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transversity PDF - universal parton density that quantifies the degree of transverse 
polarization of quarks within a transversely polarized nucleon 
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local matrix element - can be computed 
in lattice QCD as well as other approaches 
like Dyson-Schwinger equations and 
several other models

From Wang, et al. (2018)
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 Importance of the nucleon tensor charge:

• Like the scalar, vector, and axial charges, it is a fundamental charge of the 
nucleon (although scale dependent)

• Since helicity PDF ≠ transversity PDF in relativistic quantum mechanics, it 
can be considered a measure of relativistic effects in the nucleon 

• Key point of comparison between QCD phenomenology/experiment and 
lattice QCD as well as model calculations

• Needed in certain beyond the Standard Model studies (e.g., beta decay, EDM)

BSM coupling
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Lagrangian for neutron beta decay

proton EDM quark EDMs
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 Model calculations have provided valuable insight into the behavior of h1(x) we 
should expect from phenomenology 

From the “TMD Handbook” – Pasquini, et al. (2008) - LFCQM; Jakob, et al. (1997) - spectator; 
Avakian, et al. (2010) - bag model
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 Lattice QCD also has the ability now to compute h1(x)

Gao, et al. (2024)

Alexandrou, et al. (2019) Egerer, et al. (2021)
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Updated QCD Global Analysis of TSSAs 
for Single-Hadron Fragmentation
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Gamberg, Malda, Miller, DP, Prokudin, Sato, Phys. Rev. D 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables
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TMD/Collins-Soper-Sterman (CSS) Evolution
Sudakov exponentials (gluon radiation)
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 Analyze TSSAs in SIDIS, Drell-Yan, e+e- annihilation, and proton-proton 
collisions and extract

      along with the relevant transverse momentum widths for the Sivers,
      transversity, and Collins functions:

 We use a Gaussian ansatz:            where

       NB:               only used for                 ,

 DGLAP-type evolution for the collinear functions analogous to Duke & 
Owens (1984): double-log Q2-dependent term explicitly added to the 
parameters

  

h1(x), FFT (x, x),H
?(1)
1 (z), H̃(z)
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 Additional data/constraints included in the fit compared to 2020:

• Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
•               data (x and z projections only) from HERMES (2020)

• Lattice data on gT at the physical pion mass                                            
from ETMC (Alexandrou, et al. (2019))

• Imposing the Soffer bound on transversity:

  

D. Pitonyak
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using recent simultaneous fit of f1 and g1 from 
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First direct 
information 
from 
experiment 
on  
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 TMD that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016), 
D’Alesio, et al. (2020)) and dihadron analyses (e.g., Radici, Bacchetta (2018); Benel, Courtoy, 
Ferro-Hernandez (2019)), are generally below the lattice values for gT and 𝛅u 

 Note that one initially finds JAM3D-22 has more tension with lattice, but this does 
not imply phenomenology and lattice are incompatible – one can only fully answer 
this by including lattice data in the analysis (use it as a prior)

 Once gT is included (as a Bayesian prior), we find the non-perturbative 
functions can accommodate it and still describe the experimental data well



QCD Global Analysis of TSSAs 
for Dihadron Fragmentation

D. PitonyakD. Pitonyak

DP, Cocuzza, Metz, Prokudin, Sato,  Phys. Rev. Lett. 132, 011902 (2024)

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. Lett. 132, 091901 (2024)
a

Cocuzza, Metz, DP, Prokudin, Sato, Seidl, Phys. Rev. D 109, 034024 (2024)

User-friendly jupyter notebook to calculate transversity PDFs and DiFFs: 
https://colab.research.google.com/github/prokudin/JAMDiFF_library/blob/main/JAMDiFF_Library.ipynb

LHAPDF tables available for transversity PDFs:
https://github.com/prokudin/JAMDiFF_library/tree/main/lhapdf
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From Bianconi, et al. (2000)
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 Analyze TSSAs for 𝜋!𝜋" production in e+e- annihilation, SIDIS, and proton-
proton collisions and extract

