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Lepton-Hadron Scattering and Hadron Structure

Virtual photon as a hard probe of hadron structure;

Multiple processes: DIS, SIDIS, exclusive scattering, etc;

Main source of information about the parton structure of hadrons;

Hard collision induces both QCD and QED radiation;

QCD factorization have been very successful in treating QCD
radiations;

The precision of the hard probe depends on how precise we were
able to treat collision-induced QED radiation.
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Precision Standard Model Measurements

Young, Carlini, Thomas, Roche, PRL2007

SM is very successful;

Hard to find BSM by increasing energy;

High precision measurements are needed;

Systematic improvement of radiation
corrections could be important.
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Inclusive ep deep inelastic scattering

Due to QED radiation from the incoming/outgoing leptons, the momentum transfer q is not
fixed. Hadron is probed by the virtual photon with momentum q̂ instead of q.

q → q̂

Q2 := −q2 → Q̂2 := −q̂2

xB =
Q2

2P · q → x̂B :=
Q̂2

2P · q̂

Measurement with fixed Q2 and xB could cover a kinematic range of Q̂2 and x̂B even with the
approximation of one-photon exchange.

xB → x̂B ∈ [xB, 1], Q2 → Q̂2 ∈
[

Q2(1 − y)
1 − xBy ,

Q2

1 − y + xBy

]
, y :=

P · q
P · l

Traditionally, a simple RC factor is applied to correct the measured cross section to the Born level.

σmeasured = RC ⊗ σBorn 6/26
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Joint QED and QCD Factorization For DIS

Factorization Formula for the Inclusive DIS e(l)p(P) → e(l′) + X at leading power:
Liu, Melnitchouk, Qiu, Sato, PRD2021; JHEP2021

E′ dσ
d3l′ ≈

1
2s

∑
ija

∫ 1

ζmin

dζ
ζ2

∫ 1

ξmin

dξ
ξ

De/j
(
ζ, µ2) fi/e

(
ξ, µ2) ∫ 1

xmin

dx
x fa/p(x, µ2) Ĥia→jX

(
ξl, xP, l′

ζ
, µ2

)
De/j: universal lepton fragmentation function (LFF),
fi/e: universal lepton/parton distribution function (LDF/PDF),
Ĥia→jX: perturbative calculable IR&CO-safe hard scattering coefficient

Ĥia→jX

(
ξl, xP, l′

ζ
, µ2

)
=

∑
m,n

αmαn
s Ĥ(m,n)

ia→jX

(
ξl, xP, l′

ζ
, µ2

)

The cross section without QED radiation can be recovered by setting

De/j
(
ζ, µ2) = δ(1 − ζ), fi/e

(
ξ, µ2) = δ(1 − ξ), m = 0 for

∑
m,n 7/26

https://doi.org/10.1103/PhysRevD.104.094033
https://doi.org/10.1007/JHEP11(2021)157
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Factorized QED Contributions to DIS
Model distributions -analytic and everyone can
test and verify without numerical complications

LDF&LFF:

fe/e(x) ≈ De/e(x) =
xa(1 − x)b

B(a + 1, b + 1)

PDF:

fq/p(x) ≈


Nq

x−1/2(1 − x)7/2

B(1/2, 9/2) valence quark,

Nq
x−3/2(1 − x)5

B(−3/2, 6) sea quark,

Nu = 2, Nd = 1, Ns =
1
2
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Resummed Collinear Contribution:

Recall Q̂2 ∈
[

Q2(1 − y)
1 − xBy ,

Q2

1 − y + xBy

]
.

More than 1/2 cross sections are from Q̂2 ≤ Q2.
Very significant events are NOT from the region where Q̂2 ∼ Q2 when xB is small.
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Resummed Collinear Contribution
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NLO QED Corrections

Joint QED and QCD factorization allows a systematic expansion in αs and α.

