|08 . :
ioEE A ) e i
¥ i ¢ {36200} | = 01 ﬁ TTT .% = *ﬂ
é : f L Gonn | B O'Omgg égi” Tﬁfééémgm = omgesstt] . ﬁﬁ%i‘m
T A T i ;
0-°ﬁ?3§¢9=$:$§ éﬁﬁﬁmm : iﬁ% Engg)E i[ﬁ%i o $$$$ ' Drnenon
15 -10 -5 0 5 10 15 21,43,(0,+2,0) 75 0 5 10 15 -1, —-10 -5 0 {i 13 (g +§ 8)}
o B | o=
| ¢ {2,1,-3,(0,+2,0)} 0.21 m 4 1,-5,(0,42,0
i S g 5
i %T E T
0.0 g” . 4 £ 005 S » ? §
o GV o.mmm;fwm Tt
| SRR
15 -10 -5 z% 5 10 15 15 —10 =5 zga 5 10 15 15 —10 =5 z9a 10
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Results: matrix elements

% Eight independent matrix elements needed to disentangle the A,

asymmetric frame
1.0/ b (43 (<20, 0.75'

] o Y i
+3,(+2,0,0 + -
. Q‘ R e i o,
—3,(—2,0,0 AL 0.25 *T D &7
=% g Ii S I Jﬁ ERAETNY o1 ompesnsstt!’ s 2
=04 £§ | | i ¢ {-3,(0,+2,0)} = 00"!§$$$$#$$i | T‘ gé*i!$$§! ‘!:i::_o. . ". gﬁ‘. :33% -QQQ
A~ | = - | = —0.251 ‘ ‘
0.2] el f —0.1 $$ED ; | $
N ‘$§ | éé | o {1,2,+3,(=2,0,0)} if£ i$ —0.501 $$ ‘ $?$¢
2,43,(—2,0,0
oty R e LR
15 —10 =5 z(/)a 5 10 5 g; +‘; EO ;i %))}} 75 z% 5 10 15 -5 —-10 -5 9 ; E Ii Eg +§ Sﬁ
¢ {1,2,-3,(+2,0,0)} z/a {2,-3,(=2,0,0)}
( + {2,-3,(+2,0,0)}
( . {, 320 20);

)
0.41 ’ {2,1,-3,(0,-2,0)}
E!] | # ¢ {2,1,-3,(0,42,0)} Lug 0.2, Lo (1.3 (0,42,0)
0.21 + + = .. il
m

$£ m:m S oo i i i $ iigf | é-.J + §
S it T AT
W R
15 -10 -5 z% 5 10 15 15 —10 =5 z% 5 10 15 15 —10 =5 z(/)a 5 10

% Asymmetric frame: ME do not have definite symmetries in +P,, + 0, + ¢

Im[HO (Fo)]
[an]
o
>
12>
x>
£
< B
- OBE-
- e W=
- e MO

% Noisy ME lead to challenges in extracting A, of sub-leading magnitude

mpl
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Re [A,]

2.0

1.51

1.01

0.51

0.0/

Comparison of A, in two frames

Unpolarized GPDs

0.2

0.11

0.01®

Im[A

—0.2;

—0.31

—0.4;

—0.5

12

15

- s

Ay
Af
A3
A3

* A, A5 dominant contributions

% Full agreement in two frames for both Re and Im parts of A, A5

* A, Ay, Agzeroaté =0

* A,,Aq A, suppressed (at least for this kinematic setup and & = ()
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Comparison of A, in two frames

Unpolarized GPDs

2.0 0.2
0.11
1.5/
% 0.0® v 3 e 8 8
=08 =, ¢
Cg 9 9 »—¢8_02. ¢ i
0.51 * . ' ® o i
¢ X —0.3] ; o ® i
¢
0.0 EE AR RN Y iii
0 3 9 12 5 U9 3 G 9 12 15
zfa Helicity GPDs zfa
2.5 % i 001 * % I i i
0.1
2.0 » ¥ ; ; %
0.2 .
5715 I 3103 % : 3 3 ¥
1<, % =< ¢
20l &3 E 04 P
. E -0.5 § A3
0.5 —
* E P 0.6 t fz
0.0 * s § 5 5 5 5 = iy P Ag
0 4 8 10 12 14 0 2 4 6 8 10 12 14
zla zla

