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. ‘= Sintroduction

» The proton is a rich and complicated system.
» [t’s more than just three quarks.

» The masses don’t even add up.

2my + mg = 9.4 MeV
my, ~ 940 MeV
» Quark-gluon interactions somehow generate mass.

» How does this happen?

» ...and where is the mass inside the proton?
» This is what imaging is all about.

On right: artist’s impression of the proton, CERN




Outlineé

1. The light front
» How do spatial densities work for quantum relativistic systems?

2. Factorization framework
» How can internal structure and wave packet artifacts be separated?

3. Spin-half systems
» What complications does spin introduce?

4. The energy-momentum tensor
» Where is the mass inside the proton?







Positi61is and wave. packets

» Quantum objects have two kinds of spatial extent:

1. Distance between constituents
2. Wave packet size

w

» Reduce to overall wave packet and internal structure We want this!
z/)total("'la r2, t) = \I/(R, t)l/)(’l“, t)

» Internal structure is the interesting part




. . Imaging WithtEourier, tfranst

» We measure structure via scattering
» This gives momentum info

» Get position info with Fourier transform:

#(rit) = [ S2 G elen 20
» Only works when wave packets factorize:
VYrowal (71, T2, 1) = W (R, t)(r, 1)

» Relativity makes this break down

Image credit: Jefferson Lab




Relativity;ofssimultanéity,

» Momentum-space wave packet contains boosted versions of composite system

» Boosts mix up planes of simultaneity
» Internal constituents get boosted to different times

t W, 0

wmw— : o \ S Atf??

» Cannot decompose structure to overall wave packet ® internal structure at fixed ¢

> Light front coordinates fix this by defining a new, boost-invariant time variable!




Lightiront coerdinates

» Partonic images are described by light front coordinates.
» Light front coordinates are a different foliation of spacetime.
» Involves redefining equal-time surfaces.
et =t+z W= () xt =t+ 2 = time

t = xt

Minkowski coordinates Light front coordinates .



SynGhronizationivs.“seeing

— fixed ¢t + z

» Fixed t surfaces require coordination

» Distant clocks must be synchronized
> Must wait for light to arrive

P Reconstruct after the fact

» Ruined by boosts

» Fixed 2™ surfaces require looking

» Look in the +z direction
» That’s a fixed 2T surface
» Invariant under boosts!
» Allow relativistic densities




Transverse boosts andiLerrellifotations

» Lorentz-boosted objects appear rotated.

» Terrell rotation (PR116, 1959)
P Optical effect: contraction + delay

» Light front transverse boost
undoes Terrell rotation:
1B = g e
» Standard boost + counter-rotation

» Leaves z (time) invariant
P Part of the Galilean subgroup

Dice images by Ute Kraus,
https://www.spacetimetravel.c



https://www.spacetimetravel.org/

Galileanisubgroups

» Poincaré group has a (2 + 1)D Galilean subgroup.

» o istime and - is space under this subgroup.
» Pt = E, + p, is the central charge.
» o+ and P are invariant under this subgroup!

» Light front time gives fully relativistic 2D picture that looks a lot hke non-relativistic physics.
» But with P in place of m.

dPJ_ P+d2$J_

dzt+ d[L‘+2

P2

H = Ht + 52

P,

'UL:E




Galileanisubgroup@and-densities

» Wave packet separation works for transverse spatial coordinates

(R, PT)

v

» Works thanks to the Galilean subgroup
» Stuck with 2D spatial densities

» Generalized parton distributions give back a third dimension
» But the third dimension must be a momentum

See AF & Miller PRD108 (2023) 034008 for formal info






Inadequacy;otlocalization

» For some densities, can use localized wave packets:
(bl) = <RL T 0L7P+|j+(bL7$+ = 0)|RL = 0L7P+>

-+
Jinternal
» Transverse localization possible because of Galilean subgroup.

» For other densities, this doesn’t work:
(R; =0,,PHT9@b,, 2" =0)|R. =0,,P) ~ (PiP!) - oo

» Consequence of uncertainty principle.
» Can instead factorize physical expectation value:
(1h|J*(x)|)) = wave packet dependence ® internal structure

» Yang Li et al: PLB (2023), 2405.06892
> AF & Miller: PRD108 (2023)




EleGttomagnetic densities

» Physical four-current given by quantum expectation value:

) + 12 i+ d2p h
) = [ SR [ B EEL )| )l o)

» Depends on wave packet—not entirely internal.