σ̂(1) = D (0)
e/e ⊗ f (0)e/e ⊗ f (0)q/p ⊗ Ĥ (1)

eq→eX + D (1)
e/e ⊗ f (0)e/e ⊗ f (0)q/p ⊗ Ĥ (0)

eg→eX + D (0)
e/e ⊗ f (1)e/e ⊗ f (0)q/p ⊗ Ĥ (0)

eq→eX

+D (0)
e/e ⊗ f (0)e/e ⊗ f (1)q/p ⊗ Ĥ (0)

eq→eX +D (0)
e/e ⊗ f (0)e/e ⊗ f (1)γ/p ⊗ Ĥ (0)

γq→eX

Hadron’s parton distributions are not pure QCD.
Matching condition of hard scattering coefficient:

Ĥ (1)
eq→eX =σ̂(1) − D (1)

e/e ⊗ Ĥ (0)
eg→eX − f (1)e/e ⊗ Ĥ (0)

eq→eX − f (1)q/p ⊗ Ĥ (0)
eq→eX − f (1)γ/p ⊗ Ĥ (0)

γq→eX
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NLO QED Corrections
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No Simple Radiative Correction for SIDIS

pt/pt max

δ̄ = σmeasured/σNO QED radiation

z = 0.2
z = 0.4 z = 0.6

z = 0.2
z = 0.4

z = 0.6

z = 0.8

Radiative correction to SIDIS e + N → e + γ + h(p) + X
vs hardronic transverse momentum pt;
√

S=7.19 GeV, x=0.15, Q2=4 GeV2.

Dashed curves: Mulders-Tangerman model

b exp
(
−bp2

t
)
, b := R2/z2

Solid curves:
(
a + bz + p2

t
)−c−dz

RC factor depends on the hadronic input that we want
to probe. 14/26

https://link.springer.com/article/10.1007/s100529900172
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SIDIS

Assuming one-photon exchange, SIDIS is described by 18 structure functions, which are defined in
photon-hadron frame. Bacchetta, Diehl, Goeke, Metz,Mulders, Schlege, JHEP2007

dσ
dx dy dψ dz dϕh dP2

h⊥
=

α2

xyQ2
y2

2 (1 − ε)

(
1 +

γ2

2x

){
FUU,T + εFUU,L +

√
2 ε(1 + ε) cosϕh Fcosϕh

UU

+ ε cos(2ϕh)Fcos 2ϕh
UU + λe

√
2 ε(1 − ε) sinϕh Fsinϕh

LU + S∥

[√
2 ε(1 + ε) sinϕh Fsinϕh

UL + ε sin(2ϕh)Fsin 2ϕh
UL

]

+ S∥λe

[√
1 − ε2 FLL +

√
2 ε(1 − ε) cosϕh Fcosϕh

LL

]
+ |S⊥|

[
sin(ϕh − ϕS)

(
Fsin(ϕh−ϕS)

UT,T + εFsin(ϕh−ϕS)
UT,L

)
+ ε sin(ϕh + ϕS)Fsin(ϕh+ϕS)

UT + ε sin(3ϕh − ϕS)Fsin(3ϕh−ϕS)
UT +

√
2 ε(1 + ε) sinϕS FsinϕS

UT +
√

2 ε(1 + ε) sin(2ϕh − ϕS)Fsin(2ϕh−ϕS)
UT

]

+ |S⊥|λe

[√
1 − ε2 cos(ϕh − ϕS)Fcos(ϕh−ϕS)

LT +
√

2 ε(1 − ε) cosϕS FcosϕS
LT +

√
2 ε(1 − ε) cos(2ϕh − ϕS)Fcos(2ϕh−ϕS)

LT

]}
,
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https://iopscience.iop.org/article/10.1088/1126-6708/2007/02/093
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Hybrid Factorization for SIDIS Liu, Melnitchouk, Qiu, Sato, PRD2021; JHEP2021

In the presence of QED radiation, momentum direction of exchanged photon is not fixed.
When scattered lepton and hadron are back-to-back, TMD factorization is applicable.

Observation QED broadening for lepton ≪ typical parton transverse momentum.

Hybrid factorization for SIDIS in the two-scale regime.
collinear factorization for the two leptons
TMD factorization for the two hadrons 16/26

https://doi.org/10.1103/PhysRevD.104.094033
https://doi.org/10.1007/JHEP11(2021)157
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Hybrid Factorization for SIDIS Liu, Melnitchouk, Qiu, Sato, PRD2021; JHEP2021

Factorization Formula for SIDIS

Eℓ′EPh

d6σℓ(λℓ)P(S)→ℓ′PhX

d3ℓ′ d3Ph
≈

∑
ijλk

∫ 1

ζmin

dζ
ζ2 De/j(ζ)

∫ 1

ξmin

dξ fi(λk)/e(λℓ)(ξ)

×
[
Ek′EPh

d6σ̂k(λk)P(S)→k′PhX

d3k′ d3Ph

]
k=ξℓ,k′=ℓ′/ζ

17/26
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FUU

dσh
SIDIS

dxB dy dz dP2
hT

=

∫ 1

ζmin

dζ
∫ 1

ξmin

dξDe/e(ζ)fe/e(ξ)
x̂B

xBξζ

(2π)2α

x̂BŷQ̂2

ŷ
2(1 − ε̂)

Fh
UU(x̂B, ŷ, ẑ, P̂hT).