      
 We use the following functional form for the transversity PDFs uv , dv , and 

$𝑢 = −�̅� (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer bound

  

D. Pitonyak

Use constraint from small-x 
asymptotics (Kovchegov, Sievert (2019))
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*Also need data from PYTHIA for flavor separation and to constrain the gluon D1(z,Mh)
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 Analyze TSSAs for 𝜋!𝜋" production in e+e- annihilation, SIDIS, and proton-
proton collisions and extract

      
 We use the following functional form for the transversity PDFs uv , dv , and 

$𝑢 = −�̅� (from large-Nc limit (Pobylitsa (2003))) and impose the Soffer bound

 The DiFFs                                        use the same functional form as above      
(x → z) for the z dependence, which is repeated on a grid in Mh (more finely 
spaced around the resonances) and interpolated to obtain the function value at 
any Mh 

 Perform the analysis with and without LQCD data as a Bayesian prior for the 
tensor charges 𝛅u,𝛅d from ETMC (Alexandrou, et al. (2019)) and PNDME (Gupta, et 
al. (2018)) (physical pion mass and 2+1+1 flavors)
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Note: JAM3D* is slightly modified from the published JAM3D-22 version: antiquarks are now included (with 
"𝑢 = −�̅�), 𝛅u,𝛅d from ETMC and PNDME are both included in the fit, and small-x constraint is imposed
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 JAMDiFF (no LQCD) agrees within errors with JAM3D* (no LQCD) and 
Radici, Bacchetta (2018) for the tensor charges

 Similar to the JAM3D analysis, JAMDiFF also finds compatibility with 
lattice once that data is included in the fit (as a Bayesian prior), and can still 
describe the experimental data well
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 Possible explanation for the shift (~3-4σ difference with lattice to a ~0.3-2σ 
difference) in the phenomenological values of the tensor charges once LQCD data is 
used as a prior: 
• In the no LQCD fit, h1uv has a maximum around x ≈ 0.2 and then begins to decrease 

around where the x coverage of the experimental data ends (x ≈ 0.3)

• Within our parameterization, the PDFs fall off smoothly and monotonically as x → 1, 
and this drives the behavior (and uncertainty) of h1uv in the unmeasured (x > 0.3) region

• The fit with LQCD included has additional constraints at larger x due to the fact that one 
integrates from x ∈ [0, 1] to calculate the tensor charges. This causes h1uv to now peak at 
slightly higher x ≈ 0.3 in order to accommodate both LQCD and experimental data. The 
Soffer bound forces the with LQCD h1uv to then decrease shortly after x = 0.35 and the 
PDF again falls off smoothly and monotonically as x → 1 

• In order to further test the compatibility between LQCD and experimental data, it 
is of vital importance to have more measurements at larger x (for SIDIS) and more 
forward rapidity (for pp)

• The LQCD data and STAR √s=200 GeV data have a preference for a larger h1uv at large 
x, while the COMPASS proton data and STAR √s = 500 GeV data prefer a smaller h1uv. 
In such a situation where there are competing preferences, and we compare analyses 
containing different subsets of the data, the choice of likelihood function and priors do 
not guarantee that the fits overlap within statistical uncertainties 24
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Recent analyses by the JAM Collaboration show agreement between      
single-hadron and dihadron approaches for extracting transversity as well as 

compatibility with lattice QCD tensor charges, thus demonstrating the 
universal nature of all this available information
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SoLID Impact Study on Transversity/Tensor Charge

D. PitonyakD. Pitonyak

Gamberg, Kang, DP, Prokudin, Sato, Seidl, Phys. Lett. B 816 (2021) 
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 SoLID covers a complimentary region at higher x and lower Q2 with much greater 
luminosity

 Important to explore the effect of multiple measurements in different kinematic 
regions
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 SoLID pseudo-data was used for the Collins effect in charged pion production 
from both proton and He-3 targets