= v o e
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* Nf=2+1+1 twisted mass fermions with a clover term:

[Extended Twisted Mass Collaboration, Phys. Rev. D 104, 074515 (2021), arXiv:2104.13408]

Name B Ny L*xT a [fm] M My L

cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
frame Pz [GeV] A (3] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A  +1.25 (0,0,0) 0 0 | 2 731 16 23392
symm  +0.83  (£2,0,0), (0,42,0) 0.69 0 | 8 67 8 4288
symm  +1.25  (£2,0,0), (0,42,0) 0.69 0 | 8 249 8 15936
symm  +1.67  (£2,0,0), (0,42,0) 0.69 0 | 8 294 32 75264
symm  +1.25 (+2, £2,0) 1.39 0 | 16 224 8 28672
symm  +1.25  (%£4,0,0), (0,44,0) 2.76 0 | 8 329 32 84224
asymm +1.25  (£1,0,0), (0,£1,0) 0.17 0 | 8 429 8 27456
asymm +1.25 (£1,+1,0) 0.33 0 | 16 194 8 12416
asymm +1.25  (£2,0,0), (0,42,0) 0.64 0 | 8 429 8 27456
asymm +1.25 (£1,+£2)0), (£2,41,0)  0.80 0 | 16 194 8 12416
asymm +1.25 (+2,42,0) 1.16 0 | 16 194 8 24832
asymm +1.25  (+£3,0,0), (0,43,0) 1.37 0 | 8 429 8 27456
asymm +1.25 (£1,£3,0), (£3,4£1,0)  1.50 0 | 16 194 8 12416
asymm +1.25  (£4,0,0), (0,44,0) 2.26 0 | 8 429 8 27456
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* Nf=2+1+1 twisted mass fermions with a clover term:

[Extended Twisted Mass Collaboration, Phys. Rev. D 104, 074515 (2021), arXiv:2104.13408]

Name B Ny L*xT a [fm] M, M L

cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
frame Pz [GeV] A (3] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A +1.25 (0,0,0) 0 0 2 731 16 23392
symm  +£0.83  (£2,0,0), (0,£2,0) 0.69 0 8 67 8 4288
symm  +1.25  (£2,0,0), (0,42,0) 0.69 0 8 249 8 15936
symm  +1.67  (£2,0,0), (0,£2,0) 0.69 0 8 294 32 75264
symm  £1.25 (£2,42,0) 1.39 0 | 16 224 8 28672
symm  +1.25  (£4,0,0), (0,44,0) 2.76 0 8 329 32 84224
asymm +£1.25  (£1,0,0), (0,£1,0) 0.17 0 8 429 8 27456
asymm =£1.25 (£1,%£1,0) 0.33 0 | 16 194 8 12416
asymm +£1.25  (£2,0,0), (0,£2,0) 0.64 0 8 429 8 27456
asymm +1.25 (£1,+2,0), (£2,4£1,0)  0.80 0 | 16 194 8 12416
asymm +1.25 (£2,4£2,0) 1.16 0 16 194 8 24832
asymm +1.25  (£3,0,0), (0,£3,0) 1.37 0 8 429 8 27456
asymm £1.25 (£1,43,0), (£3,£1,0) 1.50 0 16 194 8 12416
asymm +£1.25  (£4,0,0), (0,44,0) 2.26 0 8 429 8 27456
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Symmetric frame

very expensive
computationally




H, E light-cone GPDs

% quasi-GPDs transformed to momentum space
% Matching formalism to 1 loop accuracy level
% +/-x correspond to quark and anti-quark region

% Anti-quark region susceptible to systematic uncertainties
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H, E light-cone GPDs