Unpolarized structure function Fh
UU

Fh
UU = xB

∑
q

e2
q

∫
d2pTd2kTδ

(2)(pT − kT − qT)

×fq/N(xB, p2
T)Dh/q(z, k2

T), qT :=
PhT

z .

18/26
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Parity Violating Deep Inelastic Scattering

Parity Violating Lepton-Spin Asymmetry

APVE :=
σe(λ=1)p→eX − σe(λ=−1)p→eX

σe(λ=1)p→eX + σe(λ=−1)p→eX
=:

∆σep→eX
σep→eX

Previous framework is hard to extend to full EW&QCD factorization directly.

For SoLID, Z/W is too heavy to radiate. EW&QCD factorization might be applicable at heavy
gauge boson limit.

El′
dσlP→l′X

d3l′ ≈
∫ 1

ζmin

dζ
ζ2 De/e

(
ζ, µ2) ∫ 1

ξmin

dξfe(λk)/e(λl)

(
ξ, µ2)(Ek′

dσ̂kP→k′X
d3k′

)
k=ξl,k′=l′/ζ
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One-Vector-Boson Exchange

Only interference between γ and Z exchange contributes to APVE at LO.

e e

q q

γ/Z

d∆σ̂
dŷ =

2πα2eq

m2
Z sin2 θW cos2 θWŷ

{
eq sin

2 θW
[
1 + (1 − ŷ)2]+ Iq

3
[
2 sin2 θW

(
1 − (1 − ŷ)2)− 1

]}
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Resummed Collinear Contribution

0.0 0.2 0.4 0.6 0.8 1.0
xB

85

80

75

70

65

60
A P

VE
/Q

2 (
pp

m
/G

eV
2 )

s = 4.7 GeV
Q2 = 4 GeV2

a = 5, b = 1/2
a = 5, b = 1/4

0.0 0.2 0.4 0.6 0.8 1.0
xB

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

A
RC PV

E/A
NR PV

E

s = 4.7 GeV
Q2 = 4 GeV2

a = 5, b = 1/2
a = 50, b = 1/4

Recall

fe/e(x) ≈ De/e(x) =
xa(1 − x)b

B(a + 1, b + 1)

22/26



Introduction DIS SIDIS PVDIS Summary

NLO

Matching condition of hard scattering coefficient:

Ĥ (1)
eq→eX =σ̂(1) − D (1)

e/e ⊗ Ĥ (0)
eg→eX − f (1)e/e ⊗ Ĥ (0)

eq→eX − f (1)q/p ⊗ Ĥ (0)
eq→eX

e e

q q

γ

γ/Z

e e

q q

γ

γ/Z

e e

q q
γ

γ/Z

e e

q q
γ

γ/Z

No divergence when intermediate photon is collinear to the initial parton.
different from the pure QED case for inclusive DIS
Conservation of momentum allows expansion of amplitude in mZ before phase space integration.
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NLO
e e

q q

γ/Z

e e

q q

γ/Z

e e

q q

γ/Z

γ/Z

e e

q q

γ/Z/W γ/Z/W

e e

q q

γ/Z/W γ/Z/W

Joint factorization has been confirmed to NLO by verifying the cancellation of CO divergences.

Next: Finishing up the complete NLO hard part for EW+QCD. 24/26
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Summary

Factorization approach to include both QCD and QED radiative contributions provides a
consistent and controllable approximation to high-energy lepton-hadron scattering processes.
Physical observables are factorized into universal lepton/parton distribution/fragmentation
functions and perturbatively calculable hard parts which is IR and CO safe for both QCD and
QED.
No artificial scale introduced for treating QED radiation, other than the standard factorization
scale.
NLO corrections can be calculated in a systematic way for both QCD and QED radiative
corrections.
Joint QED and QCD factorization can help control and qualify the systematic errors for PVDIS.

26/26
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