 SoLID reduces the relative uncertainty in h1
d(x) at higher x more than the EIC, and 

overall the relative uncertainties improve the most when data sets from both 
facilities are included

28
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 Accuracy vs. precision – a precise 
measurement cannot always 
guarantee a very accurate extraction 
of the distributions, and multiple 
experiments, such as EIC and 
SoLID, should be performed in a 
wide kinematical region in order to 
minimize bias and expose any 
potential tensions between data sets

 The combined fit that includes both 
EIC and SoLID pseudo-data 
provides the best constraint on 
transversity and the tensor charges, 
with the results more precise than 
current lattice calculations 
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 SoLID (and EIC) data on the Collins effect (and dihadron sin(ϕR+ ϕS)) will 
significantly reduce the uncertainties in extractions of the transversity PDF

 Most impact will be at moderate to higher x (lower c.m. energy 
configurations), and 3He will play a very important role (more direct 
sensitivity to h1

d(x) and removes correlation between 𝛅u and 𝛅d)

 SoLID (and EIC) data will allow phenomenological extractions of the tensor 
charges to become as precise as current lattice QCD calculations

30



 The tensor charges are fundamental properties of the nucleon that have 
connections to QCD phenomenology, lattice QCD and model calculations, and 
beyond the Standard Model studies (e.g., beta decay, EDM)

 There are two main approaches in QCD phenomenology to extract the transversity 
PDFs in order to compute the tensor charges: one analyzing TMD/collinear twist-3 
single-hadron fragmentation observables, and the other utilizing collinear twist-2 
dihadron fragmentation measurements 

 Recent analyses by the JAM Collaboration (Gamberg, et al. (2022), Cocuzza, et al. 
(2024)) in both approaches show that lattice QCD tensor charge data currently can 
be accommodated within phenomenology, demonstrating the universal nature of 
all this available information.

 SoLID can play an important role in providing transverse-spin (single-hadron and 
dihadron) data, especially at moderate to larger x and with a He-3 target, that will 
significantly reduce the uncertainty in the extractions of h1(x) and allow us to 
further test the compatibility between QCD phenomenology and lattice QCD
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Summary
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• Positivity bounds (Bacchetta, Radici (2003))
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• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
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⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M

u,i
h ) =

X

j=1,2,3

Nu
ijz

↵u
ij (1� z)�

u
ij

B[↵u
ij + 1,�u

ij + 1]

<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1



 Parameterization of the 𝜋!𝜋" DiFFs                                             

      

  

D. Pitonyak

<latexit sha1_base64="4mfRYuo7FLSNiOK/ZUApRn8Cg4c="></latexit>

D1(z,Mh),H
^
1 (z,Mh)

• The Belle data is not sufficient to perform a flavor separation for D1, so we 
supplement with data from Pythia for σq/ σtot for q = s, c, b at 

<latexit sha1_base64="qdhV/SI05kKWkoRZ4hoAOd84hDo="></latexit>p
s = [10.58, 30.73, 50.88, 71.04, 91.19] GeV

→ constrain D1 for s, c, b as well as the gluon through scaling violations 

using different tunes to quantify systematic uncertainties

• Because of the resonance structure of the e+e- cross section, we use a grid 
in Mh whose density depends on the flavor and DiFF and then at each grid 
point we have the functional form                         . The grid is then 
interpolated to give a general Mh dependence. E.g., for the up quark for D1, 