% quasi-GPDs transformed to momentum space

% Matching formalism to 1 loop accuracy level

% +/-x correspond to quark and anti-quark region

% Anti-quark region susceptible to systematic uncertainties

3.0 6
2.5 A 5 -
2.0 A
4 - m -t=0.17 GeV?
—t = 0.33 GeV?
1.5 | N -t = 0.64 GeV?
= = —t = 0.80 GeV?
T 107 o -t =1.16 GeV?
2- -t =1.37 GeV?
0.51 ~t = 1.50 GeV?
1- -t =226 GeV?
0.0
—0.5 - 0
_1.91.00 —OI.75 —OI.50 —OI.25 O.bO 0.I25 0.I50 0.I75 1.0 _21.00 —OI.75 —OI.50 —OI.25 O.IOO 0.I25 0.I50 0.I75 1.00
% small-x region not reliably extracted
= % perturbative matching breaks down at £ = x m
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Helicity GPDs

3

A V55 . D3 '
om 83($,€,t,P )]u(pza/\)

3 1 _ / -~
*Fh 75](£B,A;P3) - ﬁu(pfa)‘ ) [7375H3($,§,t;P3) +

jehPzA ~ PH ~ ~ AP ~
A1 +yHy5 A2 + 5 (EA?’ +mzt Ay + FAE’)

J F(z,P,A) = a(pf,x')[

P+~ ~ AHF ~
+ mzys (_A6 + mztAr + —As)] u(pi, A)
m m
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3 1 _ / -~
*Fh 75](£B,A;P3) - ﬁu(pfa)‘ ) [7375H3($,§,t;P3) +

J F(z,P,A) = a(pf,x')[

Helicity GPDs

3

A V55 . D3 '
om 83($,€,t,P )]u(pza/\)

jehPzA ~ PH ~ ~ AP ~
A1 +yHy5 A2 + 5 (EA?’ +mzt Ay + FAE’)

P+~ ~ AHF ~
+ mzys (_A6 + mztAr + —As)] u(pi, A)
m m

ﬁ3(g:/a; Z) = 112 + Z.ngﬁ — m222g7
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F Fsl(z, A; P3)

J F*(z,P,A) = a(pf,x')[

_ 1
~ 2po

Helicity GPDs

a(ps, \') [’73’757"23(3;a€>t§ P?) +

7:E,uPzA -

3

Az 5 g3($, 67 t; P3)

m

PH ~ ~ AHF ~
+ mzys (_A6 + mztAr + —As)] u(pi, A)
m m

5 1 . i
B -r=0.17 GeV*
—1=0.34 GeV?
44 B —1=0.65GeV?
[ —1=0.69 GeV?
 —r=0.81 GeV?
31 mmm —1=124Gev?
—t=1.38 GeV?
7. ~1=1.38 GeV?
. T —1=1.52 GeV?
llen) ~1=2.29 GeV?
1 ] I -r=2.77 GeV?
0-
—1
—21 ,
-1.0 1.0

]u(pia A)

- pH O AM
A +yFys Az + s (EA?’ +mzt Ay + HAE’)

7"23(11:/61; Z) e 112 + Z.ngﬁ — m2z227
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3 77 Ays &
K F0*wl(z, A; PP = 2P0u(pf, )[7375H3(w,€,t;P3)+ 277’3’/553(3775775;P3)]u(pi7)‘)
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Helicity GPDs
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Transversity GPDs

Standard parametrization
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Transversity GPDs

Standard parametrlzatlon
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Standard parametrlzatlon
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How to lattice QCD data fit into the overall effort for hadron tomography
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence
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Synergies: constraints & predictive power of lattice QCD
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% ~35 students and postdocs
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% ~35 students and postdocs

% Three bridge faculty positions will be created in nuclear theory
o Stony Brook & Temple: Faculty positions in Fall 2024
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Summary

% Definitions of quasi-GPDs on Euclidean lattice: intrinsically frame dependent.
Historically used symmetric frame is computationally very expensive

% Novel Lorentz covariant decomposition has great advantages:
- access to symmetric-frame GPDs from matrix elements in any frame
- significant reduction of computational cost

- access to a broad range of rand ¢
% Numerical results demonstrate the validity of the approach
% Future calculations have the potential to transform the field of GPDs

% Lattice QCD data on GPDs will play an important role in the pre-EIC era
and can complement experimental efforts of JLab@12GeV.

% Synergy with phenomenology is an exciting prospect!
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