» Light front allows exact factorization:
[ i@l = [ ERP (R ifena (s~ R1)

1
T Internal density
Smearing function

invariant under LF boosts

» Move wave packet dependence into smearing function.
» Call what remains the “internal” density.
» Only possible on light front: proof in AF & Miller, PRD107 (2023)



Factotizationambiguity,

» The factorization is not unique!
/dm?’ <¢|§“(l‘)’¢> == /dSR ‘@MV(Rv 37+71/})ji’;1temal(mJ_ o RJ_)

1
T Internal density
Smearing function

» Can shuffle terms between between smearing function & internal density.

» Cannot pick out “true” internal density.

» Separation can only be a matter of convention.




Factotizationambiguity,

» The factorization is not unique!
- 1 o
/d$3 <¢‘JM<$)’¢> = /d3R 5‘@MV(R7 37+-/ w)2.7intemal(wj_ = RJ.)

!
T Internal density?
Smearing function

» Can shuffle terms between between smearing function & internal density.

» Could move a constant.

» Cannot pick out “true” internal density.

» Separation can only be a matter of convention.




Factotizationambiguity,

» The factorization is not unique!
[ @@ = [ SRP Rt 0) A A a1 — R)

!
T Internal density?
Smearing function

» Can shuffle terms between between smearing function & internal density.

» Could move a constant.
» Could move a Lorentz transform!

» Cannot pick out “true” internal density.

» Separation can only be a matter of convention.




Frame=dependent densities

» Need momentum transfer to obtain form factors:

(p'|J*(z)|p) = 2P*F(g%) €0*
» For a reference frame S:

3 d2q — e
J5(bL) E/WF(—(I@E L

is a valid “internal density”.

P Can always satisfy factorization formula ... 1
» ...provided that ¢ = 0. ==
» Proof in AF, in prep. 2

» What’s a sensible convention?




- 'Psendo-restiframe!

» Need momentum transfer to obtain form factors:
¥4 (@)lp) = 2PHF(q?) €2

» Cannot have |p) & |p’) both at rest.
» Pseudo-rest frame: pick frame where system is at rest on average.

» And also, g™ = 0.
» Two sensible choices:

Drell-Yan frame 2D Breit frame
Pt =m 2
/ qi
18 = 14—
2 =0 & . 4m?
2
P =
P =m+ L 0
4m,

- . 2 » Indefinite P*.
» Definite PT, indefinite P,.

» Longitudinal velocity is zero!

» Longitudinal velocity not zero!



Fout=Current: spin“zero

» Drell-Yan frame vs. Breit frame:
. . d2qJ_ .
jp(br) = jE(bL) = / o L PN
ip(b1) = jg(b1) =0

: d’q, ¢} -

-3 S ig,-b
b — F q1-06)

.7D( J_) / )2 8m2 ( )e

A

ig(b1) =0

» Drell-Yan frame: “internal” longitudinal current, due to non-zero velocity.
» Breit frame: No longitudinal current, as expected.

» Produce the same physical current, but Breit frame attributes longitudinal currents to wave

packet dispersion.






Factorization formali sm-withyspii

» For spinning systems, have spin indices:

/ 423 (i ()) = 3 / &R P (R, &t A N)jsemat(@L — By A N)

AN

» Appropriate spin label is the light front helicity.
» From + component of Pauli-Lubanski pseudovector:
I/VJr 1 (BJ_ X PJ_) - Z

— __€+VPUJDpPa — J3 & T

D -
T

» Invariant under light front boosts!
» Equal to spin along z axis in rest frame.
» Equal to helicity in infinite-momentum frame.

» Spin label appears in matrix elements:

A igha
W NI N) = 5, X) {1 B () + o Fa(e) ) .
b



, 1=@harge density

» Charge density at fixed 27 =t + z. %
» Since we’re using light front synchronization. Ty,

» Charge density given by j*.