<latexit sha1_base64="P7DgQ8D7EXkVWMH6mydinfwF3tI=">AAACHHicbZDLSgMxFIYz3q23qks3wSLowjIj3paiG1eiYC/QqeVMetqGJpkhySh16KPoUl/EnbgVfA8fwPSy8HYg4ef/zyEnX5QIbqzvf3gTk1PTM7Nz87mFxaXllfzqWtnEqWZYYrGIdTUCg4IrLFluBVYTjSAjgZWoezbIK7eoDY/Vte0lWJfQVrzFGVhnNfKroeGSXtzfwHawe79zE+Ua+YJf9IdF/4pgLApkXJeN/GfYjFkqUVkmwJha4Ce2noG2nAns58LUYAKsC22sOalAoqlnw9X7dMs5TdqKtTvK0qH7fSIDaUxPRq5Tgu2Y39nA/C+rpbZ1XM+4SlKLio0eaqWC2pgOONAm18is6DkBTHO3K2Ud0MCso5ULFd6xWEpQzSw00HdX0kHtsAlQ7cGvHKbgN5S/orxXDA6LB1f7hZPTMbA5skE2yTYJyBE5IefkkpQII3fkgTyRZ+/Re/FevbdR64Q3nlknP8p7/wJHLKE3</latexit>

⇠ Nza(1� z)b

<latexit sha1_base64="mFIyUQgeXpRNA1gz7UNy8K/fZSo="></latexit>

Du
1 (z,M

u,i
h ) =

X

j=1,2,3

Nu
ijz

↵u
ij (1� z)�

u
ij

B[↵u
ij + 1,�u

ij + 1]

<latexit sha1_base64="pETmKwHIzblzDOx0mMxnZopF1tI="></latexit>

Mu
h = [2m⇡, 0.40, 0.50, 0.70, 0.75, 0.80, 0.90, 1.00, 1.20, 1.30, 1.40, 1.60, 1.80, 2.00] GeV

<latexit sha1_base64="15NRaEZiydyJTMRQ/72mxrk/tNk="></latexit>

! 204 parameters for D1 and 48 parameters for H^
1



 Remark about 𝟀2 definition and Bayesian priors 

  

D. Pitonyak

Only experimental data included in 
the        function (no LQCD)

LQCD data 
included as a prior

<latexit sha1_base64="UzSsBAjmgf4imRa7I2bhWoMKL+8=">AAACDXicbVC7TsMwFHV4lvIqMLJEFCSmKql4jRUsjEWiD6kplePctladh+wbRBXlB1j4FRYGEGJlZ+NvcNMM0HIky0fn3Ot7fdxIcIWW9W0sLC4tr6wW1orrG5tb26Wd3aYKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o6uJ37oHqXgY3OI4gq5PBwHvc0ZRS73SoeOGwlNjX1+Jg/CA2ZuJBC9NHDbkd9U07ZXKVsXKYM4TOydlkqPeK305XshiHwJkgirVsa0IuwmVyJmAtOjECiLKRnQAHU0D6oPqJtnk1DzSimf2Q6lPgGam/u5IqK8mC+tKn+JQzXoT8T+vE2P/opvwIIoRAjYd1I+FiaE5icb0uASGYqwJZZLrXU02pJIy1AEWdQj27JfnSbNasc8qpzcn5dplHkeB7JMDckxsck5q5JrUSYMw8kieySt5M56MF+Pd+JiWLhh5zx75A+PzB6XnnTM=</latexit>

�2



D. Pitonyak



D. Pitonyak

Assumed accumulated luminosities of 10 fb-1, 70% polarization, conservatively 
accounted for detector smearing and acceptance effects

Gamberg, Kang, DP, Prokudin, Sato, Seidl, PLB 816 (2021) 



D. Pitonyak

Gamberg, Kang, DP, Prokudin, Sato, Seidl, PLB 816 (2021) 
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

NEW definition of 
dihadron FFs



<latexit sha1_base64="6dWBwqTvaoLyFbPX6c2McIRpoKs="></latexit>X
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X
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Z
dz d⇣ d2~kT d2 ~RT Dh1h2/q

1 (z, ⇣,~k 2
T , ~R

2
T ,~kT · ~RT ) = N (N � 1)
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results.



<latexit sha1_base64="6dWBwqTvaoLyFbPX6c2McIRpoKs="></latexit>X

h1

X
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Z
dz d⇣ d2~kT d2 ~RT Dh1h2/q

1 (z, ⇣,~k 2
T , ~R

2
T ,~kT · ~RT ) = N (N � 1)
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X
<latexit sha1_base64="waPqWF/NbmvNkof+Hwb4SQmO6hs="></latexit>

d�

dz d⇣d2 ~RT

=
X

q

4⇡Nc↵2
em

3Q2
e2q D

h1h2/q
1 (z, ⇣, ~R2

T )

total partonic cross section for
<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄
<latexit sha1_base64="jzEV9+bC/xKT+/ctcVBt5qguazY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfC2LblxWsA9oYphMJ+3QmUk6MymU2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq043xbhaXlldW14nppY3Nre8fe3WuoOJWY1HHMYtkKkSKMClLXVDPSSiRBPGSkGfZvJn5zSKSisbjXo4T4HHUFjShG2kiBfeCRQUqHXg/pzFO0y9E4cB4GgV12Ks4UcJG4OSmDHLXA/vI6MU45ERozpFTbdRLtZ0hqihkZl7xUkQThPuqStqECcaL8bHr/GB4bpQOjWJoSGk7V3xMZ4kqNeGg6OdI9Ne9NxP+8dqqjKz+jIkk1EXi2KEoZ1DGchAE7VBKs2cgQhCU1t0LcQxJhbSIrmRDc+ZcXSeO04l5Uzu/OytXrPI4iOARH4AS44BJUwS2ogTrA4BE8g1fwZj1ZL9a79TFrLVj5zD74A+vzB4sklnM=</latexit>

⌘ �̂q
0

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results.



<latexit sha1_base64="6dWBwqTvaoLyFbPX6c2McIRpoKs="></latexit>X
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X
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Z
dz d⇣ d2~kT d2 ~RT Dh1h2/q
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>

Dh1h2/q
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T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z,~kT ;P1, P2)�

�
i

<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X
<latexit sha1_base64="tVm1onuFsAs0WxlR2il9B7pNtC8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXwSAIapgRt2PQi8cIZoHMJPR0apImPT1Dd48ShvyHFw+KePVfvPk3dpaDRh8UPN6roqpekHCmtON8WbmFxaXllfxqYW19Y3OruL1TV3EqKdZozGPZDIhCzgTWNNMcm4lEEgUcG8HgZuw3HlAqFot7PUzQj0hPsJBRoo3UxvYRtk88Hdt977jZKZacsjOB/Ze4M1KCGaqd4qfXjWkaodCUE6VarpNoPyNSM8pxVPBShQmhA9LDlqGCRKj8bHL1yD4wStcOY2lKaHui/pzISKTUMApMZ0R0X817Y/E/r5Xq8MrPmEhSjYJOF4Upt82X4wjsLpNINR8aQqhk5lab9okkVJugCiYEd/7lv6R+WnYvyud3Z6XK9SyOPOzBPhyCC5dQgVuoQg0oSHiCF3i1Hq1n6816n7bmrNnMLvyC9fENC/GRlQ==</latexit>

e+e� ! hX
<latexit sha1_base64="waPqWF/NbmvNkof+Hwb4SQmO6hs="></latexit>

d�

dz d⇣d2 ~RT

=
X

q

4⇡Nc↵2
em

3Q2
e2q D

h1h2/q
1 (z, ⇣, ~R2

T )

<latexit sha1_base64="uKvxwLXYUomFAzUGTbWTFtbV+AY="></latexit>

d�

dz
=

X

q

�̂q
0 D

h/q
1 (z)

total partonic cross section for
<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄
<latexit sha1_base64="jzEV9+bC/xKT+/ctcVBt5qguazY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfC2LblxWsA9oYphMJ+3QmUk6MymU2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq043xbhaXlldW14nppY3Nre8fe3WuoOJWY1HHMYtkKkSKMClLXVDPSSiRBPGSkGfZvJn5zSKSisbjXo4T4HHUFjShG2kiBfeCRQUqHXg/pzFO0y9E4cB4GgV12Ks4UcJG4OSmDHLXA/vI6MU45ERozpFTbdRLtZ0hqihkZl7xUkQThPuqStqECcaL8bHr/GB4bpQOjWJoSGk7V3xMZ4kqNeGg6OdI9Ne9NxP+8dqqjKz+jIkk1EXi2KEoZ1DGchAE7VBKs2cgQhCU1t0LcQxJhbSIrmRDc+ZcXSeO04l5Uzu/OytXrPI4iOARH4AS44BJUwS2ogTrA4BE8g1fwZj1ZL9a79TFrLVj5zD74A+vzB4sklnM=</latexit>