» Temporal part of continuity equation: N
B pN

ojt==—+-+V-5=0 L4 TP T

w ozt S g

» Simple formula due to invariance under Galilean subgroup:

d®qy (0, 3)57(0)|p, 8) _;
.} AN ) %) - -b
Jinternal(bJ-’s) > / (27T)2 2p+ & am

» Frame-independent result!




b, [fm]

0.0

,Proton chiargeidensity,

o= A\
Jinternal(blns) _/

Longitudinal polarization
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Neutronichange density,

Longitudinal polarization Transverse polarization

1.0 1.0

0.2
0.0 . 0.0 0.0 . ‘

—0.5 —0.5

b, [fm]

p(ba) [1/?)
b, [fm]
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—0.4
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» Longitudinal polarization: negative core & diffuse positive cloud
» Reproduces Miller, Phys. Rev. Lett. 99 (2007) 112001
» Transverse polarization: apparent electric dipole
» Reproduces Carlson & Vanderhaegen, Phys. Rev. Lett. 100 (2008) 032004 (up to a sign)

0.2

p(b.) [1/fn?]

—0.4




, Fhérelativistic avhegl

Static wheel » Static wheel has regularly-placed spokes

: » Spinning wheel has distortions
» Spokes moving away are redshifted.
} » Appear to move slower, pile up

» Spokes moving towards are blueshifted.
Spinning wheel » Appear to move faster, become sparse

» These same distortions are present in the nucleon!
» The nucleon is a relativistic wheel!

https://www.spacetimetravel.oxrg/x
(green wheel is relevant case)

| ﬂ
U » Also see videos at:


https://www.spacetimetravel.org/rad

Electric currents: spingslali

» Standard form factor breakdown:
i Hd

WX Ol Y) = 1 X) {7 i) + B ) . )

» Spin-up along z axis—Drell-Yan frame vs. Breit frame:

o g quL ZX iqL B R
]é(bi-) - / (271')2 om G\I(_Qi) e It bl
not equal!

d? 5 X i e e
q. z 191 G]\J( Z)e q1 by

Jby) = / ¢

(2m)2 2my/1+ 7
¥ d? 5 1 Lo
i300) = [ SEr(Gu-ab) - Jh(-al)) e

a2 4 neither vanishes!
]B(bL) = / (2;1;2 i TGM(—qi)eiqu b,

where
P

_ a1




. -'Bopst artifacts ¢

Induced current

by 4

. dQQJ_ Z X iq. 2\ _—igy b LA dZQJ_ 2 1 2 —ig b
i) = [ G Gu(—al)e iben) = [ GEer(Gu(—ad)-3R(-ad))e
. d? ZXi e - S04 T = i
i) = [ GEESECE Gul—al)e ™ ben) = [ GE T Gul—ad)e T

Redshift factors

Boosts leave light front densities invariant, but not light front currents.
Initial & final states not at rest—q | # 0.

Redshifts from longitudinal boosts in Breit frame.

Induced currents from Terrell counter-rotations in Drell-Yan frame.

Boost artifacts don’t explain why ;3 # 0—similar cause to charge density modulations?

vVvyVvyVvyYyvyy

Same physics (or artifacts) are present in energy densities!






The, energy-momentuii fensor:

» The energy-momentum tensor describes density and flow of energy & momentum.

Energy density
[ Momentum densities AN
| ) RS |
~ () T'(z) T?(z) T%(x)
T ((ge)) =
T20(z) RS () N
_T30($) T31(£U) T32(m‘) T33(:c)_ A e AT
T %
B A | Static densities: n, 7" (x)

Stress tensor




Noether’s theotemsfandispacetimesdiStorions

» Conserved current from local spacetime translations (Noether’s second theorem):

———
rx—z+E(x)

P> Noether’s theorems: symmetries imply conservation laws
» Local translation: move spacetime differently everywhere

» The energy-momentum tensor is a response to these deformations

i on / db T (2) Do ()

» Conserved if the action is invariant
» Basically, equivalent to doing a gravitational gauge transform.

AF, Phys. Rev. D 106 (2022) 125012



Gravitational form. factors

» The energy-momentum tensor is parametrized using gravitational form factors
» It’s just a name.

» The energy-momentum tensor is the source of gravitation.
» But we don’t really use gravitation to measure them.