⌘ �̂q
0

Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results.
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<latexit sha1_base64="BBpDJlVpHlt2Cnd3nJNOrZ4HeRQ="></latexit>
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h
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is a number density Jacobian for the variable 
transformation

<latexit sha1_base64="nCYzjBuWp2CNZxV6v9uiymn4X+U="></latexit>
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<latexit sha1_base64="6dWBwqTvaoLyFbPX6c2McIRpoKs="></latexit>X

h1

X
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Z
dz d⇣ d2~kT d2 ~RT Dh1h2/q
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2
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<latexit sha1_base64="dRLOSUkfWcfEp3bWKyAhlJVjAzw=">AAACG3icbVDLSsNAFJ3UV42vqEs3g0WoC0tSfG2EohtXUsE+oAllMp22QyeTMDMRSuh/uPFX3LhQxJXgwr9xkmZRWw8MHM45l7n3+BGjUtn2j1FYWl5ZXSuumxubW9s71u5eU4axwKSBQxaKto8kYZSThqKKkXYkCAp8Rlr+6Cb1W49ESBryBzWOiBegAad9ipHSUteqXkGXIT5gBLoBUkOMWHI3Kc/wE+cYuiKLmFDD7Folu2JngIvEyUkJ5Kh3rS+3F+I4IFxhhqTsOHakvAQJRTEjE9ONJYkQHqEB6WjKUUCkl2S3TeCRVnqwHwr9uIKZOjuRoEDKceDrZLqznPdS8T+vE6v+pZdQHsWKcDz9qB8zqEKYFgV7VBCs2FgThAXVu0I8RAJhpetMS3DmT14kzWrFOa+c3Z+Watd5HUVwAA5BGTjgAtTALaiDBsDgCbyAN/BuPBuvxofxOY0WjHxmH/yB8f0Le5SfJQ==</latexit>

= hN (N � 1)i

Expectation value for the total 
number of hadron pairs produced 

when the parton fragments

<latexit sha1_base64="Oo6VAEp+bz7E219CYEsn6KA2/UM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIFbUkxdey6MZlBfuAPsJketMMnTyYmQglduGvuHGhiFt/w51/46TNQlsPXDiccy/33uNEjAppmt9abmFxaXklv1pYW9/Y3NK3dxoijDmBOglZyFsOFsBoAHVJJYNWxAH7DoOmM7xJ/eYDcEHD4F6OIuj6eBBQlxIslWTre9A7ht5pR4ZGybMtz64cdU5aBVsvmmVzAmOeWBkpogw1W//q9EMS+xBIwrAQbcuMZDfBXFLCYFzoxAIiTIZ4AG1FA+yD6CaT+8fGoVL6hhtyVYE0JurviQT7Qox8R3X6WHpi1kvF/7x2LN2rbkKDKJYQkOkiN2aG+jYNw+hTDkSykSKYcKpuNYiHOSZSRZaGYM2+PE8albJ1UT6/OytWr7M48mgfHaASstAlqqJbVEN1RNAjekav6E170l60d+1j2prTspld9Afa5w+1WpP6</latexit>

e+e� ! (h1h2)X
<latexit sha1_base64="waPqWF/NbmvNkof+Hwb4SQmO6hs="></latexit>
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total partonic cross section for
<latexit sha1_base64="kBicT6yFYEOfPN37xGDNUlaUX0k=">AAACJnicbVDLSgMxFM34tr6qLkUIFkEQy4z4WhbduKxgW6FTy530tg0mM2OSEcvQlT+jW/0PdyLu/Aa/wLSdhVYPBA7nPnLuCWLBtXHdD2dicmp6ZnZuPrewuLS8kl9dq+ooUQwrLBKRugpAo+AhVgw3Aq9ihSADgbXg5mxQr92h0jwKL00vxoaETsjbnIGxUjO/ide7eL3nm4j6HZAS6IDe+gGo9LbfzBfcojsE/Uu8jBRIhnIz/+W3IpZIDA0ToHXdc2PTSEEZzgT2c36iMQZ2Ax2sWxqCRN1Ih2f06bZVWrQdKftCQ4fqz4kUpNY9GdhOCaarx2sD8b9aPTHtk0bKwzgxGLLRR+1EUHvpIBPa4gqZET1LgCluvVLWBQXM2OR+bWrd8Vhnru9HtnM2JG88kr+kul/0joqHFweF0mkW1xzZIFtkh3jkmJTIOSmTCmHkgTyRZ/LiPDqvzpvzPmqdcLKZdfILzuc3g2WmHQ==</latexit>

e+e� ! � ! qq̄
<latexit sha1_base64="jzEV9+bC/xKT+/ctcVBt5qguazY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfC2LblxWsA9oYphMJ+3QmUk6MymU2IW/4saFIm79DXf+jdM2C209cOFwzr3ce0+YMKq043xbhaXlldW14nppY3Nre8fe3WuoOJWY1HHMYtkKkSKMClLXVDPSSiRBPGSkGfZvJn5zSKSisbjXo4T4HHUFjShG2kiBfeCRQUqHXg/pzFO0y9E4cB4GgV12Ks4UcJG4OSmDHLXA/vI6MU45ERozpFTbdRLtZ0hqihkZl7xUkQThPuqStqECcaL8bHr/GB4bpQOjWJoSGk7V3xMZ4kqNeGg6OdI9Ne9NxP+8dqqjKz+jIkk1EXi2KEoZ1DGchAE7VBKs2cgQhCU1t0LcQxJhbSIrmRDc+ZcXSeO04l5Uzu/OytXrPI4iOARH4AS44BJUwS2ogTrA4BE8g1fwZj1ZL9a79TFrLVj5zD74A+vzB4sklnM=</latexit>

⌘ �̂q
0

<latexit sha1_base64="tVm1onuFsAs0WxlR2il9B7pNtC8=">AAAB9XicbVDJSgNBEK2JW4xb1KOXwSAIapgRt2PQi8cIZoHMJPR0apImPT1Dd48ShvyHFw+KePVfvPk3dpaDRh8UPN6roqpekHCmtON8WbmFxaXllfxqYW19Y3OruL1TV3EqKdZozGPZDIhCzgTWNNMcm4lEEgUcG8HgZuw3HlAqFot7PUzQj0hPsJBRoo3UxvYRtk88Hdt977jZKZacsjOB/Ze4M1KCGaqd4qfXjWkaodCUE6VarpNoPyNSM8pxVPBShQmhA9LDlqGCRKj8bHL1yD4wStcOY2lKaHui/pzISKTUMApMZ0R0X817Y/E/r5Xq8MrPmEhSjYJOF4Upt82X4wjsLpNINR8aQqhk5lab9okkVJugCiYEd/7lv6R+WnYvyud3Z6XK9SyOPOzBPhyCC5dQgVuoQg0oSHiCF3i1Hq1n6816n7bmrNnMLvyC9fENC/GRlQ==</latexit>

e+e� ! hX
<latexit sha1_base64="uKvxwLXYUomFAzUGTbWTFtbV+AY="></latexit>
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0 D
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Note: Recent papers by Collins, Rogers (2024) and Rogers, 
Courtoy (2024) do not actually put into question our results.
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DiFFs extracted from experiment now have a clear physical meaning: 
they are densities in the momentum variables for the number of hadron pairs 

(h1 h2 ) fragmenting from the parton 

  