» Spin-zero example:

2N v 1 v v V-
(p|T(0)lp) = 2P*PY A(¢") + 5(¢"” — a°¢"") D(q") + 2m*g""(q")

» A(q”) encodes momentum density

» D(q?) encodes stress distributions
(anisotropic pressures)

» ¢(¢°) = 0 by energy/momentum conservation




Possible'efiergy densities:  spinZero

» Drell-Yan frame energy density:

(b)) =m [ ?27‘1; {A(-at) +a(—qt) +7(A(-a}) + D(—q})) feior 2

> Breit frame energy density:
d? .
e0bs) = m [ L —{a-at) +al-ab) +7(A(-aD) + D(—ah)) fe e
T
» 2D projection of instant form density!

» See Polyakov & Schweitzer, [JIMPA (2018)
» Both seem sensible, & differ only by a boost factor.



Possible'efiergy densities: spin=hali:

» Spin-half form factor breakdown:
iptrgria J( 5 q“q

= CHg 2
7D
= q)+ A (a)

+mg"’e(q’) + 7[”P”]S(q2)}U(p, A)

& N (O)lp, N = Ay, A'){P“P"A@?) .

» Drop S(¢?) (spin form factor) for symmetric EMT.
» Drell-Yan frame energy density (light front helicity state):

201 =m [ £L a4 etr) + (3461 = 50) + 50+ D)) 0

» See Lorcé/Moutarde/Trawinsky, EPJC (2019)
» Breit frame energy density (light front helicity state):

(1) m/ LT {A(T) +e(r) +(A(r) = J(r) + S(r) + D(r)) f e~ 19+

Vi+r

» Not 2D projection of instant form density!
> Differs by 7(J(¢%) + S(qQ))—sirnilar to j° term.




Artifacts dandiphysicsiin energyadensity,

» Boost artifacts present in both energy densities.
Induced by boost [0, ) —,[+2q. ).

» Drell-Yan frame energy density (light front helicity state):

tT0(by) = m/ gTq)é {A(T) +e(r)+7 (A(T)*%A(T) —2J(r) + (J(T) + S(T)) + D(T)) } e laLbL

» Breit frame energy density (light front helicity state):

t0(bL) = m/ ?;Z)é fi = {A() +2(r) +7(A(r) = 20(1) + (J(7) £ S()) + D(r)) e~ 1o 0

K Redshift Relativistic optical effect

> Relativistic optical effects (not boost artifacts) present, too.

» Similar to non-zero j5°.
» Related to relativistic wheel—consequence of fixed = ™.
» Formally related to Melosh rotation; see Chen & Lorcé, PRD (2022)




Spin-half energy density: numencaliesults

Symmetric EMT Asymmetric EMT

1.54 —==- Drell-Yan frame 151 —==- Drell-Yan frame
—— 2D Breit frame i —— 2D Breit frame

0.0 0.5 1.0 15 2.0 0.0 05 1.0 15 2.0
» Energy: P generates z* evolution at fixed 2 (see AF & Miller, PRD (2023)).
» Using Mamo-Zahed model for GFFs.
» Plus Lorcé/Moutarde/Trawinsky, EPJC (2019) for S(q?).

» Results all look qualitatively similar.




Spin-half Pydensity:numericaliesults

Symmetric EMT Asymmetric EMT
_— —-==- Drell-Yan frame _— 0.61 H ‘\ —-==- Drell-Yan frame
[ —— 2D DBreit frame [ Py —— 2D Breit frame
£ £ i
—~ 0.4 s i
S £04q 1
& ol i
= = i
S R I
S.00] = N
JL y JL 027 1
=l =l
~ =
S S
(o] (o}
0.0 ‘ ‘ ‘ ‘ 0.0 ° ‘ ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

» P~ often considered the “light front energy.”

» [s " translation generator at fixed z—.
P (Though PP generates 2 translations at fixed 3—see AF & Miller, PRD (2023).)

» Asym. Drell-Yan density echoes Lorcé/Moutarde/Trawinsky, EPJC (2019)




ConRclusions| &S ummany,

» The light front allows exact factorization of physical densities:
[ i@l = [ ERPY(R." Difena (@1~ R1)

1
T Internal density
Smearing function

invariant under LF boosts

» Multiple factorizations are possible—matter of choice/convention.
» Drell-Yan frame & Breit frame both sensible.

» Strange optical effects in spinning targets.

» Angular modulations—proton is a relativistic wheel!
» Mysterious longitudinal current.







